Unit 1
Real Numbers and Expressions
[image: ]
 
Essential Questions
	How do you locate rational and irrational numbers on a number line?
	How can you estimate the value of irrational numbers?
	When simplifying an expression with multiple operations, how do you know what operation to do first? 
	What are integers?	
	What is the significance of absolute value?	

 
Big Ideas
	  Numbers can be classified as rational or irrational.
	  I need to solve or simplify all problems in a specific order.
	  You can evaluate algebraic expressions by using substitution. 	

 
Learning Goals
	I can classify real numbers as rational or irrational. 
	I can identify the square root of a perfect square. 
	I can estimate the a square root of a number if it is not a perfect square. 
	I can find the absolute value of any rational number.
	I can compare real numbers and locate them on a number line.
	I can use the the four basic operations on integers.
	I can use substitution to evaluate algebraic expressions. 
	I can use the order of operations to simplify expressions.
	I can use properties of operations to justify my work.

 
Vocabulary
	Absolute Value
	Algebraic Expression
	Associative Property
	Commutative Property
	Difference
	Distributive Property
	Equivalent Expressions
	Evaluate
	Expression
	Fraction
	Integer
	Irrational number
	Like Terms
	Natural Numbers
	Negative
	Number Line
	Opposites
	Order of Operations
	Perfect square
	Positive
	Product
	Quotient
	Radical
	Rational number
	Real number
	Simplify
	Square root
	Substitute
	Sum
	Variable
	Whole number

 
Section 1
Classifying Real Numbers
[image: ]
Learning Goal 
I can classify real numbers as rational or irrational. 
 
Standards
PA.N.1.4  Classify real numbers as rational or irrational.  Explain why the rational number system is closed under addition and multiplication and why the irrational system is not.  Explain why the sum of a rational number and irrational number is irrational; and the product of a non-zero rational number and an irrational number is irrational.
 
Vocabulary
	Real number
	Rational number 
	Irrational number 
	Whole number
	Integer 
	Opposites 
	Natural Numbers

 
Lesson Content
The Real Number System
The Real Number System is a method of sorting numbers into specific categories.  A real number is any positive or negative number, including fractions, decimals, and zero.  
[image: ]
The two main subsets, or categories, of real numbers are rational numbers and irrational numbers.  A rational number is any positive or negative number, fraction, and repeating or terminating decimals. An irrational number is any non-repeating and non-terminating decimal. 
 	Repeating Decimals
	Terminating Decimals
	Non-repeating/Non-terminating Decimals

	0.333..
0.3434
4/3
	4.5
9/2
-6.4532
	π
-6.3425...
9.32156723....
√2


There are three subsets, or categories, of rational numbers.  They are integers, whole numbers, and natural numbers.   
Interactive 1.1 Number Types
[image: ]Video. can also be found at https://youtu.be/m94WTZP14SA
Integers are any positive whole numbers and their opposites.  {...-3,-2,-1,0,1,2,3...} 
Opposites are numbers whose sum is zero.  For example, 4 and -4 are opposites.  
Whole Numbers are all positive numbers, starting with zero.  {0,1,2,3,4,5,6….}
Natural Numbers are the numbers we use to count things. {1,2,3,4,5….}
Some real numbers can only be classified in one category, while others fall under multiple subsets.  
Look at these examples:
	6.2 is a rational number, but it doesn’t belong in any other subset. 
	-4 is an integer and a rational number.   
	9 is a natural number, whole number, integer, and rational number. 
 
Making Connections
Think about each statement and determine if it is true or false.  If it is false, rewrite the statement so that it becomes true. 
	1.	A whole number is always an integer. 
	2.	A rational number is always a whole number. 
	3.	An irrational number is never negative.  
	4.	An irrational number can be a real number.
	5.	Pi is an example of a rational number.
6.    A repeating decimal is a rational number. 
 
Lesson Summary
	All real numbers can be classified as rational or irrational.
	Numbers can belong to multiple categories.

 
Check for Understanding
Classify each real number as irrational, rational, integer, whole number, or natural number.  List all possible answers.
	1.	-9 
	2.	3.75
	3.	152  
	4.	 π
	5.	-5.3256….
	6.	-4.5
	7.	0
	8.	7
	9.	7.9674523…
	10.	43
 
Review and Reteach
[image: ]Click here to read more about the Real Number system.
Interactive 1.2 Rational and Irrational Numbers
[image: ]Video Can also be found at https://youtu.be/cLP7INqs3JM
Explore More
Knowing the difference between rational and irrational numbers can help when you are adding, subtracting, and multiplying.  Watch the following videos to learn about open and closed systems.
	Video 1: 
Interactive 1.3 Sum and Product of Rational Numbers
[image: ]Video can also be found at https://youtu.be/HKUJkMQsGkM 
Video 2: 
 
Interactive 1.4 Products of rational and irrational numbers
[image: ]Video can also be found at https://youtu.be/KT32CsdEZEY 
Video 3: 
Interactive 1.5 Sums of Rational and Irrational Numbers
[image: ]Video can also be found at https://youtu.be/pPM72fPwIjw 
 
Section 2
Square Roots
[image: ]
Human chess is a variation of chess, often played at Renaissance fairs, in which people take on the roles of the various pieces on a chessboard. The chessboard is played on a square plot of land that measures 324 square meters with the chess squares marked on the grass. How long is each side of the chessboard? 
	[image: ]
Learning Goals 
I can identify the square root of a perfect square. 
I can estimate the square root of a number if it is not a perfect square. 
 
Standards
PA.N.1.5  Compare real numbers; locate real numbers on a number line.  Identify the square root of a perfect square to 400 or, if it is not a perfect square root, locate it as an irrational number between two consecutive positive integers. 
 
Vocabulary
		Perfect square 
		Square root 
		Radical 

 
Lesson Content
Part 1: Perfect square roots
A square has four equal sides, meaning it is "perfectly square." This makes it different from a rectangle or a parallelogram or any other 4-sided figure. 
If you know the side lengths of a square and want to find the area, you simply "square" the sides.  The formula is A=s2
The square root is the opposite calculation. If you know the area of the square and want to find the sides, you can determine the square root by using your knowledge of the multiplication tables.
S=A		
The square root symbol is called a radical.  
A square root is the number that, times itself, produces a given number. Perfect squares are numbers whose square roots are whole numbers.
These numbers are perfect squares: 4, 9, 16, 25, 36
When you look at their images, you can see why:
[image: ]
These numbers are perfect squares because their square roots are whole numbers.
	Example 1: What is the square root of 16?
16=?  
Using multiplication facts, you know that 4⋅4=16.  This means that 4 is the square root of 16, and because 4 is a whole number we can say that 16 is a perfect square.
 
Part 2: Estimating Square Roots
Most numbers are not perfect squares.  For example, you cannot get 5 by multiplying any whole number by itself.  However, we know that 2 x 2 = 4 and 3 x 3 = 9.  The number 5 falls somewhere in between these two perfect squares.  To determine the square root of a non-perfect square you can use a calculator to determine the decimal value OR estimate using the nearest perfect squares. 
	Example 2: What is the square root of 5?
[image: ]
The diagram shows that 4, 5, and 9 are all "perfectly square," meaning that in each square, the sides are equal.   Since there isn’t a whole number that you can multiply to get 5, you know that 5 is not a perfect square.  When there is not a whole number answer, we can estimate the value of a square root.  
 
[image: ]Method #1: Calculator
Using the radical button your calculator, the square root of 5 is 2.236067978…. This is an irrational number since the decimal is non-repeating and non-terminating.
 
Method#2: Estimating a Square Root
Think to yourself, “What whole numbers can I multiply together to get a product close to 5?”
2 x 2 = 4
3 x 3 = 9
5 is between 4 and 9, so the square root of 5 is between 2 and 3.
Example 3: Is 169 a perfect square?
169=?
Think about what number multiplied by itself could be equal to 169.
10⋅10=100
12⋅12=144
144 is close to 169, so let’s try 13.
13⋅13=169
The square root of 169 is 13.  Since 13 is a whole number, 169 is a perfect square.
Example 4: 74=?
What whole numbers can you multiply to get a product close to 74?
8⋅8=64
9⋅9=81
74 is between 64 and 81, which means 74 is between 8 and 9.  
	 
Making Connections
Take another look at the problem at the beginning of this section.  How could you solve it mathematically?
Human chess is a variation of chess, often played at Renaissance fairs, in which people take on the roles of the various pieces on a chessboard. The chessboard is played on a square plot of land that measures 324 square meters with the chess squares marked on the grass. How long is each side of the chessboard? 
Solution: The formula for the area of a square is A=s2.  Since we know the area, replace A with the number 324. This gives us 324=s2, or s2=324.  We want to know what value of s will equal 324, or in other words, the square root of 324. 
324=18
The chessboard is 18 meters long by 18 meters wide.
[image: ]
Lesson Summary
	Perfect squares are numbers whose square roots are whole numbers.
	Most number are NOT perfect squares and require estimation.
	All non-perfect squares lie between two integers and closer to one of the integers.

 
Check for Understanding
Think about each statement and determine if it is true or false.  If it is false, rewrite the statement so it becomes true.
	The square root of 49 is 7.
	The square root of 45 is between 36 and 49.  
	9 is a perfect square because 9 x 9 equals 81.
	A square root will always simplify to a whole number.
	Perfect squares are irrational numbers.

Simplify each square root:
	 36=
	49=
	64=
	81=
	100=
	121=
	144=
	169=
	196=
	225=
	256=
	289=
	324=
	361=
	400=

Estimate the value of each square root:
	50=
	65=
	125=
	300=
	47=

 
Review and Reteach
Interactive 1.6 Introduction to Square Root
[image: ]Video can also be found at https://youtu.be/mbc3_e5lWw0
[image: ]Click here to practice simplifying square roots.
 
Explore More
Using what you have learned about the real number system, think about each statement and determine if it is true or false.  If it is true, write three examples that support the statement.  If it is false, write three examples that disprove the statement.
	1.	The square root of a number will always be a whole number.
	2.	Perfect squares are numbers whose square roots are integers.
	3.	Once simplified, square roots are always rational numbers.
	4.	Square roots of non-perfect squares will always be irrational. ​

 
Section 3
Comparing Real Numbers
[image: ]
Learning Goal 
I can compare real numbers and locate them on a number line.
 
Standards
PA.N.1.5 (7.N.1.2)  Compare real numbers; locate real numbers on a number line.  Identify the square root of a perfect square to 400 or, if it is not a perfect square root, locate it as an irrational number between two consecutive positive integers. 
 
Vocabulary
	Number Line
	Fraction

 
Lesson Content
Real numbers can be ordered from least to greatest by using a number line.  A number line is a line with numbers evenly spaced apart that can be used for simple math operations or to order real numbers.  In order to correctly order real numbers, it is necessary to know the value of each number.  This can require estimating square roots, which you learned in the last section, and converting fractions to decimals.  
 
Part 1: Converting Fractions to Decimals
A fraction is a ratio of two numbers.  The number on the top of a fraction is called the numerator, and the number on the bottom is called the denominator.   
 
Interactive 1.7 Converting Fractions to Decimals
[image: ]Video can also be found at https://youtu.be/do_IbHId2Os
Example 1:  What is 54 written as a decimal?
To convert 54 into a decimal, divide the numerator by the denominator.
5÷4=1.25
Example 2:  What is 611 written as a decimal?
To convert 611 into a decimal, divide the numerator by the denominator.
6÷11=0.54¯
 
Part 2: Comparing Real Numbers 
We can use the symbols <, >, or = to compare real numbers.  Use the chart below to determine the meaning of each symbol. 
 	Symbol
	Meaning
	Examples

	<
	Less than
	5 < 8
√36 < √49

	>
	Greater than
	8 > 5
10/2 > 3

	=
	Equal to
	√25 = 5
6/12 = 1/ 2


 
Example 3: Use the symbols <,>, and = to compare the following real numbers.
9 _____ 4.5 
Before you can compare any numbers, write everything in simplest form.
9=3
Replace 9 with 3 in the original problem and compare the numbers.  Since 3 is smaller than 4.5, the answer is 9<4.5.
 
Example 4: Use the symbols <,>, and = to compare the following real numbers.
23 _____ 59 
Rewrite both fractions as decimals and then compare them.
23=0.66¯
59=0.55¯
.66¯ is greater than 0.55¯, so the answer is 23>59.
 
Part 3: Comparing Real Numbers with a Number Line
Interactive 1.8 Comparing Rational Numbers
[image: ]Video can also be found at https://youtu.be/VZOHWaw5dqM
Making Connections
[image: ]Click here to practice ordering numbers on a number line: 						
Lesson Summary
	All real numbers can be located on a number line.
	The symbols <, >, and = are used to compare numbers.

 
Check for Understanding
Use the symbols <, >, and = to complete each of the following:
	 45 _____ 634
	 0.55¯ _____ 713
	-6.5 _____ -36
	   15 _____ -225
	 2 _____ 64

Determine if each of the following lists is written in order from least to greatest. If it is, write yes; if it is not, re-write the list so that it is in order.
	 -0.5, 1.5, -0.75, 2, 7
	 9, 125, 2.1, -3, 13, -0.66¯ 
	 67, 911, 0.8, -45, -.5

Graph the following on a number line.
	 -0.2 , 710, -1, 2, -4
	  -34, 32, -1.5, 0.75, 0

 
Review and Reteach
Interactive 1.9 Ordering Real Numbers on the Real Number Line
[image: ]Video can also be found at https://youtu.be/wC5QyjzwGjs
Interactive 1.10 Comparing Fractions
[image: ]Video can also be found at https://youtu.be/KNdUJQ_qd4U?list=PL783YVfj3KWZA71kLONpIyN0lxWdUnwji
Explore More
Writing in Math:  Write a 3-5 sentence paragraph explaining each of the following:
	1.	 Why is it important to know how to work with fractions and square roots when ordering real numbers?​

	2.	Ordering numbers is a skill that we use in many areas of life, such as with our money or in sports statistics.  What are three specific ways that knowing how to order numbers impacts your daily life?​

 
Section 4
Operations with Integers
[image: ]
Kamyra has just moved to New York City for school and can't quite believe how expensive everything is. She had $1000 in her bank account when she got to the city. She makes $520 at the coffee shop where she works her first two weeks in the city. The money is automatically deposited into her account on the 14th of the month. Her rent is $1250. It is supposed to be taken out on the 16th of the month. Will she have enough money in her account to cover the withdrawal?
	[image: ]
Learning Goal 
I can use the four basic operations with integers.
 
Standards
7.N.2.2 Illustrate multiplication and division of integers in order to assess the reasonableness of results.
7.N.2.3 Solve real-world and mathematical problems involving addition, subtraction, multiplication and division of rational numbers; use efficient and generalizable procedures including but not limited to standard algorithms. 
 
Vocabulary
		Positive 
		Negative 
		Absolute Value 
		Sum 
		Difference 
		Product 
		Quotient ​


Lesson Content
You can add or subtract integers using rules involving absolute value.  Absolute value is a number’s distance from zero on a number line.  Distance cannot be negative, so absolute value cannot be negative.  
For example, if you drive four miles north or four miles south, you are driving the same distance, even though they are in opposite directions.  
The same goes with all whole numbers and their opposites: 4 and -4 are both four units from zero on a number line, so their absolute values are both 4.
 
Part 1: Adding Integers
In order to add integers, it is important to know each number’s sign.  Positive integers are numbers are whole numbers that are greater than zero, usually without a sign or with a plus sign in front.  Negative integers are whole numbers that are less than zero; they have a negative sign in front.
Adding integers with the SAME sign: Add the absolute values of each number, and keep the same sign for the answer.
5+3=8
(-6)+(-8)=-14
Adding integers with DIFFERENT signs:  Subtract the absolute values of each number, and use the sign of the number with the largest absolute value.
-5+4=-1
6+(-3)=3
 
Part 2: Subtracting Integers
To subtract an integer, you add its opposite.
Opposites are numbers that have the same absolute value, but have opposite signs.  For example, 3 and -3 are opposites.
Example 1:  8-15=?
To subtract an integer, add its opposite.  In order to do this, rewrite the problem as an addition problem, and then follow the rules for addition.
8+(-15)=?
8+(-15)=-7
Example 2: 9-(-3)=?
To subtract an integer, add its opposite.  In order to do this, rewrite the problem as an addition problem, and then follow the rules for addition.
9+3=?
9+3=12
 
Part 3: Multiplying and Dividing Integers
Multiplying or Dividing with the SAME sign: When the signs are the same the answer will be positive.
6⋅11=66
(-4)(-12)=48
15÷3=5
-24-6=4
Multiplying or Dividing with DIFFERENT signs: When the signs are different the answer will be negative.
(-7)(6)=-42
9⋅-6=-54
-48÷16=-3
49-7=-7
[image: ]Click here to practice using the rules for operations with integers.
 
Making Connections
Take another look at the problem at the beginning of this section.  How could you solve it mathematically?	
Kamyra has just moved to New York City for school and can't quite believe how expensive everything is. She had $1,000 in her bank account when she got to the city. She makes $520 at the coffee shop where she works her first two weeks in the city. The money is automatically deposited into her account on the 14th of the month. Her rent is $1,250. It is supposed to be taken out on the 16th of the month. Will she have enough money in her account to cover the withdrawal?
Solution:  Kamyra has to figure out if she is going to have enough money in her bank account on the 16th to make her rent of $1,250. Her bank account started with $1000 and she made $520 at work. 
First, write the relevant quantities as positive and negative integers.  Her bank account starts positive, so that is: +1,000. Her earnings are added to that, so they are positive, as well: +520. Her rent will be taken from her account, so that is a negative integer: -1,250. 
1,000+520=1,520
1,520+(−1,250)=270
Kamyra’s final bank account will be a positive number, which means that there will be enough money in her account. 
					[image: ]
Lesson Summary
	There are different rules for adding, subtracting, multiplying, and dividing integers.
	An integer’s sign effects the sum, difference, product, and quotient of a problem.

 
Check for Understanding
Find each sum or difference.  A sum is the solution to an addition problem.  A difference is the solution to a subtraction problem.
	 15+(-4)=  
	-16+(-17)=
	22-(-50)=
	-18-(-3)=
	-19-15=

Find each product or quotient.  A product is the solution to a multiplication problem.  A quotient is the solution to a division problem.  
	 (-51)(-4)=
	 72÷9=
	 -5010=
	 (-2)(15)=
	 (19)(-3)=

 
Review and Reteach
Interactive 1.11 Adding and Subtracting Integers
[image: ]Videos can also be found at https://youtu.be/_BgblvF90UE
Interactive 1.12 Multiplying and Dividing Integers
[image: ]Video can also be found at https://youtu.be/K_tPbVPfHgk
Explore More
Real-World Application:  The rules for combining integers can be used to help you keep accurate records for a bank account.  Read the following information, and then apply what you have learned to each of the following scenarios.
Suppose you have started a checking account at the Bank of Oklahoma.  It is important that you know how to keep track of your transactions.  There are two types of transactions: deposits and withdrawals.  A deposit is any money that you place into your account.  A withdrawal is any money that you spend, which comes out of the account.  The combination of your deposits and withdrawals determines how much money you have in your bank account, which is called the balance.
Scenario #1: Use the following information to answer #1-3.
Your beginning balance is $0.00.
	On August 27, you deposit a $15.00 check from your grandmother for your birthday
	On August 27, you deposit $100 birthday money from your parents
	On August 28, you purchase a pair of jeans for $23.72
	On August 29, you find $5.16 in your pocket and deposit it in your account
	On August 30, you buy chips and candy for $8.37 at the grocery store

	What is the ending balance after all five transactions?
	How much money did you deposit?  Write your answer as a positive value.
	How much money did you pay/withdraw? Write your answer as a negative value.

Scenario #2: Use the following information to answer #4-7.
Your beginning balance is $9.00.
	On September 9, you spent $4.35 on a gallon of ice cream
	On September 10, you spent $3.38 on chips and a drink at 7-Eleven
	On September 11, you received $10.00 for mowing your neighbor’s yard
	On September 11, you spent $14.99 on a new album on iTunes

	What is the ending balance after all four transactions?
	How much money did you deposit?  Write your answer as a positive value.
	How much money did you pay/withdraw? Write your answer as a negative value.
	Can you afford to spend $14.99 on music?  If not, how much money do you need to earn in order to remain with a balance of $0.00?​


 
Section 5
Integers and Exponents
Learning Goal
	I can raise integers to a positive exponent.

 
Standards
7.N.2.5  Solve real-world and mathematical problems involving calculations with rational numbers and positive integer exponents.
 
Vocabulary
	Integer
	Operation
	Expression
	Evaluate
	Exponent
	Power 
	Base

 
Introductory Activity
In this lesson, you will learn how powers, bases, and exponents work together.
 
For Example-
Horatio is a carpenter building a habitat for tigers at his local zoo. He has been told that the tiger’s enclosure needs to be at least 1720 cubic feet. Horatio has only ever built two animal habitats before, and he was hoping to use one of those as a model. One habitat was 93 cubic feet, and the other was 123 cubic feet. Which of Horatio’s previous habitat designs meets the requirements for the tiger habitat?
[image: ]
 
Horatio needs to figure out which dimensions are closest to 1720 cubic feet: 93 cubic feet or 123 cubic feet.
[image: ] 			or			[image: ]
 
First, write out the factors for each expression-
93=9⋅9⋅9
123=12⋅12⋅12
Next, multiply-
9⋅9=81
81⋅9=729
 
12⋅12=144
144⋅12=1728
 
Since 1728 is closest to 1720 cubic feet needed for the tiger, the answer is 123. Horatio can use his old 123 cubic feet habitat design, which even gives the tigers a little extra room.
 
Whole Number Exponents
An exponent is a little number that shows how many times to multiply a certain number by itself. 
 
Let's look at an example: 42
	The large number, 4, is called the base. 
	The small number, 2, is called the exponent. This number tells you how many times to multiply the base by itself.

 
There are two exponents that have special names- 
	A base raised to the power of 2 is said to be squared.

	When a base has an exponent of 2, such as 42, you read it as "four squared".

	A base raised to the power of 3 is said to be cubed.

	When a base has an exponent of 3, such as 63, you read it as "six cubed".

 
For all other exponents, you read the exponent as a power. For example, 
	 35 is read as "three to the fifth power".
	 27 is read as "two to the seventh power".
	 59 is read as "five to the ninth power".

 
An exponent tells you how many times the base should be multiplied by itself. If you look at a number with an exponent written out the long way, you can see why exponents are useful. 
	7⋅7⋅7=73
	5⋅5⋅5⋅5⋅5⋅5⋅5⋅5⋅5=59

 
In the same way that multiplication is an addition shortcut, exponents are a multiplication shortcut.
 
When you use an exponent to write an expression you are using exponential form.
	47 is in exponential form. 

When you write out the expression using multiplication without an exponent you are using expanded form.
	4⋅4⋅4⋅4⋅4⋅4⋅4 is in expanded form.

 
Example 1-
Write out 35 in expanded form, then evaluate the product:
 35=3⋅3⋅3⋅3⋅3
 
Once you have written out the problem, multiply from left to right-
[image: ]
The answer is 243. 
 
Example 2-
Write the following in exponential form: 4⋅4⋅4⋅4⋅4
 
First, remember that to write an expression in exponential form you need a base and an exponent. The base is the number that is being multiplied by itself. The exponent is the number of times the base is being multiplied by itself.
	The base is 4.
	The exponent is 5.

 
Now, write in exponential form-
4⋅4⋅4⋅4⋅4=45
 
Example 3-
Write the following in expanded form and evaluate the expression:
63
 
First, write the expression in expanded form without an exponent-
 63=6⋅6⋅6
 
Next, multiply-
 6⋅6⋅6=216
 
The answer is-
 63=6⋅6⋅6=216
 
Exponents with Negative Bases
When you have a problem that involves an exponent with negative base, you will use repeated multiplication alongside the rules you learned for multiplying negative numbers. 
 
For example- 
 (-4)2=
 (-4)2=(-4)(-4)
 
We know that the multiplication of two negative integers makes a positive-
 (-4)(-4)=16
 
So our answer is 16.
 
However if your negative base is not included within parentheses, you will not repeatedly multiply a negative. 
 
For example-
 -42=
 -42=-(4)(4)
or
 -42=(-1)(4)(4)
 
Now multiply left to right-
[image: ]
So our answer is -16.
 
Therefore, the basic rule to remember is:
	If the negative base is within parentheses, use the multiplication rules for negative integers.
	If the negative base does not have parentheses around it, your answer will be negative. 

 
Example 1-
Evaluate (-3)3
 
(-3)3 written in expanded form is: 
[image: ]
After writing out (-3)3 in expanded form, we first multiplied -3 with -3 and our answer was positive 9. The next step was to then multiply 9 with -3.
 
9 times 3 equals 27, and a positive times a negative equals a negative, so our final answer is then -27.
 
Example 2-
Evaluate -54
 
-54 written in expanded form is: 
[image: ]
After taking 54-- or multiplying 5 by itself 4 times-- we ended up with 625. Then you have to multiply 625 by -1, and get -625 as your answer. 
 
Lesson Summary-
	An exponent tells you how many times the base should be multiplied by itself
	The large (in size) number is the base. 
	The small (in size) number to the top right of the base is the exponent.
	If the negative base is within parentheses, use the multiplication rules for negative integers.
	If the negative base does not have parentheses around it, your answer will be negative. 

 
Check for Understanding
Write each power out in words.
	 32
	 55
	 63
	 26
	 34

Name the base and exponent in the following expressions. Then, write each in expanded form.
	 45
	 23
	 58
	 43
	 68

Evaluate each expression. 
	 25
	 34
	 52
	 44
	 103
	 84
	 (-1)5
	 -42
	 -35
	 (-2)3

 
Making Connections
Now that you have learned about exponents, powers, and bases, take some time and ask yourself these questions. 
	Why is it useful to write expressions in exponential form?
	How might you use these skills within your life? Do these skills have an application when dealing with money, human growth, or another topic?
	Why do some exponential expressions with negative bases have negative answers while others have positive answers? 

 
Interact with the PLIX below to see how exponents can be applied to a real-world scenario!
[image: ] 
Review and Reteach
For additional instruction and practice evaluating exponential expressions, watch the video below and complete the practice questions. 
[image: ] 
[image: ] 
Explore More
[image: ]
How much memory does your phone have? How big is your USB drive? How much RAM is in your laptop? For most devices, that number is a power of two. The computing world revolves around powers of 2. The earliest video game systems boasted 8-bit graphics. That’s 23. You can buy a 16-, 32-, or 64-gigabyte flash drive. Why are powers of 2 so important?
 
Binary Logic
The circuit boards of every computer, smart phone, or gaming system is comprised of tiny switches. Each switch can either be on or off. Programmers use a number system called binary to describe these switches. When a switch is off, it is represented by a 0. When the switch is on, it is represented by a 1. The binary system is built around powers of 2. The number 1 in binary denotes 20, which is equal to 1. 10 in binary means 21, or 2. 100 in binary signifies 22, or 4.
 
[image: ]
 
When we talk about how much memory something has, we’re really talking about how many switches it contains. So, an 8-bit gaming system had 8 switches for graphics. Your 16-gigabyte hard drive holds 137,438,953,472 bits of information. Your phone is more powerful than the computers used by scientists in the 1980s.
 
See for yourself: 
[image: ] 
Sources
	YouTube 
	CK-12
	Khan-Academy
	Pixabay

Section 6
Order of Operations
[image: ]
Learning Goal 
I can use the order of operations to simplify expressions.
 
Standards
PA.A.3.2 (7.A.4.2) Justify steps in generating equivalent expressions by identifying the properties used, including the properties of operations (associate, commutative, and distributive laws) and the order of operations, including grouping symbols. 
 
Vocabulary
	Expression
	Order of Operations
	Exponent
	Simplify

 
Lesson Content
Think about how you got ready for school this morning.  Would it make sense to get dressed before you took a shower?  Would you put on your shoes before your socks?  Of course not!  Just like there is a specific order for how you get ready for school, there is a specific order that you must follow when simplifying expressions.
An expression is a mathematical phrase that combines numbers and mathematical operations.  The four basic operations are addition, subtraction, multiplication, and division.  When it comes to simplifying expressions, order matters!  Simplify means to follow the rules of arithmetic to rewrite a problem as simply as possible. 
We can use the word GEMS to remember the order of operations, which is the specific order that is used to simplify all math problems.  
G - Grouping Symbols
Grouping symbols get evaluated first. This includes parenthesis, brackets, absolute value, and fraction bars.
E - Exponents and Square Roots
Exponents and square roots are next. Evaluate any exponents or square root before moving on.  Watch the video below to learn how to use exponents.
M - Multiplication and Division
Multiplication and division are worked out as they occur from left to right. Depending on the problem, you might divide before you multiply, so pay attention!
S - Subtraction and Addition
Subtraction and addition are worked out as they occur from left to right.  Depending on the problem, you might add before you subtract, so pay attention here, too!
 
Watch this video to learn how to use exponents.
This device does not support the video at this location
Video can also be found at https://www.youtube.com/watch?v=ZJDb7E6aCrA
Example 1: Simplify the expression.
7+32-(5⋅3)
G - Grouping Symbols: Complete the operation inside the parenthesis.
7+32-15
E - Exponents and Square Roots
7+9-15
M - Multiplication and Division: There isn’t any, so you can skip this step!
S - Subtraction and Addition:  It is important to do this step from left to right, not in the order you remember the words.
16-15
1
Here are the steps in a row:
7+32-(5⋅3)
7+32-15
7+9-15
16-15
1
Example 2: Simplify the expression.
(4-2)3÷2⋅4
G - Grouping Symbols
23÷2⋅4
E - Exponents and Square Roots
8÷2⋅4
M - Multiplication and Division: It is important to do this step from left to right, not in the order you remember the words.
4⋅4
16
Here are the steps in a row:
(4-2)3÷2⋅4
23÷2⋅4
8÷2⋅4
4⋅4
16
Making Connections
[image: ]Click here to play a game to practice using the order of operations.							
Lesson Summary
	There is a specific order to follow when simplifying any math problem.

 
Check for Understanding
Use the order of operations to simplify each expression.  Show your work for every step!
	  6+42
	  (6+4)2
	  3+5⋅2
	  (3+5)⋅2
	  3+62÷12+1
	  (3+62)÷(12+1)
	  3⋅23+6
	  3⋅(23+6)
	  6+8+4⋅3÷22
	  6+[(8+4)⋅3]÷22

 
Review and Reteach
 
Interactive 1.13 Order of Operations
[image: ]Video can also be found at https://youtu.be/dAgfnK528RA
 
Explore More
Writing in Math:  Write a 3-5 sentence paragraph for each of the following.
	1.	 Why is it important to know how to use the order of operations?  ​

	2.	There is a new student at your school who claims that the order you do things in math never changes the final outcome.  Do you agree or disagree?   Support your answer with examples and reasoning.
Section 7
Absolute Value
[image: ]
Victor's grandparents live in Moscow, Russia. They told him that in the winters the high temperatures average around -10ºC, while in the summers the high temperatures average around 23ºC.  In science class Victor learned that in Celsius, water freezes at 0ºC.  How could Victor use absolute value to determine which temperature is closer to the freezing point of water?
	[image: ]
Learning Goal 
I can find the absolute value of any rational number.
 
Standards
7.N.2.6 Explain the relationship between the absolute value of a rational number and the distance of that number from zero on a number line. Use the symbol for absolute value.
 
Vocabulary
		Absolute Value

 
Lesson Content
Every rational number has a place on the number line. Each of those numbers has an absolute value. The absolute value of a number is its distance from zero. Absolute value is always positive because distance is positive.  There are always two numbers on a number line that have the same distance from zero.  For example, 4 and -4 are both 4 units from zero.
[image: ]
Example 1: What is the absolute value of 4?
Find 4 on the number line above.  There are 4 spaces between 0 and 4, which means the absolute value of 4 is 4.
Example 2: What is the absolute value of -4?
Find -4 on the number line above.  There are 4 spaces between -4 and 0, which means the absolute value of -4 is 4.
 
Absolute Value is written using a grouping symbol.  The phrase “the absolute value of -3” can be written as |-3|.
Example 3:  |2|=?
There are two spaces between 0 and 2, so |2|=2.
Example 4: |3|+|-4|=? 
The absolute value grouping symbol should be treated the same as parentheses or brackets with the order of operations.  To solve this problem, simplify each set of grouping symbols and then add.
|3|=3
|-4|=4
Since 3+4=7, |3|+|-4|=7.
[image: ]
Making Connections
Take another look at the problem at the beginning of this section.  How could you solve it mathematically?
Victor's grandparents live in Moscow, Russia. They told him that in the winters the high temperatures average around -10ºC, while in the summers the high temperatures average around 23ºC.  In science class Victor learned that in Celsius, water freezes at 0ºC.  How could Victor use absolute value to determine which temperature is closer to the freezing point of water?
Solution: The winter temperature there is around -10ºC while the summer temperature is around 23ºC.  Victor wondered which of these temperatures is closer to the freezing point of water, 0ºC. First, consider the winter temperature of -10ºC.  
|-10|=10  This means that -10ºC is 10 degrees away from the freezing point of water.
Next, consider the summer temperature of 23°C.
|23|=23  This means that 23ºC is 23 degrees away from the freezing point of water.
Since|−10|is less than|23|, the winter temperature is closer to the freezing point of water than the summer temperature.
[image: ]
Lesson Summary
	Absolute Value is a number’s distance from zero.

 
Check for Understanding
Think about each statement and determine if it is true or false.  If it is false, rewrite the statement so that it becomes true. 
	|15|=15
	|-15|=-15
	The absolute value of -7 is -7.
	The absolute value of an integer is always its opposite.

Simplify each expression:
	  |14|=
	  |-8|=
	  |10|-|-14|=
	  |-1|+|1|=
	  |0|=
	  |1+4|=
	  1+|-4|=
	  -|14|=
	  |12|+|-12|=
	  -|13|-|4|=

 
Review and Reteach
 
Interactive 1.14 Absolute Value and Number Lines
[image: ]Video can also be found at https://youtu.be/frBJEYvyd-8
 
Interactive 1.15 Interpreting Absolute Value
[image: ]Video can also be found at https://youtu.be/faUh3bAxomM
 
Explore More
 
Interactive 1.16 Absolute Value
[image: ]Video can also be found at https://youtu.be/wrof6Dw63Es
Real-World Application:  Using what you learned in the video, write an absolute value expression to match each real-world scenario, and then determine the total distance traveled in each scenario.
	A scuba diver is swimming in the ocean.  He dives down thirty feet into the water before returning to the surface.  He then dives fifteen feet down before returning to the surface for the day.  The scuba diver swam a total of _____ feet.
	Mrs. Todd is preparing to run a marathon.  This weekend she ran three miles from her house, went back 2 miles to get a drink at a friend’s house, and then ran five more miles.  All together, she ran _____ miles. 

Write your own scenario for the following absolute value expressions; include the total for each expression.
	|4|+|-2|+|5|+|-5|
	|-14|+|-6|+|5|+|15|

Section 8
Evaluating Algebraic Expressions
Learning Goal 
I can use substitution to evaluate algebraic expressions.
 
Standards
PA.A.3.1  Use substitution to simplify and evaluate algebraic expressions.
 
Vocabulary
	Algebraic Expression
	Evaluate
	Substitute
	Variable

 
Lesson Content
Any math sentence without an equal sign is called an expression.  These are all expressions: 	
	3+2
	52	
	4(2+6)	
	(-3⋅5)÷25

An algebraic expression is an expression that includes a letter, such as 3x - 4. These letters, called variables, represent an unknown number.  The most common letter for a variable is x, but an letter can be used.  
To evaluate an expression, we need to replace the variables in an algebraic expressions with a given value and then simplify the expression.  The process of replacing variables with a number value is called substitution.
Example 1: Evaluate the following expression for x=-3
2x2-9
Substitute, or plug in, -3 everywhere you seen an x, and then simplify using the order of operations.
2(-3)2-9
2(9)-9
18-9
9
Example 2: Evaluate the following expression for y=4
y3-5y+6
Substitute, or plug in, 4 everywhere you seen a y, and then simplify using the order of operations.
(4)3-5(4)+6
64-20+6
44+6
50
Example 3: Evaluate the following expression for x=2 and y=-5
Notice that x and y are now equal to different numbers than in Example 1 and Example 2.  A variable’s value changes for different problems, so it is important to pay attention to the details!
2x2+3(y+7)-xy
Substitute, or plug in, 2 everywhere you seen an x and -5 for every y, and then simplify using the order of operations.
2(2)2+3((-5)+7)-(2)(-5)
2(2)2+3(2)-(2)(-5)
2(4)+3(2)-(2)(-5)
8+6-(-10)
14-(-10)
24
 
Making Connections
Identify the error in each problem below, and then evaluate the expression correctly:
Evaluate each expression for x = 3, y = -4, and z = 5
1.  3x+3y+3z3(3)+3(4)+3(5)9+12+1536 
     
      
	  |x|+|y||3|+|-4|-3+41

 
          
	 xyz-2xy(3)(-4)(5)-2(3)(-4)-60-24-84

 
 
Lesson Summary
	Evaluate an expression by plugging in a value and simplifying with the order of operations
	The value of a variable is different for different problems
	Integer rules and the order of operations apply to all problems

 
Check for Understanding
Evaluate each expression for the given values.
	1.	4x+y when x = -3 and y = 4
	2.	-2ab+b2 when a = 6 and b = -2
	3.	6(2j-4k) when j = 4 and k = 5
	4.	-5c-cd when c = -3 and d = -4
	5.	4mn+3m-5n when m = 2 and n = -6
	6.	-xy-y2 when x = -3 and y = 1
 
Review and Reteach
 
Interactive 1.17 Evaluating Expressions
[image: ]Video can also be found at https://youtu.be/BXHNzUaIRR0
[image: ]Click here for a game to practice evaluating expressions.
 
Explore More
Real-World Application:  The process for evaluating expressions can be applied to many real-world scenarios.  
[image: ]Click here to practice solving real-world problems.
Section 9
Properties of Operations
Learning Goal 
I can use properties of operations to justify my work.
 
Standards
PA.A.3.2 (7.A.4.1)  Justify steps in generating equivalent expressions by identifying the properties used, including the properties of operations (associate, commutative, and distributive laws) and the order of operations, including grouping symbols.
 
Vocabulary
	Equivalent
	Associative Property
	Commutative Property
	Distributive Property
	Like Terms

 
Lesson Content
There are three main properties of operations.  These properties are general guidelines that apply to all calculations.  These properties are the Associative Property, Commutative Property, and the Distributive Property.  They are used to write and use equivalent expressions, or expressions whose values are the same. 
 
Part 1: The Associative Property
The word associate means group together, so the Associative Property is a rule that applies to how numbers are grouped together in a problem.  This property applies to multiplication and addition.  Don’t forget to use the order of operations when solving any math problem!
Associative Property of Addition
(a+b)+c=a+(b+c)
The way the numbers are grouped will not affect the total.
(2+3)+5=2+(3+5)
5+5=2+8
10=10
 
Associative Property of Multiplication
(a⋅b)⋅c=a⋅(b⋅c)
The way the numbers are grouped will not affect the product.
(2⋅3)⋅5=2⋅(3⋅5)
6⋅5=2⋅15
30=30
 
Part 2: The Commutative Property
The Commutative Property is a rule that allows you move numbers around within a problem.  The word commute means to move, which is how this property works. This property applies to multiplication and addition. 
Commutative Property of Addition
a+b=b+a
The order in which you add two or more numbers will not affect the total.
12+3=3+12
15=15
 
Commutative Property of Multiplication
ab=ba
The order in which you multiply two or more numbers will not affect the product.
12⋅3=3⋅12
36=36
 
Part 3: The Distributive Property
The Distributive Property is used to multiply across addition or subtraction.  The word distribute means to pass out something, which is exactly how this property works.  
 
Interactive 1.18 Distributive Property in Arithmetic
[image: ]Video can also be found at https://youtu.be/VZ0jG3W53nE
 
Interactive 1.19 Combining Like Terms
[image: ]Video can also be found at https://youtu.be/CLWpkv6ccpA
In algebra, the distributive property is often used in algebraic expressions where a variable is used to represent a number.  The distributive property is used to simplify when you cannot combine like terms.  In order to combine like terms, the terms you are adding must have the exact same variable and exponent.  For example, I could at 4x + 7x to get 11x, but I cannot add 4x and 7.  
Example 1: Simplify the expression 5(4x+7)
In this problem, the value of x is unknown.  Since we cannot combine the terms, we need to use the Distributive Property to simplify the expression.
Multiply the number outside the parenthesis with every term inside the group, and then simplify using the order of operations.  
5(4x+7)
5(4x)+5(7)
20x+35
If possible, combine like terms.  We cannot combine 20x and 35 because they do not have the same variable, so the answer is 20x+35.
 
Example 2: Simplify the expression (2x+3y-7)4
2x, 3y, and 7 are not like terms since they do not share a variable.  This means we cannot add or subtract inside the grouping symbol.  Since we cannot combine the terms, we need to use the Distributive Property to simplify the expression.  
(2x+3y-7)4
4(2x)+4(3y)+4(-7)
8x+12y-28
8x, 12y, and -28 cannot be combined since they are not like terms, so the answer is 8x+12y-28.
 
Example 3: Simplify the expression -4(8x+3x-9)
8x and 3x are like terms. We can add them together before using the Distributive Property.  
-4(11x-9)
-4(11x)-4(-9)
-44x+36
 
Making Connections
The Properties of Operations can be used to justify, or explain, how you reach a specific answer.  Simplify the expression below; justify your work.  Number 1 has been done for you as an example.
	5(4+2x)+7		Given problem 

    20+10x+7		Distributive Property  
    20+7+10x		Commutative Property
    27+10x		Combine like terms    
	3(2x-5)-2x       Given problem

					_____________________________
					__________________
					__________________
 
	Which of the following illustrates the Associative Property of Multiplication?	(3+5)+2=3+(5+2)
	(4)(2x)(3)=(4)(3)(2x)
	5(2x+6)=10x+30

	(3x)(4)=(4x)(3)



	Is the expression 4(2x-1) equivalent to 8x-4?	Yes, they are equivalent by the Associative Property of Multiplication
	Yes, they are equivalent by the Commutative Property of Multiplication
	Yes, they are equivalent by the Distributive Property of multiplication over addition
	No, they are not equivalent



   	 
Lesson Summary
	The properties of operations help us simplify expressions.
	The properties can be used to help me justify my answers.

 
Check for Understanding
Name the property that is illustrated by each statement:
	x+9=9+x
	(2x)(3)=(2⋅3)(x)
	(5x+1)4=(5x)(4)+(1)(4)
	(3x+2)+4=3x+(2+4)
	5(-7)=-7(5)
	2(x+y+1)=2(x)+2(y)+2(1)

Error analysis: Identify the mistake in each problem, and then simplify each problem completely.
	(3⋅12)+4=3⋅(12+4) by the Associative Property
	5(3x-2x-1)=5(3x)+5(2x)+5(1) by the Distributive Property 
	5x+3+2x=10x by combing like terms

Use the properties of operations to write 5 expressions that are equivalent to the following expression:
	 4x+13

 
Review and Reteach
 
Interactive 1.20 Distributive Property
[image: ]Video can also be found at https://youtu.be/v-6MShC82ow
[image: ]Click here to practice using the distributive property.
 
Explore More
Writing in Math:  Your friend is working on his math homework, and calls you for help.  He used the distributive property to simplify 5(3x - 7) and got 15x - 7.  Write a 3-5 sentence paragraph describing what you would say to your friend to help him find his mistake, and then work the problem correctly.
 
Unit 2
Equations and Inequalities
[image: ]
 
Essential Questions
	What is an equation, and how do I solve one?
	How do you write equations that represent real-world scenarios?
	How do you know if an equation has one solution, no solution, or infinitely many solutions?
	What is an inequality, and how do I solve one?
	How can you use inequalities to represent real-world scenarios?	

 
Big Ideas
	  An equation or inequality is composed of two expressions.  
	  I can solve an equation or inequality by using inverse operations. 
	  I can check the solution to an equation or inequality by substituting it into the original problem to see if it makes a true statement.

 
Learning Goals
	I can solve one-step equations.
	I can solve two-step equations.
	I can solve equations with the distributive property.
	I can solve equations with combining like terms.
	I can solve equations with the variable on both sides of the equal sign.
	I can determine if an equation has one solution, no solution, or infinitely many solutions. 
	I can substitute my answer into an equation to check my work.
	I can write and solve equations from word problems.
	I can solve one-step inequalities and graph my answer on a number line.
	I can solve two-step inequalities and graph my answer on a number line.
	I can write and solve inequalities from word problems.
	I can interpret the solution to an equation or inequality.

 
Vocabulary
	Algebraic Equation
	Coefficient
	Combining Like Terms
	Constant
	Distributive Property
	Equation
	Greater than
	Greater than or equal to
	Inequality
	Infinitely Many Solutions
	Inverse Operations
	Less than
	Less than or equal to
	Like terms
	No Solution
	Number Line
	One Solution
	Solve
	Substitution

Section 1
One-Step Equations
[image: ]
Suppose you are selling slices of pizza.  If you want to earn $12, and have 8 slices to sell, how much should you charge for each slice?
	[image: ]
Learning Goal
I can solve one-step equations.
I can write and solve equations from word problems.
I can substitute my answer into an equation to check my work.
I can interpret the solution to an equation or inequality.
 
Standards
PA.A.4.1 (7.A.3.1) Illustrate, write, and solve mathematical and real-world problems using linear equations with one variable with one solution, infinitely many solutions, or no solutions.  Interpret solutions in the original context.
PA.A.4.3 (7.A.3.3) Represent real-world situations using equations and inequalities involving one variable.
 
Vocabulary
		Equation
		Algebraic Equation  
		Inverse Operations 
		Solve 

 
Lesson Content
An equation is made up of two equivalent, or equal, expressions connected with an equal sign.  For example, 2 + 3 = 5 is an equation because both sides have the same value, 5.  
An algebraic equation is also made up of two equivalent expressions, but it includes an unknown value represented with a variable.  These are algebraic equations:
	  x + 5 = 7
	  b - 14 = -3
	  7h = 28
	  y5=3

 
Part 1: One-Step Equations with Addition or Subtraction
One-Step Equations with Addition or Subtraction
This device does not support the video at this location
Video can also be found at https://www.youtube.com/watch?v=l3XzepN03KQ
Inverse Operation: An operation used to “undo” its opposite	
Solve an equation: isolating a variable to determine the unknown value
Example 1: Solve for x in the equation x+5=-19
Isolate x by using inverse operations.  The opposite, or inverse operation, of addition is subtraction, so subtract 5 from both sides of the equation.  In order to keep the equation equivalent, what you do one one side you must also do on the other.
x+5=-19-5spac-5¯x=-24
 
Example 2: Solve for x in the equation x-4=12
	Isolate x by using inverse operations.  The opposite of subtraction is addition, so add 4 to both sides of the equation. 
x-4=12+4sp+4¯x=16
 
Part 2: One-Step Equations with Multiplication or Division
One-Step Equations with Multiplication or Division
This device does not support the video at this location
Video can also be found at https://www.youtube.com/watch?v=Qyd_v3DGzTM
Example 3: Solve for x in the equation -7x=21
Isolate x by using inverse operations.  The opposite of multiplication is division, so divide both sides of the equation by -7.  In order to keep the equation equivalent, what you do one one side you must also do on the other.
-7x-7=21-7x=-3
 
Example 4: Solve for x in the equation x4=-8
Isolate x by using inverse operations.  The opposite of division is multiplication, so multiply both sides of the equation by 4.   
(4)x4=-8(4)x=-32
 
Part 3: Writing an Algebraic Equation
Watch this video to learn how to translate verbal phrases, such as “the sum of a number and 5,” into algebraic expressions and equations.
This device does not support the video at this location
Video can also be found at https://www.youtube.com/watch?v=KmuWR_LriQU
An algebraic equation can be used to represent real-life scenarios, and to help us solve for unknown values. 
Example 5: Mrs. Lewis has some pencils.  She buys a box of 24 pencils, so now she has 32 pencils.  How many pencils did she start with?
Start by using a variable to represent the unknown value.  For this example, we can use “p” to represent the original number of pencils.  We know that Mrs. Lewis bought 24 more pencils.  Since she is adding to the original amount, we can represent this as p + 24.  She has 32 pencils all together so the equation is p + 24 = 32.  Solve the equation to determine how many pencils Mrs. Lewis had in the beginning.
p+24=32-24s-24¯p=8
 
Mrs. Lewis started with 8 pencils.
 
Making Connections
Take another look at the problem at the beginning of this section.  How could you solve it algebraically?
Suppose you are selling slices of pizza.  If you want to earn $12, and have 8 slices to sell, how much should you charge for each slice?
Solution: Let’s use the variable s to represent the cost of one slice of pizza.  There are 8 slices to sell for a total of $12.00.  We can represent this with the equation 8x=12.
8x8=128
x=1.5
You should sell each slice of pizza for $1.50 in order to earn $12.00 all together.
	[image: ]
Lesson Summary
	An equation is composed of two equivalent expressions.
	Inverse operations help us solve algebraic equations.
	Algebraic equations can be used to represent real-world scenarios.

 
Check for Understanding
Solve each equation.
	x+4=11
	-19=x-4
	x-(-5)=3
	9+x=-20
	-6+x=-2
	x-12=0
	-6x=-42
	-54=6x
	8x=48
	x5=-13
	-x3=-12
	-4=x6

Write an algebraic equation to represent each problem below, and then solve for the missing value:
	Miss Wilson is baking cookies for a fundraiser.  She made some yesterday, and made 56 more this afternoon.  Now she has 100 cookies for the fundraiser.  How many cookies did she make yesterday?
	The Putnam City Athletic Club rents bicycles for $4.00 an hour. You rent a bike for the afternoon, and end up paying $16.00.  How many hours did you have the bike? 
	Mark and three of his friends went to Taco Bell for lunch, and decided to divide the cost evenly.  If each of them paid $7, how much was the total bill?
	Mrs. Riley has $45 to buy diapers for her baby.  How many packages of diapers can she buy if each package costs $9?

 
Review and Reteach
[image: ]Click here to practice solving one-step equations.
[image: ]Click here to play a game to practice balancing one-step equations.	
 
Explore More
Algebraic equations can also include fractions and decimals.  
Watch this video to learn how to solve addition and subtraction equations with fractions and decimals.
This device does not support the video at this location
Video can also be found at https://www.youtube.com/watch?v=XD-FDGdWnR8
 
Watch this video to learn how to solve multiplication and division equations with fractions and decimals.
This device does not support the video at this location
Video can also be found at https://www.youtube.com/watch?v=a3acutLstF8&t=2s
Solve each equation.
	x-13=4.2
	25+x=-45
	1.4x=0.7
	715=x-515
	x9=23
	7.2=0.9x
	54=x16
	-5.3+x=-4.3
	-43=-13+x
	-0.5x=8.5

 
Section 2
Two-Step Equations
[image: ]
An emergency plumber charges $65 as a call-out fee plus an additional $75 per hour. He arrives at a house at 9:30 and works to repair a water tank. If the total repair bill is $196.25, at what time was the repair completed?
  					[image: ]
Learning Goals 
I can solve two-step equations.
I can substitute my answer into an equation to check my work.
I can write and solve equations from word problems.
I can interpret the solution to an equation or inequality.
 
Standards
PA.A.4.1 (7.A.3.1) Illustrate, write, and solve mathematical and real-world problems using linear equations with one variable with one solution, infinitely many solutions, or no solutions.  Interpret solutions in the original context.
PA.A.4.3 (7.A.3.3) Represent real-world situations using equations and inequalities involving one variable.
 
Vocabulary
	Substitute
	Constant
	Coefficient

 
Lesson Content
Part 1: Solving Two-Step Equations
In Section 1 you learned how to use inverse operations to solve one-step equations.  They are called one-step equations because you can solve them with one step.  When a problem can be solved in two steps it is known as a two-step equation.  To solve a two-step equation you will need to use two inverse operations. 
 
Watch this video to learn how to solve two-step equations.
This device does not support the video at this location
Video can also be found at https://www.youtube.com/watch?v=LDIiYKYvvdA
 
Example 1: Solve for x in the equation -3x+11=41.
Step 1: Eliminate the constant using inverse operations.  The constant is the term in an expression or equation that does not include the variable.  In this example, 11 is the constant.
-3x+11=41-11 -11¯-3x=30
 
	Step 2:  Eliminate the coefficient using inverse operations.  A coefficient is the number multiplied with a variable in an expression or equation.  In this example, -3 is the coefficient.
-3x-3=30-3
x=-10
Step 3:  Check your work by substituting your answer into the original equation and simplifying.  If your equation remains equivalent, your answer is correct.  If not, you have made a mistake somewhere.
-3(-10)+11=41
30+11=41
41=41
The equation is equivalent, so your answer is correct.
 
Example 2: Solve for x in the equation 9-5x=29.
Step 1: Eliminate the constant using inverse operations.  In this example, 9 is the constant.
9-5x=29-9space=-9¯-5x=20
 
 
	Step 2:  Eliminate the coefficient using inverse operations.  In this example, -5 is the coefficient.
-5x-5=20-5
x=-4
Step 3:  Check your work by substituting your answer into the original equation and simplifying.  If your equation remains equivalent, your answer is correct.  If not, you have made a mistake somewhere.
9-5(-4)=29
9+20=29
29=29
The equation is equivalent, so your answer is correct.
 
Example 3: Solve for x in the equation x5-7=-13.
Step 1: Eliminate the constant using inverse operations.  In this example, -7 is the constant.
x5-7=-13+7spac+7¯x5=-6
 
 
	Step 2:  Eliminate the coefficient using inverse operations.  In this example, -5 is the coefficient.
(5)x5=-6(5)
x=-30
Step 3:  Check your work by substituting your answer into the original equation and simplifying.  If your equation remains equivalent, your answer is correct.  If not, you have made a mistake somewhere.
-305-7=-13
-6-7=-13
-13=-13
The equation is equivalent, so your answer is correct.
 
Example 4: Solve for x in the equation 21=x4+18.
21=x4+18-18-18¯
(4)3=x4(4)
12=x or x=12
Check your answer!
21=124+18
21=3+18
21=21
 
Part 2: Special Cases
Example 5: Solve for x in the equation 5(x+6)=-45.
This equation includes a grouping symbol.  When solving an equation, operations within a grouping symbol are eliminated last, which means we cannot start by subtracting 6.  The first step in this problem is to eliminate the number outside the parenthesis.
5(x+6)¯=-45¯5sqspace5
x+6=-9-6-6¯
x=-15
Check your answer!
5(-15+6)=-45
5(-9)=-45
-45=-45
 
Example 6: Solve for x in the equation x-76=-4.
This equation includes a fraction bar, which is a grouping symbol.  When solving an equation, operations within a grouping symbol are eliminated last.  The first step in this problem is to eliminate the fraction bar by multiplying both sides by 6.
(6)x-76=-4(6)
x-7=-24+7spac+7¯
x=-17
Check your answer!
(-17)-76=-4
-246=-4
-4=-4
 
Part 3: Word Problems
Watch this video to see an example of writing an equation to solve a word problem.
This device does not support the video at this location
Video can also be found at https://www.youtube.com/watch?v=xKH1Evwu150
[image: ]Click here to practice writing and solving word problems with two-step equations.
 
Making Connections
 Take another look at the problem at the beginning of this section.  How could you solve it algebraically?
An emergency plumber charges $65 as a call-out fee plus an additional $75 per hour. He arrives at a house at 9:30 and works to repair a water tank. If the total repair bill is $196.25, at what time was the repair completed?
Solution:  Translate the sentence into an equation. The number of hours it took to complete the job is unknown.  We can represent this with the variable h.  
65+75h=196.25
-65space=-65
75h75=131.2575
h=1.75
The plumber worked for 1.75 hours, or 1 hour and 45 minutes. Since he started at 9:30, the repair was completed at 11:15.
	[image: ]
Lesson Summary
	You can perform operations on both sides of an equation and still have an equivalent equation.
	Substitution can help you check an answer by making sure the equation is equivalent.
	Equations can help you represent and solve real-world problems.

 
Check for Understanding
Identify the error in each problem below, and then solve the equation correctly.
[image: ]
Solve each equation and then use substitution to check your answer.
	4x-11=-31
	 35=5-6x
	 x4+7=-2
	 -x3-13=0
	 54=7+x6
	5(x-9)=-55
	 72=-4(x-18)
	 x+127=-2
	 x-193=-6
	 1=x-42

Write an algebraic equation to represent each problem below, and then solve for the missing value.  
	At a local bike shop if costs $20 to rent a bike, plus $4 for every hour you have it.  Darcy spent $36 renting a bike on Saturday.  How many hours, h, did Darcy have the bike?
	The 8th graders at Cooper Middle School are going on a field trip.  13 students are meeting the group there, but everyone else will be riding one of the three school busses.  If there are 253 students going on the field trip, how many students, s, should ride each bus to evenly fill each one?  
	The principal is buying pizza and soda for the 7th grade basketball team.  He spent $17 on cans of soda and then ordered 4 pizzas.  Each pizza cost the same amount.  If the principal spent $67 on the meal, what was the cost of each pizza, p?
	Mr. Jones wants to take his family to Hawaii this summer.  The vacation will cost $3,742 plus the cost of 4 airplane tickets.  If Mr. Jones saves $6,342 for the vacation, what is the maximum amount he can spend for each ticket, t?

 
Review and Reteach
Watch this video for more about solving two-step equations.
This device does not support the video at this location
Video can also be found at https://www.youtube.com/watch?v=_y_Q3_B2Vh8
[image: ]Click here to practice solving two-step equations.  
[image: ]Click here to read about using substitution to check your answer and to view more examples.
 
Explore More
Real-World Application:  The local amusement park sells summer memberships for $50 each. Normal admission to the park costs $25; admission for members costs $15.
	 If Darren wants to spend no more than $100 on trips to the amusement park this summer, how many visits can he make if he buys a membership with part of that money?
	How many visits can he make if he does not buy a membership?
	If he increases his budget to $160, how many visits can he make as a member?  How many as a non-member?
	Darren decides that he will only go to the amusement park 5 times this summer.  Should he buy a membership?  Support your answer with evidence and reasoning.

	[image: ]
Section 3
Equations with the Distributive Property
[image: ]
Sandra and Janet are going to the movies and meeting up with their friend Karen. The girls spent $42.75 for 3 movie tickets and 3 bags of popcorn that cost $5.25 each. How much money did the three girls spend on each movie ticket?
 
Learning Goals 
I can solve equations with the distributive property.
I can substitute my answer into an equation to check my work.
I can write and solve equations from word problems.
I can interpret the solution to an equation or inequality.
 
Standards
PA.A.4.1  Illustrate, write, and solve mathematical and real-world problems using linear equations with one variable with one solution, infinitely many solutions, or no solutions.  Interpret solutions in the original context.
PA.A.4.3  Represent real-world situations using equations and inequalities involving one variable.
 
Vocabulary
	Distributive Property

 
Lesson Content
Some equations require more than two steps to solve.  An equation that requires three or more steps to solve is called a multi-step equation.  The distributive property can help you solve multi-step equations.  You learned about the distributive property in Chapter 1, Section 8.
Example 1: Solve for x in the equation 5(3x+2)=55.
Step 1: Eliminate the parenthesis by applying the distributive property to the left side of the equation. 
5(3x+2)=555(3x)+5(2)=5515x+10=55 
Step 2: Eliminate the constant using inverse operations.
15x+10=55space-10s-10¯15x=45
Step 3: Eliminate the coefficient using inverse operations.
15x15=4515x=3
Step 4: Check your answer!
5(3⋅3+2)=555(9+2)=555(11)=5555=55
 
Example 2: Solve for x in the equation -6(4x-7)=66.
Step 1: Eliminate the parenthesis by applying the distributive property to the left side of the equation. 
-6(4x-7)=66-6(4x)-6(-7)=66-24x+42=66 
Step 2: Eliminate the constant using inverse operations.
-24x+42=66space-42s-42¯-24x=24
Step 3: Eliminate the coefficient using inverse operations.
-24x-24=24-24x=-1
Step 4: Check your answer!
-6(4(-1)-7)=66-6(-4-7)=66-6(-11)=6666=66
[image: ]Click here to read more about the distributive property and view worked examples. 
Watch this video to view an example of how to solve an equation with the distributive property.
This device does not support the video at this location
Video can also be found at https://www.youtube.com/watch?v=N6jUh4HF78M
 
Making Connections
 Take another look at the problem at the beginning of this section.  How could you solve it algebraically?
Sandra and Janet are going to the movies and meeting up with their friend Karen. The girls spent $42.75 for 3 movie tickets and 3 bags of popcorn that cost $5.25 each. How much money did the three girls spend on each movie ticket?
Solution:  Translate this scenario into an equation.  Each girl bought a movie ticket, m, and a bag of popcorn for $5.25, which we can write as m+5.25.  Since there were three girls, multiply this quantity by 3.  You also know that the total bill was $42.75, so the equation is 3(m+5.25)=42.75.  Apply the distributive property and then solve the equation to determine the cost of each movie ticket.
3(m+5.25)=42.75
3(m)+3(5.25)=42.75
3m+15.75=42.75
-15.75-15.75
3m3=273
m=9
Each movie ticket cost $9.00.
Don’t forget to check your answer using substitution!
3(m + 5.25) = 42.75 
3(9 + 5.25) = 42.75
3(14.25) = 42.75
42.75 = 42.75
[image: ]
Lesson Summary
	The distributive property can be used to simplify equations with grouping symbols.

 
Check for Understanding
Solve each equation, and then use substitution to check your answer.
	4(3x-1)=-28
	 -3=-3(x+6)
	 12(4x-8)=32
	 0.5(10x+2)=-24
	 4=(2x-9)4
	 13(3x-27)=-9
	 1.4(2x-1)=4.2
	 14(-12x-4)=2
	 -(3x+2)=7
	 54=2(6x-3)

Write an algebraic equation to represent each problem below, and then solve for the missing value.
	  This morning the price of gas increased by $0.10 per gallon.  This afternoon your mom bought 11 gallons of gas for $25.74.  What was the original price per gallon?
	  A store is selling winter coats for $15 off the original price.  Your mom purchased 5 coats for your family for a total of $137.50.  What was the original price for each coat?
	  A candy company makes a profit by selling chocolate bars for $0.75 more than it costs to produce each bar.  They sold a crate of 500 chocolate bars for $525.  How much does it cost the company to produce each chocolate bar?

 
Review and Reteach
Watch this video for another example of how to work an equation with the distributive property.
This device does not support the video at this location
Video can also be found at http://www.ck12.org/algebra/Distributive-Property-for-Multi-Step-Equations/enrichment/Solving-Multi-Step-Equations-by-Distributing-Overview/?referrer=concept_details
 
Explore More
Real-World Application:  The speed, or rate, of a body is the distance it travels per unit of time. That means that we can find out how far an object moves in a certain amount of time if we know its speed using the equation distance=speed×time.
	 Shanice’s car is traveling 10 miles per hour slower than twice the speed of Brandon’s car. She covers 93 miles in 1 hour 30 minutes. How fast is Brandon driving?	Write an equation to represent the scenario.
	Solve the equation to determine Brandon’s speed.
	Click here to check your answer.



 
Section 4
Equations with Combining Like Terms
[image: ]
Suppose you and your classmate are selling raffle tickets. Before today, $96 worth of tickets had been sold, and today, you sold 25 tickets and your classmate sold 35 tickets. Currently, $576 worth of tickets have been sold. Can you write an equation representing this scenario and solve it in multiple steps, including the combining of like terms, to determine how much each raffle ticket costs? 
	[image: ]
Learning Goals 
I can solve equations with combining like terms.
I can substitute my answer into an equation to check my work.
I can write and solve equations from word problems.
I can interpret the solution to an equation or inequality.
 
Standards
PA.A.4.1  Illustrate, write, and solve mathematical and real-world problems using linear equations with one variable with one solution, infinitely many solutions, or no solutions.  Interpret solutions in the original context.
PA.A.4.3  Represent real-world situations using equations and inequalities involving one variable.
 
Vocabulary
	Distributive Property
	Combining Like Terms
	Constant
	Coefficient
	Substitution

 
Lesson Content
So far you have learned how to solve one and two step equations, as well as multi-step equations with the Distributive Property.  This section looks further into solving different multi-step equations.  
The following are the general steps that you should take to solve an equation:
Step 1: Remove any parenthesis by using the Distributive Property 
Step 2: Simplify each side of the equation by combining like terms
Step 3: Eliminate the constant by adding or subtracting
Step 4: Eliminate the coefficient to isolate the variable by multiplying or dividing
Step 5: Check your answer using substitution
Example 1: Solve for x in the equation 5x+3x-5=19
Step 1: Remove any parenthesis by using the Distributive Property - None!
Step 2: Simplify each side of the equation by combining like terms
8x-5=19
Step 3: Eliminate the constant by adding or subtracting
8x-5=19sce+5sp+5¯8x=24
Step 4: Eliminate the coefficient to isolate the variable by multiplying or dividing
8x8=248x=3
Step 5: Check your answer using substitution
5(3)+3(3)-5=1915+9-5=1924-5=1919=19
Example 2: Solve for x in the equation 2(4x+3)-2x=-36
Step 1: Remove any parenthesis by using the Distributive Property 
8x+6-2x=-36
Step 2: Simplify each side of the equation by combining like terms
6x+6=-36
Step 3: Eliminate the constant by adding or subtracting
6x+6=-36sce-6sp-6¯6x=-42
Step 4: Eliminate the coefficient to isolate the variable by multiplying or dividing
6x6=-426x=-7
Step 5: Check your answer using substitution
2(4⋅-7+3)-2(-7)=-362(-28+3)+14=-362(-25)+14=-36-50+14=-36-36=-36
Example 3: Solve for x in the equation 15-3(7+4x)=20+34
Step 1: Remove any parenthesis by using the Distributive Property 
15-21-12x=20+34
Step 2: Simplify each side of the equation by combining like terms
-6-12x=54
Step 3: Eliminate the constant by adding or subtracting
-6-12x=54+6space=1+6¯-12x=60
Step 4: Eliminate the coefficient to isolate the variable by multiplying or dividing
-12x-12=60-12x=-5
Step 5: Check your answer using substitution
15-3(7+4⋅-5)=20+3415-3(7-20)=5415-3(-13)=5415+39=5454=54
Example 4: Write an algebraic equation to represent the problem below, and then solve for the missing value.
You are hosting a Halloween party. You will need to provide 3 cans of soda per person, 4 slices of pizza per person, and 37 party favors. You have a total of 79 items. How many people are coming to your party?
Solution:  This situation has several pieces of information: 
	3 cans per person, p
	4 slices per person, p
	37 party favors

	79 all together

We can write this as the equation 3p+4p+37=79.
3p+4p+37=797p+37=79-37s-37¯7p7=427p=6
 
 
There are 6 people coming to the party.
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Making Connections
Take another look at the problem at the beginning of this section.  How could you solve it algebraically?
Suppose you and your classmate are selling raffle tickets. Before today, $96 worth of tickets had been sold, and today, you sold 25 tickets and your classmate sold 35 tickets. Currently, $576 worth of tickets have been sold. Can you write an equation representing this scenario and solve it in multiple steps, including the combining of like terms, to determine how much each raffle ticket costs? 
Solution: Let's represent the cost of the raffle ticket with the variable c.  The equation that represents this situation is 96+25c+35c=576.  This is because you already had $96, and you are adding the 25 tickets you sold and the 35 tickets your friend sold.   This equals $576 because it is the total amount of money.  Solve the equation to determine the cost of the raffle tickets.
96+25c+35c=57696+60c=576-96space12-96¯60c60=48060c=8
 
Each ticket costs $8.
	[image: ]
Lesson Summary
	It is important to simplify each side of an equation before using inverse operations to solve.

 
Check for Understanding
Solve each equation, and then use substitution to check your answer.
	 7x+14-3x=30
	 6(3-2x)-4=50
	 5(x+1)-3(x-2)=5
	 3(4x+2)-2x=-4
	 -84=5(2x-6)-4
	 18=12x+(-10x)-8
	 12(10x-18)+12=-22
	 -6x-3x+17=-10
	 41=5(x-3)+2x
	2x+65=-25+41

 
Review and Reteach
Watch this video for another example of how to solve an equation with like terms.
This device does not support the video at this location
Video can also be found at https://www.youtube.com/watch?v=mkwqYInXJp4
 
Watch this video for an example of how to solve an equation with the distributive property and combining like terms.
This device does not support the video at this location
Video can also be found at https://www.youtube.com/watch?v=-4W3d7x36g8
 
Explore More
Problem Solving: Write an equation to represent each of the following scenarios, and then solve for the unknown values.  
	Find four consecutive integers whose sum is 244.
	The length of a rectangle is 4 more than its width.  The perimeter of the rectangle is 48 inches.  What are the length and width of the rectangle?

Section 5
Equations with Variables on Both Sides
[image: ]
Kylah and Sarah have bank accounts. Kylah has a starting balance of $125.00 and is depositing $20 each week. Sarah has a starting balance of $43 and is depositing $37 each week. When will the girls have the same amount of money?
[image: ]
Learning Goals 
I can solve equations with variables on both sides of the equal sign.
I can determine if an equation has one solution, no solution, or infinitely many solutions.
I can substitute my answer into an equation to check my work.
I can write and solve equations from word problems.
I can interpret the solution to an equation or inequality.
 
Standards
PA.A.4.1  Illustrate, write, and solve mathematical and real-world problems using linear equations with one variable with one solution, infinitely many solutions, or no solutions.  Interpret solutions in the original context.
PA.A.4.3  Represent real-world situations using equations and inequalities involving one variable.
 
Vocabulary
	Like terms
	One Solution
	No Solution
	Infinitely Many Solutions

 
Lesson Content
As you may now notice, equations come in all sizes and styles. There are one-step, two-step, and multi-step equations. In this section, you will learn how to solve equations with a variable appearing on each side of the equation. The process you need to solve this type of equation is similar to the steps you learned in the last section, with one new step included:
Step 1: Remove any grouping symbols by using the Distributive Property 
Step 2: Simplify each side of the equation by combining like terms
Step 3: Isolate the term with the variable on one side of the equal sign
Step 4: Eliminate the constant by adding or subtracting
Step 5: Eliminate the coefficient to isolate the variable by multiplying or dividing
Step 6: Check your answer using substitution
 
Example 1: Solve for x in the equation 2x-5=3x+10.
Step 1: Remove any parenthesis by using the Distributive Property - None!
Step 2: Simplify each side of the equation by combining like terms - None!
Step 3: Isolate the term with the variable on one side of the equal sign
2x-5=3x+10-2xspace-2x¯spac-5=1x+10
 
Step 3: Eliminate the constant by adding or subtracting
-5=1x+10-10space-10¯
-15=1x
Step 4: Eliminate the coefficient to isolate the variable by multiplying or dividing
-151=1x1-15=xor x=-15
Step 5: Check your answer using substitution
2(-15)-5=3(-15)+10-30-5=-45+10-35=-35
Example 2: Solve for x in the equation 11x-21=3(x+1).
Step 1: Remove any parenthesis by using the Distributive Property 
11x-21=3(x+1)11x-21=3x+3
Step 2: Simplify each side of the equation by combining like terms - None!
Step 3: Isolate the term with the variable on one side of the equal sign
11x-21=3x+3-3xspace-3x¯spac
8x-21=3
Step 3: Eliminate the constant by adding or subtracting
8x-21=3
+21+21¯
8x=24
Step 4: Eliminate the coefficient to isolate the variable by multiplying or dividing
8x8=248x=3
Step 5: Check your answer using substitution
11(3)-21=3(3+1)33-21=3(4)12=12
Example 3: Solve for x in the equation 7x-2-(-3x+1)=-3(1-3x).
Step 1: Remove any parenthesis by using the Distributive Property 
7x-2-(-3x+1)=-3(1-3x)7x-2+3x-1=-3+9x
Step 2: Simplify each side of the equation by combining like terms
7x-2+3x-1=-3+9x10x-3=-3+9x 
Step 3: Isolate the term with the variable on one side of the equal sign
10x-3=-3+9x-9xspace===-9x¯spac
1x-3=-3
Step 3: Eliminate the constant by adding or subtracting
1x-3=-3+3+3¯
1x=0or x=0
Step 4: Check your answer using substitution
7(0)-2-(-3(0)+1)=-3(1-3(0))0-2-(0+1)=-3(1-0)-2-1=-3(1)-3=-3
 
Watch this video to see another example of solving multi-step equations.
This device does not support the video at this location
Video can also be found at https://www.youtube.com/watch?v=YZBStgZGyDY
 [image: ]Click here to practice solving multi-step equations.
Example 4: Write an algebraic equation to represent the problem below, and then solve for the missing value.
Bill has read 70 pages and plans to read 25 pages per day while Kate has read 50 pages but plans to read 29 pages per day. How many days will it take for them to have read the same number of pages? 
Solution:  This situation has several pieces of information: 
	Bill has already read 70 pages, and now plans to read 25 pages per day, d
	Kate has already read 50 pages, and now plans to read 29 pages per day, d	We want to know how many days, d, until they have read the same amount, which we can represent with an equal sign.



We can write this as the equation 70+25d=50+29d.
70+25d=50+29d-25dspacee-25d¯
70=50+4d
-50s-50¯
204=4d45=dor d=5
Bill and Kate will have read the same number pages in 5 days.
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Special Cases
One Solution
In every example so far there has been one solution for each equation.  This means that there is only one value can be substituted for the variable to keep an equation equivalent.  You will know there is one solution because you can solve the equation, and the solution remains equivalent when you check your work.
For example, when you solve the equation 2x + 1 = 9, the solution is x = 4.  This is the one solution that will keep this equation equivalent.     
 
No solution
In some cases, there is not a solution to the equation.  No solution means that there aren’t any values that can be substituted for the variable that will keep the equation equivalent.
For example, try to solve the equation 3x+5=3x+7 .  
3x+5=3x+7-3xspac-3x¯spac
5≠7
When you subtract 3x to isolate the term with the variable, 3x - 3x = 0.  This leaves us with 5 = 7, which is not an equivalent statement.  This is shown by the symbol ≠, which means “does not equal.”  In this case, there is no solution, meaning there isn’t any value of x that will work for this equation.
 
Infinitely Many Solutions
Some equations will remain equivalent for every possible value of x.  When this happens, we say there are infinitely many solutions.  There are infinite solutions when you eliminate the variable from both sides of the equal sign but still have an equivalent statement.
For example, solve the equation 3(4x+1)=12x+3 .
3(4x+1)=12x+312x+3=12x+3-12xspace-12x¯spac
3=3
When you subtract 12x to isolate the term with the variable, 12x - 12x = 0.  This leaves us with 3 = 3, which is an equivalent statement.  When this happens, there are infinitely many solutions, which means that every possible value for x will keep the equation equivalent.
 
Making Connections
Take another look at the problem at the beginning of this section.  How could you solve it algebraically?
Kylah and Sarah have bank accounts. Kylah has a starting balance of $125.00 and is depositing $20 each week. Sarah has a starting balance of $43 and is depositing $37 each week. When will the girls have the same amount of money?
Solution:  To solve this problem, you could use a “guess and check” method since you are looking for a particular week in which the bank accounts are equal.  This could take a long time!  A better option would be to write an equation to represent the scenario and then solve.  Since we are looking for a number of weeks, we’ll use the letter w in our equation.
Kylah has $125 already, and is adding $20 each week.  We can write this as 125+20w.
Sarah has $43, and she is adding $37 each week.  We can write this as 43+37w.
The question is asking when the girls will have the same - or equal - amounts, so we can write the equation as 125+20w=43+37w.  Solve the equation to determine when they will have the same amount of money.
125+20w=43+37w
-20w=space-20w
125=43+17w
-43=-43
8217=17w17
4.82=w
or
w=4.82
It will take 4.82 weeks for Sarah and Kylah to have the same amount of money.
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Lesson Summary
	There are many different types of equations, but they can all be solved using inverse operations to isolate the variable.
	Equations can have one solution, no solution, or infinitely many solutions.

 
Check for Understanding
Solve each equation, and then use substitution to check your answer.
	x+4+5x=3(2x-1)
	 10x-8=5(15x+2)
	 3x+2x=3(x+4)
	 4x-6=10x-6
	 7(2x-1)=14x+7
	 14(4x+12)=2x-7
	 -4x+2x-8=7x+19
	 6(3x+1)-(5x-4)=4x-10
	  -4x+7+9x=5(x-3)
	 -(-2x+9)-6x=9+2(3x+1)

Write an algebraic equation to represent each problem below, and then solve for the missing value.
	   Jaime has a bank account with a balance of $412 and is saving $18 each week. George has a bank account with a balance of $874 and is spending $44 dollars each week. When will the two have the same amount of money?
	 	To rent a dunk tank, Modern Rental charges $150 per day. To rent the same tank, Budgetwise charges $7.75 per hour.	When will the two companies charge the same?
	You will need the tank for a 24-hour fund raise-a-thon. Which company should you choose?



[image: ]
Review and Reteach
Watch this video for an example of how to solve an equation with variable on both sides.
This device does not support the video at this location
Video can also be found at https://www.youtube.com/watch?v=f15zA0PhSek
[image: ]Click here to read about multi-step equations and practice solving different types of equations.
 
Explore More
Real-World Application:  When making big purchases, such as buying a house or a vehicle, people usually don’t have all of the money to make the purchase. They usually take out a loan from a bank to help make the big purchase, and then pay the bank back over time.  
Suppose you want to take a step into becoming more independent by purchasing a used car. Used cars can run around $15,000. Unfortunately, you don’t have that much money saved up.  You will need to take out a loan to help you buy a car.
Option 1: A loan from the Bank of Putnam City requires a downpayment of $2,500, and then you will pay $150 per month. 
Option 2: The PC Credit Union requires a downpayment of $3,000, but you only pay $125 per month.
Part 1:  Write an expression to represent each option.
Part 2:  Write an equation to determine how many months it will take for the two payments to be the same.
Part 3:  You decide to buy a less expensive  used car.  You only need to borrow $11,500 from the bank.  Which bank should you use if you want to be finished paying back the bank in 5 years?
 
Section 6
Intro to Inequalities[image: ]
Suppose you're having a party, and you know that there will be at least 25 people there.  How would you write this as an inequality?  Could you use a graph to represent this scenario? 
 
Learning Goals 
I can graph an inequality on a number line.
I can write an inequality.
 
Standards
PA.A.4.2 (7.A.3.2) Represent, write, solve, and graph problems leading to linear inequalities with one variable in the form px + q > r and px + q < r, where p, q, and r are rational numbers.
PA.A.4.3 (7.A.3.3) Represent real-world situations using equations and inequalities involving one variable.
 
Vocabulary
		Inequality 
		Less than 
		Greater than
		Less than or equal to
		Greater than or equal to 
		Number Line

 
Lesson Content
Part 1: Graphing Inequalities
In some cases, there are multiple answers to a problem or the situation requires something that is not exactly equal to another value. When a mathematical sentence involves something other than an equal sign, an inequality is formed.  
These are the symbols used to write inequalities:
>	Greater than
≥	Greater than or equal to
<	Less than
≤	Less than or equal to
An algebraic inequality is a mathematical sentence connecting an expression to a value, a variable, or another expression with an inequality sign.  Each of these are inequalities:
	x>7
	x≥-4
	x<13
	x≤8

Watch this video for an introduction to writing inequalities and graphing them on a number line.
This device does not support the video at this location
Video can also be found at https://www.youtube.com/watch?v=ilWDSYnTEFs
Solutions to inequalities can be graphed on a number line using circles and arrows.  Inequalities that “include” the value are shown as ≤ or ≥. The line underneath the inequality stands for “or equal to.” We show this relationship by coloring in the circle above this value on the number line. For inequalities without the “or equal to,” the circle above the value on the number line remains unfilled, or open.
Example 1: Graph the inequality x>3  
“x is greater than 3” means that the value of x can be any real number larger than three.  The circle on the graph is open because x cannot actually equal 3.  The arrow points toward the larger numbers on the number line.
[image: ]
Example 2:  Graph the inequality x≤4
“x is less than or equal to 4” means that the value of x can be any real number smaller than 4, or it could be exactly equal to 4.  The circle on the graph is filled in, or closed, to show that 4 is a possible value of x.  The arrow points toward the smaller numbers on the number line.
[image: ]
[image: ]Click here to practice graphing inequalities.
 
Example 3: Write the inequality that is represented by the graph below
[image: ]
The circle above one is colored in, meaning that one is a solution to the inequality. The red arrow indicates values greater than one.  The inequality is: x ≥ 1.
Example 4:  Write the inequality that is represented by the graph below
[image: ]
 The circle above -10 is open, meaning that -10 is not a solution to the inequality. The red arrow indicates values less than -10.  The inequality is: x < -10.
[image: ]
Part 2: Writing Inequalities
Sometimes it is necessary to translate a verbal phrase into an inequality.  It is important to pay attention to key words when this happens.  
Look at each of these scenarios for some possible key words:
	Bekkah’s essay has to be a maximum of 3 pages
	The school bus can hold at most 75 students
	Javon’s coach wants him to run at least 3 miles each day
	The minimum height requirement to ride a roller coaster is 42 inches
	You need 20 items or less to use the express lane at the store

In order to write each inequality, think about the meaning behind the words.
Maximum of three pages: The essay, e, could be shorter than three pages or three pages exactly, so the inequality is e ≤ 3.
At most 75 students: The bus, b, will fit exactly 75 students, or fewer students, but it can’t hold any more than that.  The inequality is b ≤ 75.
At least 3 miles:  Javon can run more than 3 miles, m, or exactly 3 miles.  The inequality is m ≤ 3.
Minimum height is 42 inches: You cannot be shorter than 42 inches, i, tall to ride, but you could be exactly 42 inches tall.  The inequality is i ≥ 42.
You need 20 items or less:  You can use the express lane if you have 20 items, i, or fewer than 20 items, but not if you have more than 20.  The inequality is i ≤ 20. 
 
Making Connections
Take another look at the problem at the beginning of this section.  
Suppose you're having a party, and you know that there will be at least 25 people there.  How would you write this as an inequality?  Could you use a graph to represent this scenario?
Solution: If there are going to be at least 25 people, that means the number of people at the party will be greater than or equal to 25.  Remember that the symbol that translates to "greater than or equal to " is ≥.  Let p represent the number of people attending the party.  The inequality that represents this situation is p≥25.  The graph of this inequality would have a solid dot at 25 and have an arrow moving to the right since the number of people attending is greater than or equal to 25.
 
Lesson Summary
	You can use a number line to graph a visual representation of inequalities.
	Inequalities can be used to represent real-world scenarios.

 
Check for Understanding
Graph each inequality on a number line. 
	 x<-3
	 x<4
	 x≥-2
	 x≤7
	 x≤0

Write the inequality that is represented by each graph below.
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Write an inequality to represent each of the following scenarios, and then graph the inequality on a number line.
	  Deasha has at most $60 to spend at the mall
	  A cheetah can run up to 75 miles per hour
	  Your parents require you to have a minimum grade of 80% in each class
	  Melodie has to spend at least $25 to use her coupon at the store

 
Review and Reteach
Watch this video for more about graphing an inequality on a number line.
This device does not support the video at this location
Video can also be found at https://www.youtube.com/watch?time_continue=1&v=dTwZ5N126gw
Explore More
Writing in Math:  Write a 3-5 sentence paragraph for each of the following.
	 Would the graph of the inequality 4≥x be the same as the graph of x≥4?  Explain your answer.
	 Your friend is confused about how to graph inequalities on a number line.  He says that filling in the circle doesn’t change the meaning of the graph.  Is he right?  Explain your answer. 

 
 
Section 7
One-Step Inequalities
[image: ]
Marc and Kara have made several friends swimming at the town pool. One rainy day, they decided to invite the group to go to a movie. Everyone is very excited. Grandma is so pleased that Kara and Marc have been making friends that she has offered to pay for the tickets.
“How many of you are going?” she asks Kara when she hears of the plan.
“Well, there are eight of us altogether,” Kara said.
“Alright, let me see,” Grandma says reaching into her wallet. “I have forty-eight dollars to contribute. Here it is.”
“Thank you, Grandma,” the twins add smiling.
Later at the movie theater, Kara takes out the money. They have $48.00 to spend on tickets. Last minute, one of the friends has brought her brother along. Kara isn’t sure that they have enough money for the brother too. If each ticket is $6.00, how many tickets can she buy without going over the $48.00?  Do they have enough money for everyone to get a ticket?
[image: ]
Learning Goals 
I can solve one-step inequalities and graph my answer on a number line.
I can write and solve inequalities from word problems.
I can interpret the solution to an equation or inequality.
 
Standards
PA.A.4.2 (7.A.3.2) Represent, write, solve, and graph problems leading to linear inequalities with one variable in the form px + q > r and px + q < r, where p, q, and r are rational numbers.
PA.A.4.3 (7.A.3.3) Represent real-world situations using equations and inequalities involving one variable.
 
Vocabulary
	Inequality
	Inverse Operations 
	Solve

 
Lesson Content
Sometimes, you will have an inequality that is not as straightforward as x > 4. With this example, you know that the variable can be any number that is greater than four. The set of numbers that will make this inequality a true statement can be displayed as a list or graphed on a number line.  However, the set of numbers that makes the inequality true is not always this obvious as this one.  You may see an inequality that requires you to solve, just like you would with an equation. 
For example, look at the inequality x + 3 > 7.  
For this inequality, you need to find the set of numbers that will make the inequality a true statement. You are looking for every possible number that, when you add three, will be greater than 7.  You could spend time doing trial and error to determine these numbers, or you could solve the inequality.  Solving an inequality is similar to solving an equation: apply inverse operations to isolate the variable.  The difference is in the actual solution.  For an equation, the solution is a single number; the solution to an inequality will be a set of numbers that make the inequality a true statement.
Part 1: Inequalities with Adding and Subtracting
Example 1: Solve the inequality y-4≤3 and graph the solution
y-4≤3+4+4¯y≤7	
This solution is read “y is less than or equal to 7.”  This means that the solution is the set of numbers smaller than 7, or it could be exactly 7.  For example, y could be 6.8, 0, -7, -152, or any other value less than 7.  
The graph of this inequality will have a closed circle at 7, with an arrow pointing toward the smaller numbers.
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Example 2:  Solve the inequality x+7<15 and the graph the solution
x+7<15-7-7¯x<8
This solution is read “x is less than 8.”  This means the solution is the set of numbers smaller than 8.  For example, x could be 7.1, 2, -13, or any other value less than 8.
The graph of this inequality will have an open circle at 8, with an arrow pointing toward the smaller numbers.
[image: ]
Example 3:  Solve the inequality -2≤x+4 and graph the solution
-2≤x+4-4space-4¯-6≤x
This solution can be rewritten as x ≥ -6.  You can do this without changing the solution as long as you maintain the meaning of the inequality.  You can double check that you rewrote an inequality correctly by making sure the opening of the inequality symbol is facing the same term before and after you rewrite it.  For example, the opening is facing the x in the original and rewritten inequality.  
   The graph of this inequality will have a closed circle at -6, with an arrow pointing toward the bigger numbers since the solution is the set of numbers bigger than -6. 
[image: ]
 
Part 2: Inequalities with Multiplying and Dividing
Example 4: Solve the inequality 2x>-14 and graph the solution
2x2>-142x>-7
This solution is read “x is greater than -7.”  This means the value of x could be any real number that is bigger than -7, but it cannot be equal to -7.  For example, x could be -6, -1, 0, 1.5, or any other value greater than -7.
The graph of this inequality will have an open circle at -7, with an arrow pointing toward the larger numbers.
[image: ]
Example 5: Solve the inequality x5≤3 and graph the solution
(5)x5≤3(5)x≤15
This solution is read “x is less than or equal to 15.”  This means the value of x could be any real number that is smaller than 15, or it could be equal to 15.  For example, x could be 15, 14.8, 6, -7, or any other value less than 15.
The graph of this inequality will have a closed circle at 15, with an arrow pointing toward the smaller numbers.
[image: ]
 
Special Cases: Multiplying or Dividing by a Negative Number
Notice that in Example 3 and 4 the coefficient has been positive.  This is because there is a special rule for when the number being multiplied or divided is negative.
Think of it this way. When you multiply a value by –1, the number you get is the negative of the original.
(6)(-1)=-6
Multiplying each side of a sentence by –1 results in the opposite of both values.  The same is true with algebraic equations.
(5x)(-1)=(4)(-1)
-5x=-4
When multiplying by a negative, you are doing the “opposite” of everything in the sentence, including the symbol ( =, <, >, ≤, or ≥).   Notice how this changes the symbol in this example:
-x>4
-x(-1)>4(-1)
x < -4 
Example 6:  Solve the inequality -4x≥48 and graph the solution
-4x-4≥48-4x≤-12
We can solve this inequality using inverse operations as long as we remember the special rule for negatives.  When you multiply or divide by a negative number, you have to flip the symbol.
The graph of this inequality will have a closed circle at -12, with an arrow pointing toward the smaller numbers.  If you forget to flip the symbol, you’re answer and graph will be incorrect, so pay attention!
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Example 7: Solve the inequality -x5>2 and graph the solution
(-5)(-x5)>2(-5)x<-10
Solve the inequality using inverse operations.  The opposite of “divide by -5” is to multiply each side by -5.  Don’t forget to flip the symbol when multiplying or dividing by a negative number!
The graph of this inequality will have an open circle at -10, with an arrow pointing toward the smaller numbers.
[image: ]
Example 8: Solve the inequality 2x≤-30 and graph the solution
2x2≤-302x≤-15
Notice that in this example, we do not flip the inequality symbol.  The answer is negative, but we didn’t multiply or divide by a negative number, so the symbol remains the same.
The graph of this inequality will have a closed circle at -15, with an arrow point towards the smaller numbers.
[image: ]
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Making Connections
Take another look at the problem at the beginning of this section.  How could you solve it algebraically?
Marc and Kara have made several friends swimming at the town pool. One rainy day, they decided to invite the group to go to a movie. Everyone is very excited. Grandma is so pleased that Kara and Marc have been making friends that she has offered to pay for the tickets.
“How many of you are going?” she asks Kara when she hears of the plan.
“Well, there are eight of us altogether,” Kara said.
“Alright, let me see,” Grandma says reaching into her wallet. “I have forty-eight dollars to contribute. Here it is.”
“Thank you, Grandma,” the twins add smiling.
Later at the movie theater, Kara takes out the money. They have $48.00 to spend on tickets. Last minute, one of the friends has brought her brother along. Kara isn’t sure that they have enough money for the brother too. If each ticket is $6.00, how many tickets can she buy without going over the $48.00?  Do they have enough money for everyone to get a ticket?
Solution:  To figure this out, we need to write an inequality.  Use the variable t to represent the number of tickets Kara can buy with $48.  The inequality is 6t≤48.  We use the less than or equal to symbol since Kara cannot spend more than $48, but she could spend less than $48 or exactly $48.  Solve the inequality to determine how many tickets Kara can buy.
6t6≤486
t≤8
This shows that Kara can purchase less than or equal to 8 tickets with the $48.00.  She doesn’t have enough to pay for the extra brother since that would be 9 tickets.
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Lesson Summary
	 One-step inequalities can be solved using inverse operations, just like one-step equations.
	 You have to flip the inequality symbol any time you multiply or divide by a negative number.

 
Check for Understanding
Solve each inequality.  Graph each solution on a number line.
	x+9≤-2
	3x>-21
	x-17<-15
	x+5>12
	x5≤6
	-7x≥-35
	-x7>1
	8+x≤19
	x-13>-1
	9x≤-45
	x12≥11
	x-3>-13
	-8x<32
	-x9>-2
	13x≤-39

Write an inequality to represent each problem, and then solve.  Graph the solution on a number line.
	 It takes at least 3 hours to drive from Oklahoma City to Dallas.  Your family has already driven 45 minutes.  How much longer will you have to drive to make it to Dallas?
	 You have to maintain a minimum balance of $100 in your checking account at the bank or you are charged a fee.  Your current balance is $123.95, but this weekend you are going to the mall with your friends.  How much money can you spend without having to pay the fee?
	 The high school band is washing cars as a fundraiser.  They plan on charging $4.50 per car.  How many cars will they have to wash in order to raise a minimum of $360?

 
Review and Reteach
Watch this video to view more examples of solving inequalities with addition or subtraction.
This device does not support the video at this location
Video can also be found at https://www.youtube.com/watch?v=UTs4uZhu5t8
 
Watch this video to view more examples of solving inequalities with multiplication or division.
This device does not support the video at this location
Video can also be found at https://www.youtube.com/watch?v=QLMlYoXz2Zg
 
Watch this video for more examples that require you to flip the symbol.
This device does not support the video at this location
Video can also be found at https://www.youtube.com/watch?v=CiLokLAlYbY
 
Explore More
[image: ]Click here to practice solving more challenging one-step inequalities.  
 
Section 8
Two-Step Inequalities
[image: ]
You are taking a bag of chips and guacamole to a tailgate party.  The avocados you need to make the guacamole cost $1.59 per pound, and a bag of tortilla chips costs $1.99. How many pounds of avocados can you purchase if you can spend at most $7.50?
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Learning Goals 
I can solve two-step inequalities and graph my answer on a number line.
I can write and solve inequalities from word problems.
I can interpret the solution to an equation or inequality.
 
Standards
PA.A.4.2  Represent, write, solve, and graph problems leading to linear inequalities with one variable in the form px + q > r and px + q < r, where p, q, and r are rational numbers.
PA.A.4.3  Represent real-world situations using equations and inequalities involving one variable.
 
Vocabulary
		Inequality
		Inverse Operations 
		Solve 

 
Lesson Content
The process for solving two-step inequalities is almost exactly the same as the process for solving two-step equations (Section 2).  The only difference is that the special case for inequalities from Section 7 applies to two-step inequalities as well.
Here are the general steps for solving a two-step inequality:
Step 1:  Eliminate the constant
Step 2:  Eliminate the coefficient
		Pay attention: Do you need to flip the symbol?
Step 3:  Check your answer using substitution
 
Example 1: Solve for x in the inequality -3x+11<41.
Step 1: Eliminate the constant using inverse operations. 
-3x+11<41-11 -11¯-3x<30
 
 
	Step 2:  Eliminate the coefficient using inverse operations. 
-3x-3<30-3x>-10
Do you need to flip the symbol? Yes, since you divided by a negative
Step 3:  Check your work using substitution.  Choose any value that makes the inequality true in order to check the solution.  In this case, we can choose any number greater than -10 to test the inequality.  
-3(-5)+11<4115+11<4126<41
 
This is a true statement, so the solution is correct!
 
Watch this example of how to solve two-step inequalities
This device does not support the video at this location
Video can also be found at https://www.youtube.com/watch?v=a0-q0FUZ11o
Example 2: Solve for x in the inequality 9-5x>29.
Step 1: Eliminate the constant using inverse operations. 
9-5x>29-9 space-9¯-5x>20
 
	Step 2:  Eliminate the coefficient using inverse operations. 
-5x-5>20-5x<-4
Do you need to flip the symbol? Yes, since you divided by a negative
Step 3:  Check your work using substitution.  Choose any value that makes the inequality true in order to check the solution.  In this case, we can choose any number less than -4 to test the inequality.  
9-5(-6)>299+30>2939>29
 
This is a true statement, so the solution is correct!
 
Example 3: Solve for x in the equation x5-7≥-13.
Step 1: Eliminate the constant using inverse operations.
x5-7≥-13+7spac+7¯x5≥-6
 
 
	Step 2:  Eliminate the coefficient using inverse operations.  
(5)x5≥-6(5)x≥-30
 
Do you need to flip the symbol? No, you didn’t multiply be a negative.
 
Step 3:  Check your work using substitution.  Choose any value that makes the inequality true in order to check the solution.  In this case, we can choose any number greater than or equal to -30 to test the inequality. 
05-7≥-130-7≥-13-7≥-13
 
This is a true statement, so the solution is correct!
 
Making Connections
Take another look at the problem at the beginning of this section.  How could you solve it algebraically?
You are taking a bag of chips and guacamole to a tailgate party.  The avocados you need to make the guacamole cost $1.59 per pound, and a bag of tortilla chips costs $1.99. How many pounds of avocados can you purchase if you can spend at most $7.50?
Solution: We can represent this scenario with an inequality.  Use the variable a to represent how many pounds of avocados you can buy.  The inequality is 1.59a+1.99≤7.50.  We use the less than or equal to symbol since we cannot spend more than $7.50, but we could spend less than $7.50 or exactly $7.50.  Solve the inequality to determine how many pounds of avocados you can buy.  Round your answer to the nearest tenth.
1.59a+1.99≤7.50
-1.99-1.99
1.59a1.59≤5.511.59
a≤3.5
You can buy up to 3.5 pounds of avocados without running out of money.
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Lesson Summary
	One-step inequalities can be solved using inverse operations, just like one-step equations.
	You have to flip the inequality symbol any time you multiply or divide by a negative number.

 
Check for Understanding
Solve each inequality, and then graph the solution on a number line.
	3x+1≤13
	-3+5x≥-23
	-4x-3<-7
	x4-5<-17
	-12x-4≥20
	8-7x>15
	-x8+13≤10
	-2.2x+1≥12
	-2x-9>15
	x3-43<23

Write an inequality to represent each problem, and then solve.  Graph the solution on a number line.
	Darius earns $25 items per item he sells, plus a base salary of $100 per week.  How many items does Darius need to sell in order to earn at least $700 per week?  
	Qualyn has a job boxing pizzas at Pizza Hut.  He earns $8 each day plus $0.90 for each pizza he boxes.  How many pizzas does he need to box to earn at least $20 each week?
	Natalie wants to treat her friends at the movies.  She can spend at most $131.  The movie tickets cost $11 each, and she also wants to spend $21 on popcorn and candy for her friends to share.  What is the maximum number of tickets Natalie can buy?
	The 7th grade class is putting on a talent show to raise money for the school.  It costs $700 to rent the auditorium they want to use.  If they charge $15 for each ticket, what is the minimum number of tickets they need to sell in order to raise at least $1,000?
	At a football game, the admission fee is $8.00 and each item at the concession stand is $3.00.  You can use the formula C≥8.00+3.00f, where C is the total cost and f is the number of concession food items you buy, to determine how much money you will need for admission and concession items.  How many food items can you get from the concession stand if you only have $27 to spend?	You can buy seven or more food items
	You can buy seven food items or less
	You can’t buy any food items 
	It is impossible to figure out how many food items you can buy



 
Review and Reteach
Watch this video to see a two-step inequality example worked out for you.
This device does not support the video at this location
Video can also be found at https://www.youtube.com/watch?v=WJxOGO7MoS8
 
Explore More
Sometimes you will encounter a scenario that cannot be represented with just one inequality symbol.  When this happens it is called a compound inequality.  Compound inequalities are inequalities that have been joined by the words “and” or “or.” 
-2<x≤5	This is read “x is greater than -2 and less than or equal to 5.”
x≥3 or x<-4	This is read “x is greater than or equal to 3 or less than -4.”
Notice that both of these inequalities have two inequality signs.  When graphing, look at both signs to determine the direction of the arrows. 
	The inequality -2<x≤5 has the variable between -2 and 5, so the number line will have a line segment between the two numbers.  The rules for open and closed points on the line are the same as when graphing a regular inequality.
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The inequality x≥3 or x<-4 uses the word “or”, which means the graph will have arrows that go in opposite directions.
[image: ]
Example 1: Write a compound inequality to represent the following scenario.
Elijah’s parents expect him to maintain an A or B in all of his classes.  
Elijah’s grade, g, could be anywhere between 80% and 100%, or it could be equal to 80% or 100%.  If we were to write this as g≥80, it would mean that Elijah’s grade could be any number greater than or equal to 80%, but in a traditional school setting the highest grade possible is 100%.  How could we show that in the inequality? 
80≤g≤100
This is read “g is greater than or equal to 80 and less than or equal to 100.”  The variable, g, is between the two values, so on the graph the shaded area will be between the two values.  
Practice: Write and graph a compound inequality for each of the following problems.
	 Your family usually drinks at least 2 gallons of milk each week, but no more than 4 gallons.
	 Sophia needs at least $50 for new clothes, but her parents will only give her up to $90.

Graph each compound inequality on a number line. 
	 -3<x≤5 
	x<3 or x>4.5
	5≤x<11
	x≤-1 or x≥0
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Unit 3
Intro to Functions
[image: ]
 
Essential Questions
	What is a function?
	What is the difference between linear and nonlinear functions?
	How can tables, and graphs, and equations be used to represent verbal descriptions of linear functions?
	How are the independent and dependent variables related and organized on a coordinate plane? 

 
Big Ideas
	 Functions are used to describe relationships in the world.
	 Identifying patterns and their relationships can help to extend and analyze numerical patterns.
	 Patterns of numbers correspond to algebraic expressions that can be used in problem solving.

 
Learning Goals
	I can plot a point on a coordinate plane.
	I can identify the coordinates of a point on a coordinate plane.
	I can determine if a relation is a function.
	I can identify the pattern in a function.
	I can determine if a function is linear or nonlinear.
	I can write a function rule for linear functions.
	I can use a function rule to complete a table.
	I can use a function to represent real-life situations.

 
Vocabulary
	Coordinate
	Coordinate Plane
	Dependent Variable
	Function
	Function Rule
	Independent Variable
	Input
	Linear
	Nonlinear
	Ordered Pair
	Origin
	Output
	Relation
	Vertical Line Test
	x-axis
	y-axis

 
Section 1
Graphing on a Coordinate Plane
[image: ]https://www.flickr.com/photos/derekgavey/4900164766
Learning Goals 
I can plot a point on a coordinate plane.
I can identify the coordinates of a point on a coordinate plane.
 
Standards
Prerequisite Skill
 
Vocabulary
	Coordinate Plane
	x-axis
	y-axis
	Origin
	Coordinate
	Ordered Pair

	 
Lesson Content
Part 1: The Coordinate Plane
	The coordinate plane, also called the Cartesian plane, can be thought of as two number lines that meet at right angles. The horizontal line is called the x-axis and the vertical line is called the y-axis.  The point at which they cross is called the origin.  As you can see in the image below, the origin is at zero for both axes.  From this center position, the numbers of the x-axis are positive towards the right and negative towards the left.  The y-axis is positive as you move up and negative as you move down.  The axes split the coordinate plane into four quadrants, which are numbered sequentially (I, II, III, IV) moving counter-clockwise from the upper right.
[image: ]
When given a point on a coordinate plane, it’s easy to determine its coordinates. The coordinates of a point are two numbers, and written together they are called an ordered pair. The numbers describe how far along the x-axis and y-axis the point is located.   When writing an ordered pair, the order of the numbers matters.  The first number represents the x coordinate, and the second number represents the y coordinate.  For example, look at the ordered pair (1,3).  In this ordered pair, the x coordinate is 1 and the y coordinate is 3.  
 
	Example 1: Find the coordinates for Point P in the graph below.
[image: ]
	Before we start, did you notice that this coordinate plane looks a little different?  That’s because for this example only Quadrant I is shown.  
	To identify the coordinates, imagine you are standing at the origin, (0,0).  In order to move to a position where Point P was directly above you, you would move 3 units to the right.  This makes the x coordinate of P positive 3.  If you were standing at 3 on the x-axis, Point P would be 7 units above you.  The y coordinate of P is positive 7.  
We can write these coordinates together as an ordered pair.  Remember, an ordered pair is always written as (x,y). 
Point P is located at (3,7).
	Example 2: Find the coordinates for Points Q and R in the graph below.
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In order to get to Point Q, move three units to the right.  This makes the x coordinate positive 3.  From here, move down two units.  Since we are moving down the y-axis, this makes the y coordinate -2.  The ordered pair for Point Q is (3,-2).
We can find the coordinates for Point R in the same way.  Point R is five units to the right, making the x coordinate 5.  From here, move down the y-axis two units.  This makes the y coordinate -2.  The ordered pair for Point R is (5,-2).
 
Part 2: Plotting Points on a Coordinate Plane
	Now that you know how to find the coordinates for a point you will be able to plot points on a graph.  As we stated before, every ordered pair is written as (x,y).  The order matters because it helps us plot the point.  
	Example 3:  Plot the point (2,4) on the coordinate plane and label it Point S.  What quadrant does the point lie in?
To plot a point, identify the x and y coordinates from the ordered pair.
		x-coordinate: 2
		y-coordinate: 4
When plotting points, it can help to think of the Oklahoma Sooners - OU!  For this trick, the letter O stands for OVER, and the letter U stands for UP.  Use this to help you know what to do with an order pair.
OVERUP(x,pay)(2,4)
To graph the point (2,4), start at the origin and go OVER 2 and UP 4.
[image: ]  
Point S is in Quadrant I. 
	Example 4:  Plot the following points on the coordinate plane and identify which quadrant each point lies in. 
A(2,7)	B(-4,6)	D(-3,-3)	   E(0,2)	   F(7,-5)
We can plot Point A(2,7) by moving OVER 2 to the right and UP 7.  
We can plot Point B(-4,6) by moving OVER 4 to the left and UP 6.  We know to move to the left because the x coordinate is negative.  
We can plot Point D(-3,-3) by moving OVER 3 to the left and DOWN 3.  We know to move to the left because the x coordinate is negative.  We know to move down because the y coordinate is negative.  In this case, instead of OVER and UP, think OVER and DOWN.
We can plot Point E(0,2) by moving OVER 0 and UP 2.  This point will be on the y-axis since we didn’t move to the left or right. 
We can plot Point F(7,-5) by moving OVER 7 to the right and DOWN 6.  We know to move down because the y coordinate is negative.  
[image: ]
Point A is in Quadrant I.
Point B is in Quadrant II.
Point D is in Quadrant III.
Point E is on the y-axis between Quadrants I and II.
Point F is in Quadrant IV.
[image: ]
Making Connections
Click the logo to practice working with the coordinate plane.  If this is your first time to use CK-12, create a free student account to continue. 
[image: ]	
Lesson Summary
	Ordered pairs are used to plot points on a coordinate plane.
	Points on a coordinate plane can be identified by their ordered pair.

 
Check for Understanding
Identify the coordinates for each point on the graph below.    
[image: ]
	Point A
	Point B
	Point C
	Point D
	Point E
	Point F

Plot the following points on a coordinate plane and identify which quadrant each point lies in.
	(4, 2)
	(-3, 5.5)
	(4, -4)
	(-2, -3)

	11. Triangle ABC is shown in the coordinate plane below.  Find the coordinates of vertices A, B, and C.  
  [image: ]
12.  Your friend is working on his math homework.  The assignment is to list the steps necessary to plot the point (-4,9) on a coordinate plane.  Your friend wrote out the following steps.  Is he correct?  If not, list the correct steps.
		Step 1: Identify the x and y coordinates.
		Step 2: Start at the origin and move 4 units down.
		Step 2: From this spot, move 9 units to the right and make the point.
 
Review and Reteach
Watch this video for more about the coordinate plane and plotting points.
This device does not support the video at this location
Video can also be found at https://www.youtube.com/watch?v=9Uc62CuQjc4
Explore More
Real-World Application:  The following ordered pairs show the height of a typical meerkat at different times during the first 20 months of life.  Graph the points on a coordinate plane and see what you can discover about meerkats. Once you have graphed them all, connect the points in the order they are given to form a line graph. 
[image: ]
Use your graph to answer the following questions.
	What does the point (0,3) mean for a typical meerkat's height?
	How tall do you think a typical meerkat gets? Why?
	At what age do meerkats reach their full height? How do you know?
	If this graph were about a human instead of a meerkat, at what age do you think the height would stop getting larger?

[image: ]
Section 2
What is a Function?
[image: ]
Suppose each student in your class were represented by a point, with the x-coordinate being the student's year in school and the y-coordinate being the student's age. Would the set of points represent a function? How would you know? What if you graphed the set of points on a Cartesian plane? Is there any sort of test you could use to find out if you had a function?
[image: ]
Learning Goals 
I can determine if a relation is a function.
I can identify the pattern in a function.
 
Standards
PA.A.1.1  Recognize that a function is a relationship between an independent variable and a dependent variable in which the value of the independent variable determines the value of the dependent variable.
 
Vocabulary
	Relation
	Function
	Input
	Output
	Independent Variable
	Dependent Variable
	Vertical Line Test

	 
Lesson Content
Part 1: What is a function?	
Once we know how to plot individual points on a coordinate plane we can think about how to plot a relation.  A relation is any set of ordered pairs that relate, or have something in common with each other.  These can be written in a table or as a set of ordered pairs.  Whenever we talk about a set of points we use brackets to show that they go together.  Here are some examples of relations.
{(3,-2),(-4,-5),(7,-2),(9,1)}
{(-4,1),(0,3),(0,0),(6,-7)}	
 	x
	y

	1
	-17

	2
	-11

	3
	5

	4
	6


	A more specific type of relation is a function. A function is a relation where there is exactly one output for every input.  Input is another way to reference the x values; output is another way to reference the y values.  The input could also be considered the independent variable and the output would be the dependent variable because the y value depends on the x value.  Simply stated, in order for a relation to be a function the x values cannot repeat within the ordered pairs
	Example 1: Compare {(3,-2),(-4,-5),(7,-2),(9,1)} and {(-4,1),(0,3),(0,0),(6,-7)} from above.  One is a function and one is not.  Which one is the function?
We can use a mapping diagram to determine which relation is a function.  To create a mapping diagram, list all the inputs in the left column and all the outputs in the right column.  List the inputs and outputs in order from least to greatest.  Draw an arrow between each column to match the ordered pairs.  
Function					Not a Function
[image: ]			[image: ]
The mapping diagram can help you analyze the ordered pairs.  If a set of ordered pairs is a function there will be one arrow per input, in this case the blue columns.  The first set of ordered pairs has one arrow coming from each number, which means the first set of numbers is the function. 
Example 2: Use a mapping diagram to determine if the following relation is a function.  {(1,5),(3,7),(2,-1),(3,6)}
Create the mapping diagram by listing the inputs (x-values) in the left column and the outputs (y-values) in the right column.  Draw arrows to connect each ordered pair. 
[image: ]
There are two arrows coming from the number 3, which means there are multiple outputs for this input.  This is not a function.
 
Another way to determine if a relation is a function is by using the vertical line test.  This method requires you to plot each ordered pair on a coordinate plane.  Once the points are on the graph, sketch vertical lines throughout the graph.  The relation is a function if the vertical lines do not intersect the graph at more than one point.
 
Watch this video to learn how to use the vertical line test.
This device does not support the video at this location
Video can also be found at https://www.youtube.com/watch?v=5Z8DaZPJLKY
	Example 3:  Use the vertical line test to determine if the graph is a function. 
[image: ]
	This graph is a function.  We know this because no matter where we draw a vertical line there is never more than one point on the graph.
 
Part 2: Patterns in Functions
When you work with functions, you will often notice a pattern in the data.  You can recognize the patterns in a set of ordered pairs, a graph, or a function table.
	For example, look at the function table below:
 	Input (x)
	Output (y)

	1
	2

	2
	4

	3
	6

	4
	8

	5
	10


 	Look at the Input column of the table.  The x values are increasing by one as we move down the column.   Now look at the Output column.  Is there a pattern here?  The y values are increasing by 2 each as we move down the column.  We can write the pattern as the following statement: As the x-values increase by 1, the y-values increase by 2. 
Example 4: What is the pattern in the following function?
{(-2,4),(0,7),(2,10),(6,16)}
	To begin, write the ordered pairs in a function table.  Be sure to keep each input matched with the correct output.
 	Input (x)
	Output (y)

	-2
	4

	0
	7

	2
	10

	6
	16


	Now look at the values in the Input column.  Do you recognize a pattern?  For the first three inputs the x-values are increasing be 2.  On the fourth row the value increases by 4.  Does this mean there isn’t a pattern?  No! This set of data has skipped a pair of values.  We can add this in to our function table by following the pattern: 2+2=4.
 	Input (x)
	Output (y)

	-2
	4

	0
	7

	2
	10

	4
	?

	6
	16


	Now look at the Output column.  The output values are increasing by 3 for the first three rows.  We can follow this pattern to find the missing value: 10+3=13.
 	Input (x)
	Output (y)

	-2
	4

	0
	7

	2
	10

	4
	13

	6
	16


	The pattern for this function is “as the x-value increases by 2, the y-value increases by 3.” 
	Example 5: If the pattern continues for the following table, what is the value of y when x is 7?	
 	Input (x)
	Output (y)

	-3
	12

	-1
	7

	1
	2

	3
	-3


	Once we identify the pattern in a table, we can use it to extend the table further.  In the Input column the x-values are increasing by 2.  In the Output column the y-values are decreasing by 5.  This table follows the pattern “as the x-value increases by 2, the y-value decreases by 5.”  Now that we have the pattern, we can use it to determine the y-value when x is 7 by following the pattern down each column.  
 	Input (x)
	Output (y)

	-3
	12

	-1
	7

	1
	2

	3
	-3

	5
	-8

	7
	-13


	When x is 7, the y-value is -13.
[image: ]
Making Connections
Take another look at the problem at the beginning of this section.  How could you solve it using your knowledge of functions?
Suppose each student in your class were represented by a point, with the x-coordinate being the student's year in school and the y-coordinate being the student's age. Would the set of points represent a function? How would you know? What if you graphed the set of points on a Cartesian plane? Is there any sort of test you could use to find out if you had a function?
	Solution:  This would not be a function since there may be students in the same grade who are different ages. For example, an 8th grade student could be 13 or 14 depending on when their birthday is. If you were to graph this, there would be the two points (8,13) and (8,14). These two points would not pass the vertical line test because the same input will have two different outputs.  If you were to graph this the points, the vertical line test can also be used to check if this is a function.
[image: ]
Lesson Summary
	A function is relation with exactly one output per input. 
	Mapping diagrams and the vertical line test can be used to determine if a relation is a function.

 
Check for Understanding
Determine if each relation is a function.
	{(1,7),(2,7),(3,8),(4,8),(5,9)}
	{(-2,5),(-1,3),(0,1),(1,-1)}
	{(3,-1),(3,1),(3,3),(3,5)}
	{(1,4),(2,4),(3,4),(4,4)}
	[image: ]

Use the vertical line test to determine if each graph is a function.  
	 [image: ]
	 [image: ]
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	[image: ]
	[image: ]

Identify the pattern in each of the following functions.  
	 {(13,1),(11,3),(9,5),(7,7)}
	 {(4,4),(3,9),(2,14)}
	 {(-17,13),(-15,11),(-13,9),(-11,7)}
	 Use the pattern in the function table to determine the missing values: 

 	Input (x)
	Output (y)

	5
	15

	8
	10

	11
	5

	14
	0

	17
	?

	20
	?


	 The rule for a function table is “as the x-value decreases by 1, the y-value increases by 4.”  Create a function table to represent this pattern.

 
Review and Reteach
Watch this video for more about functions.
This device does not support the video at this location
Video can also be found at https://www.youtube.com/watch?v=fIl7xYvXtBM
 
Watch this video for another example of how to determine if a relation is a function.
This device does not support the video at this location
Video can also be found at https://www.youtube.com/watch?v=WnrTT1QJUWQ
 
Section 3
Linear vs. Nonlinear Functions
[image: ]
Dennis, the scorekeeper for the boys’ basketball team, has been keeping track of the team’s scoring during the weekend tournament. During the first two games, Dennis tracked the team’s shooting performance from different distances from the goal. He found that the team made approximately 50 percent of their shots when they were less than 10 feet from the goal. He also recorded their shooting averages from within 15, 20, and 25 feet of the goal. He displayed his results in the table below.
 	Distance from the Goal (feet)
	Percentage of Shots Made

	10
	50

	15
	40

	20
	30

	25
	20


Dennis wants to use this data to show that the team’s shooting average (y) is dependent on the shooter’s distance from the goal (x).  Does this relationship represent a linear function?
[image: ]
Learning Goals 
I can determine if a function is linear or nonlinear.
 
Standards
PA.A.1.1  Recognize that a function is a relationship between an independent variable and a dependent variable in which the value of the independent variable determines the value of the dependent variable.
PA.A.1.2  Use linear functions to represent and explain real-world mathematical situations.
PA.A.2.5  Solve problems involving linear functions and interpret results in the original context. 
 
Vocabulary
	Linear 
	Nonlinear 

	 
Lesson Content
There are many different types of functions that you will encounter.  The two main categories of functions are linear and nonlinear.  
 
Part 1: Recognizing Linear Functions 
	A linear function is a function that forms a straight line when graphed on a coordinate plane.  It can be recognized in a function table because the x- and y-values follow a systematic pattern of increases and decreases.  Another way to think of this is that the x-value must be increasing or decreasing at a constant rate, and the y-value must be increasing or decreasing at a constant rate.
Example 1:  Do the coordinates {(-2,1),(-1,2),(0,3),(1,4)} represent a linear function?
There are two methods to determine if a function is linear.  The first option is to graph the ordered pairs to see if they form a straight line.  Look in Chapter 4, Section 1 if you need a reminder about how to graph an ordered pair.  
[image: ]
As you can see in the image above, the four ordered pairs can be connected with a straight line, so this is a linear function. 
The second method you can use to determine if a function is linear is to analyze the ordered pairs in a function table.  To begin, write the ordered pairs in a function table.
 	Input (x)
	Output (y)

	-2
	1

	-1
	2

	0
	3

	1
	4


Do these ordered pairs follow a distinct pattern?  This function follows the pattern “as x increases by 1, y increases by 1.”  Since every input follows the same pattern of increasing by 1, and every output follows the same pattern of increasing by 1, this is a linear function.
Example 2: Does this function table represent a linear function?
 	Input (x)
	Output (y)

	5
	-6

	3
	-3

	1
	0

	-1
	3


	Do these ordered pairs follow a distinct pattern?  In the x-column, the numbers are decreasing by 2 each time.   In the y-column, the numbers are increasing by 3.  This is a distinct pattern, “as x decreases by 2, y increases by 3.”  Since every x-value decreases at the same rate, and every y-value decreases at the same rate, this is a linear function.
	Don’t forget - you can always graph the ordered pairs to determine if they form a straight line.  If in doubt, graph it out!
[image: ]
Part 2: Recognizing Nonlinear Functions
A nonlinear function is a function where the data does not increase or decrease systematically.  Just like with linear functions, you can identify a nonlinear function through graphing the coordinates or analyzing the function table.  
	Example 3:  Do the coordinates {(1,2),(2,3),(3,5),(4,6)} represent a linear function?
	Let’s start by graphing the ordered pairs.  Do the points make a straight line?  
[image: ]
	As you can see in the graph, there is no way to connect the points using one straight line.  This is a nonlinear function.
 
We can also use a function table to determine if this function is linear or nonlinear.
 	Input (x)
	Output (y)

	1
	2

	2
	3

	3
	5

	4
	6


	Do these points follow a distinct pattern?  The x-values are increasing by 1 each time.  However, look at the y-values.  The first two values increase by 1, but then the values increase by 2, and then by 1 again.  This is not a consistent pattern of increases or decreases, so this is a nonlinear function.
	Example 4:  Does this function table represent a linear function?
 	Input (x)
	Output (y)

	-2
	0.25

	0
	1

	2
	4

	4
	16


	Do these points follow a distinct pattern of increasing or decreasing?  They do in the input column.  The x-values are increasing by 2.  However, look at the output column.  The first point increases by 0.75, then by 3, and then by 12.  This is not consistently increasing or decreasing, so this is a nonlinear function.
If you can’t tell if a function is linear by looking at the function table, graph the ordered pairs to determine if the points make a straight line.
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There is no way to connect all the points in a single straight line, so this is a nonlinear function. 
	[image: ]
Making Connections
Take another look at the problem at the beginning of this section.  
Dennis, the scorekeeper for the boys’ basketball team, has been keeping track of the team’s scoring during the weekend tournament. During the first two games, Dennis tracked the team’s shooting performance from different distances from the goal. He found that the team made approximately 50 percent of their shots when they were less than 10 feet from the goal. He also recorded their shooting averages from within 15, 20, and 25 feet of the goal. He displayed his results in the table below.
 	Distance from the Goal (feet)
	Percentage of Shots Made (%)

	10
	50

	15
	40

	20
	30

	25
	20


Dennis wants to use this data to show that the team’s shooting average (y) is dependent on the shooter’s distance from the goal (x).  Does this relationship represent a linear function?
Solution:  Look at the values in the x and y columns.  Is each column increasing or decreasing in a distinct pattern?
The distance from the goal is increasing by 5 feet.
The percentage of shots made by the team is decreasing by 10%.
This data follows the pattern “as x increases by 5, y decreases by 10.”  This is a systematic pattern, which means this is a linear function.  If we were to graph the data it would make a straight line.  
	[image: ]
Lesson Summary
	In a linear function the x- and y-values increase decrease systematically.
	You can graph the coordinates in a function to determine if it is linear or nonlinear.
	Not all functions are linear.

 
Check for Understanding
Determine if each of the following functions is linear or nonlinear.
	 {(2,3),(3,5),(5,7),(6,9)} 
	 {(-7,-5),(-5,-4),(-3,-3),(-1,-2)}
	 {(1,1),(2,2),(3,3),(4,4),(5,5)}
	 {(-2,4)(-1,2),(0,0),(1,2),(2,4)}
	 {(4,-1),(2,1),(0,3),(-4,7)}

Use the following scenario to complete #6-8.
At the local farmer’s market you can buy tomatoes for $1.25 per pound.  
	 Create a function table showing the cost for 1, 2, 3, and 4 pounds of tomatoes
	 Graph the function on a coordinate plane.
	 Is this a linear function?  How do you know?

 
Review and Reteach
Watch this video to learn more about linear vs nonlinear functions.
This device does not support the video at this location
Video can also be found at https://www.youtube.com/watch?v=1jcmUXXc_pc
Explore More
Real-World Application: Below is a table showing the approximate boiling point of water at different elevations.
 	Elevation 
(meters about sea level)
	Boiling Point 
(degrees Celsius)

	0
	100

	500
	98.2

	1,000
	96.5

	1,500
	94.7

	2,000
	93.1

	2,500
	91.3


	1.  Based on the table, if we were to graph the relationship between the elevation and the boiling point of water, would it be a linear function? Explain why or why not.
This table shows additional values for the boiling point of water at higher elevations:​

 	Elevation 
(meters about sea level)
	Boiling Point 
(degrees Celsius)

	5,000
	83.2

	6,000
	80.3

	7,000
	77.2

	8,000
	74.3

	9,000
	71.5


	2.  Based only on the second table, if we were to graph the relationship between the elevation and the boiling point of water, would it be a linear function? Explain why or why not. 
	3.  When the information from both tables is combined, would a linear function be appropriate to model this data? How do you know?
[image: ]
Section 4
Function Rules
[image: ]
Geri is getting ready to go through the automatic car wash with her mom. Geri’s mom gives her several dollar bills and tells her to use it to get quarters for the car wash. Geri puts a dollar in the change machine and the machine gives her 4 quarters. She puts another dollar in the machine and it gives her 4 more quarters. Geri continues until she has 26 quarters. As she walks back to the car, she begins to think about what she put into the change machine and what came out.
This is a table to represent the change machine’s input and output.
 	Input (dollars)
	Output (quarters)

	6
	24

	5
	20

	4
	16

	3
	12


	What rule could Geri write to represent what happened to the input to equal the output?
[image: ]
Learning Goals 
I can write a function rule for linear functions.
I can use a function rule to complete a table.
I can use a function to represent real-life situations.
 
Standards
PA.A.1.1  Recognize that a function is a relationship between an independent variable and a dependent variable in which the value of the independent variable determines the value of the dependent variable.
PA.A.1.2  Use linear functions to represent and explain real-world mathematical situations.
PA.A.2.1 (7.A.2.1) Represent linear functions with tables, verbal descriptions, symbols, and graphs; translate from one representation to another. 
PA.A.2.5 Solve problems involving linear functions and interpret results in the original context. 
 
Vocabulary
	Function Rule

	 
Lesson Content
	A function is like a machine that shows how an input is changed to create an output. For example, the function below triples the input and subtracts one from it to create the output.  
[image: ]
	We can use this rule, 3x - 1, to complete a function table.  
Example 1: Use the function rule above to complete the table for the given values of x.  Is it linear or nonlinear?
 	x
	y

	-2
	
	-1
	
	0
	
	1
	
	2
	

	In order to fill in the y-values, we need to apply the function rule to each x-value.  To do this, we can add a column to the function table.
 	x
	3x - 1
	y

	-2
	3(-2) - 1 = 
	-7

	-1
	3(-1) - 1 = 
	-4

	0
	3(0) - 1 = 
	-1

	1
	3(1) - 1 = 
	2

	2
	3(2) - 1 =
	5


  Is there a distinct pattern for the x-column and y-column?  Yes.  As the x-values increase by 1, the y-values increase by 3.  This is a linear function.
 
	Every function follows a rule similar to the one shown in the image above.  The example above has a two-part rule: multiply by three, then subtract 1.  Some rules are more simple, such as “multiply the x-value by 3 to get the y-value.”  You can identify the function rule by asking yourself, “What can I do to the x value to end up with the y value?”  
	Example 2: What is the function rule for the function below?
 	Input(x)
	Output (y)

	1
	2

	2
	4

	3
	6

	4
	8


 	Keep in mind that a table’s patter and function rule are not the same thing.  In this table, the pattern is “as x increases by 1, y increases by 2.”  The function rule will be slightly differnt.  To determine the rule, ask yourself “What can I do to the x value to end up with the y value?”  
	Let’s start with the first x value:  What can we do to 1 to end up with 2?  
1+1=2or 1×2=2
In a function, the same rule must apply to every input and output.  Do either of the rules above work for the next value?
2+1=3 NO2×2=4 YES
The rule of this function is to multiply the input, or the x value, by 2.  If you check this rule against the remaining x-values you will see that it works for them as well.
Do you notice anything that the function rule and the pattern have in common?  The pattern is “as x increases by 1, y increases by 2.”  The rule is to multiply the x-value by 2 to get the y-value.   
	Example 3: What is the function rule for the function below?
 	Input(x)
	Output (y)

	-2
	3

	-1
	1

	0
	-1

	1
	-3


 	In this table, the pattern is “as x increases by 1, y decreases by 2.”  As we saw in the last example, the pattern will apply to the rule.  To determine the rule, ask yourself “What can I do to the x value to end up with the y value?”  
	Start with the first x value:  What can we do to -2 to end up with 3?  
-2 + 5 = 3
Adding 5 works in this case, but won’t work with the other x-values.  Are there any other options?  How can the pattern help us?  The pattern mentions decreasing by 2.  What happens if we multiply the x-value by -2?
-2×-2=4
This is close, but we still need to subtract 1 in order to get the y-value of 3.  Could the rule be to multiply by -2 and then subtract 1?  Let’s try it on the other x-values.
-2(-1)-1=1 YES-2(0)-1=-1 YES-2(1)-1=-3 YES
They all work, so the rule for this function is to multiply the input, or the x value, by -2 and subtract 1.  
Example 4: What is the y-value when x=116 in the function below?
 	Input(x)
	Output (y)

	0
	4

	2
	10

	4
	16

	116
	?


We can identify the pattern by analyzing the columns.  The x-value increases by 2 as the y-value increases by 6.  This is simple enough, but do we really want to extend the table all the way to 116?  Of course not!  This is where finding the function rule is very useful.  Look at the table above: “What is happening to the x value to end up with the y value?”  
Start with x=0.  0+4=4, so let’s see if that works for the next x-value.
2+4=6, but that isn’t the right output! We could to 2×5=10, but multiplying by 5 doesn’t work with any other values.
As you can see, this is a more difficult rule to determine than the first table.  The trick to finding a function rule is to use the pattern in the table, which we have already learned how to do.  The pattern for this table is “as the x-value increases by 2 as the y-value increases by 6.” Since this is stating how fast the values are changing, we call this the rate of change.  The rate of change is the ratio of the change in the y-value and the change in the x-values.  
Rate of Change=the change in ythe change in x
	Here is the rate of change for this table.  As you can see, the ratio can be reduced to the number 3.
the change in ythe change in x=62=3
When writing a function rule, the rate of change is always multiplied by the x-value.  So far, we have f(x)=3x.  However, this can’t be the function rule, since 2×3=6, and we know the output for 2 is 10.  To reach 10 we need to add 4.  This makes the function rule f(x)=3x+4.  
Let’s double check that this function rule works for all of the given inputs and outputs.
 	Input(x)
	f(x)=3x+4
	Output (y)

	0
	3(0)+4=4
	4

	2
	3(2)+4=10
	10

	4
	3(4)+4=16
	16

	116
		?


Since the function rule works for each input/output pair, we can use it to determine the value of y when x=116.
3(116)+4=352
The y-value when x is 116 is 352.  
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Making Connections
Take another look at the problem at the beginning of this section.  
Geri is getting ready to go through the automatic car wash with her mom. Geri’s mom gives her several dollar bills and tells her to use it to get quarters for the car wash. Geri puts a dollar in the change machine and the machine gives her 4 quarters. She puts another dollar in the machine and it gives her 4 more quarters. Geri continues until she has 26 quarters. As she walks back to the car, she begins to think about what she put into the change machine and what came out.
This is a table to represent the change machine’s input and output.
 	Input (dollars)
	Output (quarters)

	6
	24

	5
	20

	4
	16

	3
	12


	What rule could Geri write to represent what happened to the input to equal the output?
Solution:  First, look at the table and ask yourself, “What happened to x (input) to get y (output)?”
What happened to 5 to get 20? What happened to 6 to get 24? If you look carefully, you will see that the input value (x) is multiplied by 4 to get the output value.
The rule is to multiply the input by 4.  We could also write this as 4x. 
	[image: ]
Lesson Summary
	A function rule tells you what to do to the input to get the output.
	Every function follows a specific rule.

 
Check for Understanding
Match each of the tables below to the correct rule.
[image: ]
	 Multiply the input by -3
	 Add 4 to the input
	 Multiply the input by -2 and subtract 4
	 Multiply the input by 2

Complete the following table for each of the following rules.
 	Input(x)
	Output (y)

	-2
	
	-1
	
	0
	
	1
	
	-2
	

	  Add 3 to the input
	  Multiply the input by -4 and then add 2
	  2x+3
	  -3x-1

Use the following information to complete #9-12.
Avocados are on sale at Walmart for $0.48 each 
	 Create a function table to help you determine how much will it cost for 1, 2, 4, or 6 avocados.
	  Graph the function using the table you created in #9.  
	  Is this a linear function?  How do you know?
	  What is the function rule for this function?

 
Review and Reteach
 
Watch this video for examples of writing basic function rules.
This device does not support the video at this location
Video can also be found at https://www.youtube.com/watch?v=32eG_bNpQfM
Explore More
Real-World Application:  Serena is starting a new workout routine and wants to keep track of her heart rate to make sure that she is exercising at the optimum level. First she did a warm-up, then she did her training exercises, then she did a cool-down.
	•	Before beginning her workout, Serena's resting heart rate was 60 beats per minute.
	•	She started her workout with a warm-up. While warming up, her heart rate increased at a constant rate of 8 beats per minute each minute.
	•	She warmed up for 10 minutes.
	•	After her warm up, her heart rate held steady throughout her training exercises, which lasted for 30 minutes.
	•	After her training exercises, she walked for 20 minutes as a cool-down and her heart rate decreased at a constant rate, finally returning to her rest rate of 60 beats per minute by the end of her cool-down.
 
	1.	Construct a graph of Serena's heart rate, h, in beats per minute (bpm), as a function of time, t, in minutes, where t=0 is when she started her warmup. Make sure to include the times before, during, and after her workout.
	2.	For about how many minutes total was her heart rate at 100 beats per minute or above?
	Compare how quickly her heart rate changed during her warm-up versus how quickly her heart rate changed during her cool-down.

[image: ]
 
Unit 4
Linear Equations
[image: ]
 
Essential Questions
	How can we write an algebraic equation from a table, graph, or real-world application?
	How can the rate of change be found in various representations of linear data?
	How is rate of change related to slope?
	How do you estimate a line of best fit?​


Big Ideas
	  Slope can be found using two points, a formula, graph, or table.  It measures the rate of change in a linear function.
	  y = mx + b is the slope intercept formula; m = slope, b = y-intercept, y = y coordinate and x = x coordinate.
	  A horizontal line has zero slope.
	  A vertical line has undefined slope.

 
Learning Goals
	I can find the slope of a line from a graph. 
	I can find the y-intercept of a line from a graph. 
	I can write the equation of a line in slope-intercept form.
	I can use a linear equation to graph a line.
	I can find the slope and y-intercept of a line from a table.
	I can write the equation of a line from a table.
	I can use the slope formula to find the slope between two points.
	I can write the equation of a line from two points. 
	I can write the equation of a horizontal or vertical line. 
	I can graph a horizontal or vertical line.
	I can determine how a graph will change if the slope or y-intercept changes.
	I can find the line of best fit for a scatterplot. 
	I can use a line of best fit to make predictions about a scatterplot.

 
Vocabulary
	Horizontal
	Line of Best Fit
	Linear Equation
	Rate of Change
	Scatterplot
	Slope
	Slope Formula
	Slope-Intercept Form
	Undefined Slope
	Vertical
	y-intercept
	Zero Slope

 
Section 1
Finding the Slope and y-Intercept of a Line
[image: ]
Learning Goals 
I can find the slope of a line from a graph.
I can find the y-intercept of a line from a graph.
 
Standards
PA.A.2.3  Identify graphical properties of linear functions including slope and intercepts.  Know that the slope equals the rate of change, and that the y-intercept is zero when the function represents a proportional relationship.
 
Vocabulary
	Slope
	Rate of Change
	y-intercept

	 
Lesson Content
Part 1: Finding the Slope of a Line
	In the last chapter you learned about linear functions.  Linear functions are functions that make straight lines when graphed on a coordinate plane and follow a systematic pattern when you see them in a function table.  These patterns, such as “as x increases by 1, y increases by 2,” are what make a linear function a line.  Since these patterns tell us how the x- and y- values are changing we call them the rate of change.  The rate of change, also called the slope of a line, is the ratio of the change in the y-values to the change in the x-values.    
Rate of Change (slope)=the change in ythe change in x
	When you are looking at a graph, the slope (or rate of change) describes the steepness of the line.  One way to think of the word “steep” is to compare a hill and a mountain.  A hill is less steep than a mountain.  A mountain is more steep than a hill.  It is helpful to think of the slope of the line as the “rise-over-run.” That is, the slope is the ratio of the vertical change of a line to its horizontal change.    
slope=change in ychange in x=riserun
	To help us understand this ratio, let's look at Line AB on the coordinate plane below.
[image: ]
Imagine placing your finger on point A.  To move from point A to point B, your finger would need to move 5 units up and then move 6 units to the right.  
slope=riserun=56
The slope of Line AB is positive 56.  We know that the slope of this line is positive because the line slants up from left to right.  Knowing some basic information about the slope of a line can tell you about its slant.  Look at the two graphs below:
[image: ]
The first line slants up, which means the slope will be a positive number.  We can describe this graph as increasing.
The second line slants down, which means the slope will be a negative number.  We can describe this graph as decreasing. 
	Example 1: What is the slope of the line in the graph below?
[image: ]
This line is slanting up from left to right, or increasing, which means the slope of the line will be a positive number.  We can use the grid lines to help us determine the slope of the line.   Remember, in order to write the slope ratio, we need to know the rise and run of the line.
[image: ]
In the image above, we can see that the rise is 1 and the run is 2. 
slope=riserun=12
The slope of the line is 12.  
Example 2:  What is the slope of the line in the graph below?
[image: ]
This line is slanting down from left to right, or decreasing. This means the slope of the line will be negative.  We have been using the words “rise over run” to help us find the slope.  Since this line is decreasing, let’s change this phrase to “fall over run” instead.  Notice that no matter what the change in x, or the “run” value is always on the bottom of the ratio.
[image: ]
In the image above, we can see that the fall is -2 (negative because it’s going down) and the run is 3. 
slope=fallrun=-23
The slope of the line is -23.  
	Example 3:  Which of these lines is more steep? Prove your answer mathematically.
[image: ]
When you look at these lines, it might be easy to say that the red line is more steep than the blue line.  This is true, but we need to prove it mathematically.  You can determine which line is more steep by comparing the slope ratios.  The larger the ratio, the steeper the line. 
Let’s start by finding the slope of the blue line: 
slope=riserun=11
	The slope of the blue line is 11=1.
 
Now find the slope of the red line:
slope=riserun=21
	The slope of the red line is 21=2.
Compare the two slopes to determine which line is more steep.  Since 2>1, the red line is more steep than the blue line.
 
Part 2: Finding the y-Intercept of a Line
Every linear function has two main graphical properties.  The first is the slope, which you learned about in part 1.  The second graphical property is called the y-intercept of the line.  The y-intercept of a line is the point when the line intersects, or crosses, the y-axis.  
	Example 4:  What is the y-intercept of the line graphed below?
[image: ]
Remember, the y-axis is the vertical axis.  To identify the y-intercept, locate the point where the line is crossing the y-axis.  
[image: ]
 	The y-intercept of the line is at the point (0,2).  Go back to Chapter 4, Section 1 for a review over the coordinate plane.
Example 5: What is the y-intercept of the line graphed below?
[image: ]
Locate the point where the line crosses the y-axis.
The y-intercept of the line is at the point (0,-2).
Example 6: What is the y-intercept of the line graphed below?
[image: ]
This type of graph can be tricky when you first look at it.  The line isn’t actually crossing the y-axis!  There are two common mistakes that students make when this happens.  
	Students say that there isn’t a y-intercept.  
	Students use the point where the line crosses the x-axis instead. 

	Be careful so that you don’t make one of these mistakes!  In graphs like this, we can use the slope of the line to help us figure out the y-intercept.  What is the slope of this line?
slope=fallrun=-31
The slope of this line is -3.  Remember, the slope (or rate of change) is another way of talking about the pattern in a linear function.  We can use the pattern to extend the line towards the y-axis.
[image: ]
    As you can see in the image above, the y-intercept of the line is (0,6).
	[image: ]
Making Connections
[image: ]Click here to practice finding the slope of a line from a graph.
	 
Lesson Summary
	The rate of change, or slope, of a line shows the steepness of the line.
	The slope of a line is the ration between the change in the y and the change in x.

 
Check for Understanding
Find the slope and y-intercept of each of the following graphs.
	 [image: ]
	  [image: ]
	  [image: ]
	  [image: ]
	  [image: ]

 
Review and Reteach
Watch this video to see an example of finding the slope from a graph.
This device does not support the video at this location
Video can also be found at https://www.youtube.com/watch?annotation_id=annotation_3098904863&feature=iv&src_vid=9bm1_IJ00lQ&v=TxBikFiKxgY
Explore More
Click the logo to explore how slopes interact.  If this is your first time to use CK-12, create a free student account to continue. 
[image: ]
Section 2
Writing a Linear Equation from a Graph
[image: ]
Learning Goals 
I can write the equation of a line in slope-intercept form.
I can use a linear equation to graph a line.
 
Standards
PA.A.1.3  Identify a function as linear if it can be expressed in the form y = mx + b or if its graph is a straight line.
PA.A.2.1  Represent linear functions with tables, verbal descriptions, symbols, and graphs; translate from one representation to another.
PA.A.2.2  Identify, describe, and analyze linear relationships between two variables.
PA.A.2.3  Identify graphical properties of linear functions including slope and intercepts.  Know that the slope equals the rate of change, and that the y-intercept is zero when the function represents a proportional relationship.
 
Vocabulary
	Linear Equation
	Slope-Intercept Form

	 
Lesson Content
Part 1: Slope-Intercept Form
So far you have seen linear functions represented as ordered pairs, a function table, or graphed on a coordinate plane.   A linear function can also be represented by a linear equation.  A linear equation is an equation that, when graphed on a coordinate plane, makes a straight line.  There are different ways to write a linear equation, but the most common is called Slope-Intercept Form.  Slope-Intercept Form of a line looks like the equation y=mx+b.  
[image: ]
	As you can see in the image above, the letters m and b stand for slope and y-intercept; this is where the name Slope-Intercept Form comes from.  You learned how to find the slope and y-intercept of a line in the last section.  Now we’ll put the pieces together to write the equation of a line.
Example 1:  What is the equation of the line below written in slope-intercept form?
	 [image: ]
	In order to write the equation of a line in slope-intercept form we need two pieces of information: the slope and the y-intercept.
We can find the slope of the line by counting the movement from one point to another.  
slope=riserun=12
The slope of this line is 12, which means m=12.
The y-intercept is the point where the line crosses the y-axis.  In this case, the y-intercept is at the point (0,2), which means b=2.  
We can write the equation of the line by plugging in the values for m and b.
y=12x+2
Example 2:  What is the equation of the line below written in slope-intercept form?
[image: ]
	To begin, we need to find the slope and y-intercept of the line.  
m=fallrun=-32=-32b=1
The equation of the line is y=-32x+1.
	
Watch this video to see an example of how to write the equation of a line from a graph. 
This device does not support the video at this location
Video can also be found at https://www.youtube.com/watch?v=FhyanLhqdjk
Part 2: Graphing from a Linear Equation
So far we have only graphed linear functions using a table of values.  For example, let’s graph the linear function y=x+3 using the table below:
 	x
	y

	-2
	
	-1
	
	0
	
	1
	
	2
	

	We know the rule for the function, y=x + 3, but we are missing all of the y-values.  We can figure them out by evaluating the function for each x-value.  
y=x+3y=-2+3=1y=-1+3=2y=0+3=3y=1+3=4y=2+3=5
	We can know complete the table of values.  In order to graph these points, we must think of the x and y pairs as ordered pairs.
 	x
	y
	(x,y)

	-2
	1
	(-2,1)

	-1
	2
	(-1,2)

	0
	3
	(0,3)

	1
	4
	(1,4)

	2
	5
	(2,5)


Now we can graph each ordered pair and connect them with a line:
[image: ]
This method of graphing a line will always work, but can become very time consuming.  Instead of graphing with a table of values, we can graph a line by using the linear equation.
Example 3: Graph the line represented by the equation y=x+3.
In Part 1 of this section you learned how to take the slope, m, and y-intercept, b, and use them to write the equation of a line.  Now we are going to do the opposite.  We are going to take the equation and get the slope and y-intercept.
Look at the equation y=x+3.  In order to identify the slope and y-intercept, we must determine which values are in the place of m and b in the formula.
y=mx+by=1x+3
You may have noticed that there is not a coefficient in front of x.  This does not mean that there isn’t a slope, it simply means that the slope of the line is 1.  
Now we know the slope and y-intercept of the line. 
m=1b=3
There are three steps for graphing a line:
	Plot a point at the y-intercept.  In this case the point will be (0,3).

[image: ]
	Use the slope to plot at least two more points.  This is done by following the slope’s rise and run.  Look at the slope of this line:

slope=riserun=1
	Any time the slope is a whole number, we must rewrite it as a ratio.  Every whole number can be written with 1 as the denominator since any number divided by 1 equals itself.  We can think of the slope as:
slope=riserun=11
The pattern is to rise 1, run 1.  We could also say the pattern is “up 1, over 1”  We will start at the y-intercept, and then go “up 1, over 1” and make another point.  It is important to note that you always run to the right (which you can remember because they both start with the letter R!).  Follow the pattern until you have at least 3 points total.
[image: ]
	Connect the points with a line

[image: ]
Example 4:  Graph the linear equation y=23x-2.
All we need to graph this equation is the slope and y-intercept. 
y=mx+by=23x-2
		The slope of this line is m=23.
		The y-intercept of this line is at the point (0, -2).  Notice that the “minus two” changed the y-intercept to a negative number.
To graph this line, start at the y-intercept and make a point, then follow the slope to create more points.  The slope is positive, which means we will use “rise over run.”  The pattern will be to go “up 2, over 3.”  Don’t forget that we always run to the right!  The last step is to connect the points with a line. 
[image: ]
Example 5: Graph the linear equation y=-14x+3.
Identify the slope and y-intercept of this line.
y=mx+by=-14x+3
The y-intercept is at the point (0,3).
The slope of the line is -14.  We can rewrite this as -14.  Since the slope is negative, the pattern will “fall over run.”  This means that instead of going up, the pattern will be “down 1, over 4.”  Don’t forget, even when we are going down we always run to the right!
To graph this line, we will start at positive 3, and then go down 1, over 4 to make more points.  On this particular graph, we don’t have room to follow the patter “down 1, over 4” more than once.  When this happens, we can follow the pattern backwards to add another point to the graph.  Notice that the line is still straight, and still follows the pattern of “down 1, over 4” no matter where you start on the graph.
[image: ]
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Making Connections
[image: ]Click here to practice writing a linear equation from a graph.
[image: ]Click here to practice graphing a linear equation in slope-intercept form.
 
Lesson Summary
	A linear equation can be written in the form y=mx+b, where m is the slope and b is the y-intercept.
	You can graph a linear equation using the slope and the y-intercept. 

 
Check for Understanding
Graph each of the following equations on a separate sheet of graph paper.
	y=-2x+4
	y=3x+1
	y=25x-1
	y=-23x+4
	y=x+1
	y=53x+2
	y=-13x
	y=-4x+5
	y=2x-2
	y=-12x+1

  Write the equation of the line for each of the following graphs.
	   [image: ]
	  [image: ]
	 [image: ]
	 [image: ]  

	15. 	 [image: ]
 
Review and Reteach
Watch this video for another example of graphing an equation from slope-intercept form.
This device does not support the video at this location
Video can also be found at https://www.youtube.com/watch?v=uk7gS3cZVp4
Explore More
Real-World Application: The graph below shows the cost per minute for a certain cell phone data plan. Use the graph to answer the following questions.
[image: ]
1.   Where is the y-intercept on this graph? 
	If we talk for 0 minutes, how much would we owe? 
	What is the slope of this line? How do you know? 

	What is the linear equation for this function?
	What would the slope represent in terms of this real-world context? 

	If we created an x–y chart, why do we have to include zero in the chart? 
	How much would we owe if we talked for 15 minutes?  How do you know? 

  
Section 3
Writing a Linear Equation from a Table
[image: ]
Alyssa, an grade eight student, was looking through the school newsletter when she saw an ad placed by a local farmer looking for students to pick strawberries. The farmer has offered to pay the students a daily rate based on the table below.  
 	Number of baskets
	Total Pay ($)

	1
	18

	2
	21

	3
	24

	4
	27

	5
	30


Alyssa is interested in applying for a job, but she thinks she can fill more than 5 baskets in a day.  How can she determine the total pay if she filled 12 baskets in a day? 
[image: ]
Learning Goals 
I can find the slope and y-intercept of a line from a table.
I can write the equation of a line from a table.
 
Standards
PA.A.1.3  Identify a function as linear if it can be expressed in the form y = mx + b or if its graph is a straight line.
PA.A.2.1  Represent linear functions with tables, verbal descriptions, symbols, and graphs; translate from one representation to another.
PA.A.2.2  Identify, describe, and analyze linear relationships between two variables.
PA.A.2.3  Identify graphical properties of linear functions including slope and intercepts.  Know that the slope equals the rate of change, and that the y-intercept is zero when the function represents a proportional relationship.
 
Vocabulary
	Slope-Intercept Form
	Slope
	y-intercept

	 
Lesson Content
Part 1: Finding Slope from a Table
In the last two sections you learned how to find the slope and y-intercept of a linear function when you are looking at a graph, and how to use them to write the equation of the line.  While a graph is a convenient way to find the slope and y-intercept, it isn’t the only way.  In this section you will learn how to identify the slope and y-intercept of a line from a function table (also called an x-y table).
	Example 1: What is the equation of the line represented by the table below?
 	x
	y

	-3
	4

	0
	6

	3
	8

	6
	10


	In order to write the equation of the line, we could graph all four points and find the slope and y-intercept from the graph.  This will always work, so remember “If in doubt, graph it out!”  However, there are other ways to find the slope and y-intercept.
	To find the slope of a line from a table it is helpful to remember the definition of slope.  Slope, also called rate of change, is the ratio of the change in the y-values to the change in the x-values.
Rate of Change (slope)=the change in ythe change in x
We can find the rate of change (slope) by finding the pattern in the table of values.  Let’s start with the x-values.  Is there a pattern as you move down the table?  Yes - the pattern is to add three each time; this is the change in x.  Now check the y-values.  Is there a pattern here? Yes - the pattern is to add two each time; this is the change in y.  
Rate of Change (slope)=the change in ythe change in x=23
We can also find the y-intercept of the line from the table of values.  The y-intercept is the point where the line crosses the y-axis.  This means that the y-intercept will always have zero as the x-coordinate in the ordered pair; the y-intercept is always (0,b).  
	To find the y-intercept, simply find the coordinate with 0 for x.  In this case, the y-intercept is located at (0,6).
The slope of the line is m=23.  The y-intercept is b=6.  
Now that we know the slope and y-intercept, we can write the equation of the line in slope-intercept form by plugging the values into y=mx+b.  The equation of the line, also called a function rule, is y=23x+6.
Example 2: What is the equation of the line represented by the table below?
 	x
	y

	12
	-2

	8
	0

	4
	2

	0
	4


	Let’s start by finding the rate of change, or the slope, of the line.  The x-values are decreasing by 4 each time.  This means the change in x is -4.  The y-values are increasing by 2.  This means the change in y is 2.
Rate of Change (slope)=the change in ythe change in x=2-4
	When calculating slope, it is important to simplify the ratio if possible.  We can simply the ratio 2-4 to 1-2.   The slope of the line is -12.  
The y-intercept is the ordered pair with an x-value of 0.  In this table, the y-intercept is (0,4).
The equation of the line is y=-12x+4.
Example 3: What is the equation of the line represented by the table below?
 	x
	y

	9
	-4

	12
	0

	15
	4

	18
	8


	Start by finding the rate of change, or the slope, of the line.  The x-values are increasing by 3 each time.  This means the change in x is 3.  The y-values are increasing by 4.  This means the change in y is 4.
Rate of Change (slope)=the change in ythe change in x=43
	The y-intercept is the ordered pair with an x-value of 0.  In this table, there isn’t an x-value of 0.  When this happens, we have two options for calculating the y-intercept.  You will ned to know the rate of change (or slope) for both options.
Option 1: Extend the table
	The first option is to follow the pattern in both columns to determine the y-value when x is 0.  In this table, we will need to extend the table up until we reach x=0.  Instead of adding 3, we need to subtract three.  We will follow the pattern for the y-values by subtracting 4 each time.
 	x
	y

	0
	-16

	3
	-12

	6
	-8

	9
	-4

	12
	0

	15
	4

	18
	8


As you can see in the table above, the y-intercept is located at (0,-16).  
Option 2: Substitution
For this option, you need to choose any point from the table of values.  For this example, we will use the first point, (9,-4).  With this coordinate, we now know three pieces of information:
m=43x=9y=-4    
We can take these values and plug them into the slope-intercept form equation and solve for b.
y=mx+b-4=43(9)+b-4=12+b-16=bor b=-16
 
No matter which option you use, the slope of the line in m=43 and the y-intercept is b=-16.
The equation of the line is y=43x-16.
 
Making Connections
Take another look at the problem at the beginning of this section.
Alyssa, an grade eight student, was looking through the school newsletter when she saw an ad placed by a local farmer looking for students to pick strawberries. The farmer has offered to pay the students a daily rate based on the table below.  
 	Number of baskets
	Total Pay ($)

	1
	18

	2
	21

	3
	24

	4
	27

	5
	30


Alyssa is interested in applying for a job, but she thinks she can fill more than 5 baskets in a day.  How can she determine the total pay if she filled 12 baskets in a day? 
Solution: We can use the slope and y-intercept of this function to write a linear equation.   The x-values (number of baskets) are increasing by 1.  The y-values (total pay) are increasing by 3.  
Rate of Change (slope)=the change in ythe change in x=31=3
	The y-intercept is not shown in the table, but we can find it by extending the table up one row.  By following the patterns backwards, we know that the y-intercept is at the point (0,15).  
The linear equation for this table is y=3x+15.  
We can determine how much Alyssa will earn with 12 baskets of berries by substituting 12 into the equation.
y=3(12)+15y=51
Alyssa will make $51 if she fills 12 baskets in a day.
 
Lesson Summary
	We can find the rate of change, or slope, from a table of values.
	The slope and y-intercept can be used to write the equation of a line from a table. 

 
Check for Understanding
Write the equation of the line in slope-intercept form for each of the following tables.
	  

 	x
	y

	3
	-4

	4
	-3

	5
	-2

	6
	-1


2.  
 	x
	y

	0
	1

	2
	5

	4
	9

	6
	13


	3. 
 	x
	y

	17
	-12

	15
	-10

	13
	-8

	11
	-6


	  

 	x
	y

	-2
	2

	-1
	-5

	0
	-12

	1
	-19

	2
	-26


 
Review and Reteach
Watch this video for more examples of writing the equation of a line from a table.
This device does not support the video at this location
Video can also be found at https://www.youtube.com/watch?v=b_CkCsZBOyw
Explore More
Error-Analysis: Two of your friends, Dakarai and Mason, are working on the math homework together, but they can’t seem to agree on the answer.  They have asked you to look over their work and determine who is correct.
Here is the problem they are working on:
Use the following table to write the equation of the line in slope-intercept form.
 	x
	y

	-14
	-7

	-12
	0

	-10
	7

	-8
	14


Dakarai’s answer:  The slope is 72 because the change in y is 7 and the change in x is 2.  The y-intercept is -12, because the y-intercept always has a 0 in it and the point (-12,0) is in the table.  The equation of the line is y=72x-12.
Mason’s answer:  The slope is 72 because the change in y is 7 and the change in x is 2.  I had to substitute a point into y=mx+b to get the y-intercept.  I plugged in (-8,14).
y=mx+b-8=72(14)+b-8=49+b-57=bor b=-57
The equation of the line is y=72x-57.
	 Did Dakarai make a mistake?  If so, what was it?
	 Did Mason make a mistake?  If so, what was it?
	 What is the correct answer?
	 How could Dakarai and Mason have checked their work on their own?  

 
Section 4
Writing a Linear Equation from Two Points
[image: ]
Learning Goals 
I can use the slope formula to find the slope between two points.
I can write the equation of a line from two points.
 
Standards
PA.A.1.3  Identify a function as linear if it can be expressed in the form y = mx + b or if its graph is a straight line.
PA.A.2.1  Represent linear functions with tables, verbal descriptions, symbols, and graphs; translate from one representation to another.
PA.A.2.2  Identify, describe, and analyze linear relationships between two variables.
PA.A.2.3  Identify graphical properties of linear functions including slope and intercepts.  Know that the slope equals the rate of change, and that the y-intercept is zero when the function represents a proportional relationship.
 
Vocabulary
	Slope Formula

	 
Lesson Content
So far we have found the slope of a linear function by looking at a graph and by finding the pattern within a table of values.  The last way we can find slope is by using the Slope Formula.  The slope formula is a way to calculate the change in the y values and the change in the x values when you are given two points. 
Given the points (x1,y1) and (x2,y2), the slope formula is m=y2-y1x2-x1
 
Watch this video to see how to use the slope formula.
This device does not support the video at this location
Video can also be found at https://www.youtube.com/watch?v=_f_EcNNhXjI
Example 1: What is the slope of the line that passes through the points (3,5) and (7,8)?
To begin, label the point 1 and point 2.
(x1,y1)(x2,y2)(3,5)(7,8)
Substitute each value in the correct place in the formula:
m=8-57-3=34
The slope of the line is m=34.
Example 2:  What is the slope of the line that passes through the points (-2,5) and (4,11)?
(x1,y1)(x2,y2)(-2,5)(4,11)
Substitute each value in the correct place in the formula:
m=11-54-(-2)=66=1
Pay close attention to the integer rules when there are negative numbers involved!
The slope of the line is m=1.
Example 3:  What is the equation of the line that passes through the points (-3,-4) and (5,0)?
In order to write the equation of the line we need to know the slope and the y-intercept.
Use the slope formula to determine the slope of the line:
(x1,y1)(x2,y2)(-3,-4)(5,0)m=0-(-4)5-(-3)=48=12
The slope of the line is m=12.
We don’t know the y-intercept, but we can use substitution to solve for b.  Choose a point and plug it into y=mx+b with the slope.  For this example, let’s use (5,0).  You can use either point, but I chose this one because there aren’t any negative numbers.
y=mx+b0=12(5)+b0=52+b-52=b
The y-intercept of the line is b=-52.
The equation of the line is y=12x-52.
Example 4:  Is the equation of the line that passes through the points (0,3) and (3,9) the same as the equation of the line that passes through the point (10,23) with a slope of 2?
This problem makes you think!  In order to determine if the two lines are the same, we need to write the equation of the line for each of the given lines.  
Line 1: What is the equation of the line that passes through the points (0,3) and (3,9)
m=9-33-0=63=2
The slope of the line is m=2.  We also know the y-intercept is at the point (0,3) so b=3.  
The equation of the first line is y=2x+3.
Line 2: What is the equation of the line that passes through the point (10,23) with a slope of 2?
Since we already know the slope of the line, all we need to do is substitute the given point and slope into y=mx+b to determine the y-intercept.
y=mx+b23=2(10)+b23=20+b3=b
The y-intercept is b=3 and the slope is m=2.
The equation of the second line is y=2x+3.
The equations are exactly the same, so the answer is YES.
 
Making Connections
[image: ]Click here to practice writing a linear equation from two points.
 
Lesson Summary
	The slope formula can be used to find the slope between two points. 

 
Check for Understanding
What is the equation of the line that passes through each pair of points?
	(5,-2) and (1,0)
	(0,2) and (-3,-5)
	(5,-5) and (3,5)
	(-2,3) and (-4,1)
	(95,1) and (0,3)
	(1,-4) and (0,-5)
	(2,1) and (4,-2)
	(10,23) and (-10,53)

Do the following lines have the same linear equation?  
	Line 1 passes through the points (1,1) and (4,7); Line 2 passes through the point (20,39) and has a slope of 2
	Line 1 passes through the points (-7,9) and (1,1);Line 2 has a slope -1 and passes through the point (-1,1)

  
Review and Reteach
Watch this video for another example of how to write an equation of a line using two points.
This device does not support the video at this location
Video can also be found at https://www.youtube.com/watch?v=Sw3BRD3_HYQ
Explore More
Error Analysis:  Joey and Katie are trying to decide whether or not the points (2,1), (5,7), and (11,18) lie on a straight line. 
Joey graphed the points on some scratch paper and thinks they lie on a straight line.
Katie disagrees.  She thinks that Joey’s line looks pretty straight, but you can’t really tell from a quick drawing like that.
Without drawing or using graph paper, decide whether or not the three points lie  on a straight line.  Support your answer with evidence and reasoning.
Section 5
Horizontal and Vertical Lines
[image: ]
Learning Goals 
I can write the equation of a horizontal or vertical line.
I can graph a horizontal or vertical line.
 
Standards
PA.A.1.3  Identify a function as linear if it can be expressed in the form y = mx + b or if its graph is a straight line.
PA.A.2.1  Represent linear functions with tables, verbal descriptions, symbols, and graphs; translate from one representation to another.
PA.A.2.2  Identify, describe, and analyze linear relationships between two variables.
PA.A.2.3  Identify graphical properties of linear functions including slope and intercepts.  Know that the slope equals the rate of change, and that the y-intercept is zero when the function represents a proportional relationship.
 
Vocabulary
	Horizontal
	Vertical
	Undefined Slope
	Zero Slope

	 
Lesson Content
So far every line we have graphed has been increasing or decreasing.  Most lines have a slant, but there are two special cases when it comes to linear equations: horizontal and vertical lines.
	[image: ]
Take a look at the purple line graphed above.  As you can see, this line is neither increasing nor decreasing.  This is a horizontal line, which means a flat line that is parallel to the horizon.  A horizontal line always has a zero slope because it isn’t rising OR falling, it’s simply constant.  
	Example 1: What is the equation of the horizontal line graphed above?
We need to know the slope and y-intercept of the line in order to write the linear equation.  Let’s start with the slope.  The slope of a horizontal line is zero, but let’s prove it mathematically.  
Rate of Change (slope)=the change in ythe change in x
Looking at the line, you can see why it is a special case: there isn’t any change in y!  As you can see below, a fraction with zero in the numerator always simplifies to 0.
Rate of Change (slope)=the change in ythe change in x=01=0
 We can identify the y-intercept of the line by looking at the graph.  The line intersects the y-axis at (0,3).  Substitute the values for m and b into y=mx+b to write the equation of the line.
y=mx+by=ox+3y=3
The equation of the line is y=3. 
 
[image: ]
The second special case is vertical line, which you can see graphed in orange above.  A vertical line is straight up and down on a coordinate plane.  Writing the equation of a vertical line can be tricky for two reasons:
	1.  The slope of a vertical line is undefined.  When you look at the graph above, you will notice that this line is constantly “rising” and never “runs.”   This means the denominator of the slope ratio will be zero.  It is mathematically impossible to divide any number by 0 so the slope is undefined.
slope=riserun=10
	2.  There isn’t a y-intercept in a vertical line.  As you can see in the graph above, the line never intersects the y-axis.  
 	Example 2: What is the equation of the vertical line graphed above?
Writing the equation of a vertical line is very different than any other linear equation.  There is not a number that we can substitute for m, and there isn’t a y-intercept that we can substitute for b.  We can’t use y=mx+b to write the equation.  
Instead, think about the equation of the horizontal line above.  The equation of a horizontal line is simply y=3.  The y-value is constant at 3 across the entire line, so the equation is y=3.
We can do the same thing with a vertical line!  The equation of the vertical line is x=-2.  The x-value is constant for the entire line, so the equation is x=-2.
 
The rules for these special cases can be very hard to remember.  You can use the acronyms HOY and VUX to keep things straight.  
H - Horizontal lines
O - have a Zero slope
Y - the equation is y = ___
 
V - Vertical lines
U - undefined slope
X - the equation is x = ___
 
Example 3: What is the equation of the horizontal line that passes through the point (1,4)?
To answer this question, think about what you know about horizontal lines.
		H - Horizontal lines
		O - have a Zero slope
		Y - the equation is y = ___
The equation of a horizontal line line is y=____, and since the y-value is constant I know the equation for this line is y=4.
 
Example 4:  What is the equation of the vertical line that passes through the point (-3,-7)?
To answer this question, think about what you know about vertical lines.
		V - Vertical lines
		U - undefined slope
		X - the equation is x = ___
The equation of a vertical line line is x=____, and since the x-value is constant I know the equation for this line is x=-3.
 
 
Watch this video to learn how to graph horizontal and vertical lines.
This device does not support the video at this location
Video can also be found at https://www.youtube.com/watch?v=U2BnAJ0TC8c
 
Making Connections
[image: ]Click here to practice writing a linear equation from two points.
 
Lesson Summary
	Horizontal lines have a slope of zero.
	Vertical lines have undefined slope. 

 
Check for Understanding
	What is the equation of the vertical line that passes through (2,-8)?
	What is the equation of the horizontal line that passes through (0,1)?
	What is the equation of the vertical line that passes through the origin?
	What is the equation of the horizontal line that passes through (-4,6)?

Write the equation of the line for each pair of points below, and then determine if the line is increasing, decreasing, horizontal, or vertical.  
	(2,5) and (4,9)
	(-3,5) and (3,-5)
	(-4,2) and (5,2)
	3,6) and (3,-7)

Graph each equation.
	y=3
	x=-1
	y=5
	x=-2
	y=0
	x=1

	x=0

 
Review and Reteach
Watch this video for more information about horizontal and vertical lines.
This device does not support the video at this location
Video can also be found at https://www.youtube.com/watch?time_continue=75&v=J43CIbKpdWc
Explore More
Real-World Application: 
	 “Mad-cabs” have an unusual offer going on. They are charging $7.50 for a taxi ride of any length within the city limits. Graph the function that relates the cost of hiring the taxi (y)to the length of the journey in miles (x) and write the equation of the line.
	Suppose you're at an all-you-can-eat pancake house where you can pay $8.99 and have all the pancakes you want. Graph the function that relates the cost of the pancakes (y) to the number of pancakes you eat (x) and write the equation of the line.

Section 6
Analyzing Linear Equations
[image: ]
Learning Goals 
I can determine how a graph will change if the slope or y-intercept changes.
 
Standards
PA.A.2.4  Predict the effect on the graph of a linear function when the slope or y-intercept changes.  Use appropriate tools to examine these effects.  
 
Lesson Content
Over the last five sections you have learned how to find the slope of a line from a graph, table of values, or two points.  You have also learned how to write the equation of a line, or the function rule, for a linear function using Slope-Intercept Form.  
In this section you will learn how to apply your knowledge of slope, and how to analyze how the slope and y-intercept effect the graph of a line.
Example 1: How would changing the y-intercept of the line y=12x+3 to -3 effect the graph of the line?
In order to analyze how the graph will change, let’s graph both lines. 
Here is the graph of the original equation, y=12x+3. 
[image: ]
Now let’s graph the new equation.  What is the new equation when the y-intercept is changed to -3?  The y-intercept changes from 3 to -3, making the equation y=12x-3.
[image: ]
	What is different in the new line (green)?  The slope didn’t change, which means the slant of both lines is the same.  The only difference is that the green line has shifted down 6 units.   Any change in the y-intercept will cause the line to shift up or down the y-axis.
Changing the y-intercept to -3 caused the line to shift down 6 units.
 
Example 2: How would changing the slope to -2 change the graph of the line y=2x-1?
Let’s start by graphing the original line:
[image: ]
	What is the equation of the new line?  The new slope is m=-2, so we need to replace the original slope, 2.  The new equation is y=-2x-1.
[image: ]
How is the green line different from the original line?  The new line is decreasing instead of increasing.  The y-intercept stayed the same, so there is no shifting along the y-axis.
 
Example 3:  How would changing the slope of the line y=3x+2 to m=13 and the y-intercept to -1 effect the graph of the line?
In this example, the slope and y-intercept are changed.  Let’s make some predictions about how the graph will change before graphing it out.
As you learned in Example 1, changing the y-intercept will cause the graph to shift up or down on the y-axis.   There are many different ways changing the slope can effect a graph.  In Example 2, we saw the line change from increasing to decreasing.  In this case, the graph will shift down to -1, or three spaces down the y-axis.  
In this example, the slope is not changing signs; the original slope and new slope are both positive, which means both graphs will be increasing.  In this case, the steepness of the line will be effected.  Remember, the larger the number, the steeper the line.  Since we are changing the slope from a whole number to a fraction, the new line will be less steep than the original line. 
[image: ]
As you can see in the graph, our predictions were correct.  The new line (green) has shifted 3 units down the y-axis and is less steep than the original line (blue).  We could also say that the new line is more horizontal than the original line. 
 
Example 4:  The equation of a line is y=23x.  What will be the equation of the line if the slope is changed to -23 and the y-intercept is changed to 4?
For this example, we are going to change the slope, m, and the y-intercept, b.  To begin, let’s identify the new information.
m=-23b=4
Substitute the new slope and y-intercept into y=mx+b to write the new equation of the line.
y=-23x+4
[image: ]
 
Lesson Summary
	Changing the y-intercept of a line will cause it to shift up or down the y-axis.
	Changing the slope of a line can change the direction or steepness of a graph. 

 
Check for Understanding
 The original equation is y=2x-4. Write the new equation after each of the following changes.
	The y-intercept is changed to 4
	The slope is changed to -2
	The slope is changed to 12
	The y-intercept is changed to 0
	The slope is changes to -2 and the y-intercept is changed to -6

The graph of the line y=x+1 is shown below.  How will the graph change for each of the following problems?
[image: ]
	The y-intercept is changed to -1 and the slope remains the same
	The y-intercept is changed to 3 and the slope is changed to -1
	The slope is changed to 13 and the y-intercept remains the same
	The slope is changed to 0 and the y-intercept remains the same
	 The y-intercept is changed to -4 and the slope is changed to 2

 
Review and Reteach
Watch this video to learn more about how the slope and y-intercept effect the graph of a line.
This device does not support the video at this location
Video can also be found at https://www.youtube.com/watch?v=8sz1IPjBRS8
Explore More
Writing in Math:  Answer each of the following questions with complete sentences.  Provide at least two examples to support each answer.
	 What is the effect of changing the slope from positive to negative?
	What is the effect of changing the slope from negative to positive?
	What is the effect of changing the slope from a positive number to a larger positive number?
	What is the effect of changing the slope from a whole number to a smaller positive number? 
	What is the effect of changing the y-intercept of a line?

Section 7
Proportional Relationships
Learning Goals
	I can determine if a mathematical relationship is proportional. 

 
Standards
7.A.1.1  Describe that the relationship between 2 variables, x and y, is proportional if it can be expressed in the form y/x=k or y=kx; distinguish proportional relationships form other relationships, including inversely proportional relationships (xy=k or y=k/x). 
7.A.1.2  Recognize that the graph of a proportional relationship is a line through the origin and the coordinate (1,r), where both r and the slope are the unit rate (constant of proportionality, k).
 
Vocabulary
	Constant of Proportionality
	Direct Variation
	Directly Proportional
	Inversely Proportional 
	Proportion

 
Lesson Content
[image: ]Eric mows lawns as a summer job. On Monday, it took him roughly 6 hours to mow 12 lawns. On Tuesday, he mowed 18 lawns in 9 hours. How many yards can Eric mow in 1 hour? Identify the constant of proportionality for hours per one yard.
 
The question above is similar to scenarios presented in previous lessons throughout this unit, however you will be required to answer the questions using new terms such as: Constant of Proportionality, direct variation, and directly proportional. In this lesson, you will learn to apply your knowledge of proportionality and rates to real-world scenarios. 
 
The Constant of Proportionality
When dealing with rates, ratios, and proportions, one term that is commonly talked about is the constant of proportionality. The constant of proportionality is a ratio between two directly proportional values. 
 
When two values are directly proportional, that means they increase or decrease at the same rate. The opposite of this is when two values are inversely proportional; meaning as one value increases the other will decrease at the same rate. 
 
For example:
[image: ]
One Monday, Laura purchased 2 bags of chips for $4 at the grocery store. On Thursday, she went back and purchased 6 more bags of chips for a party she was having that evening. She spent a total of $12 dollars on Thursday. Identify the cost of one bag of chips?
 
First, to determine the cost per bag of chips we need to divide.
	$4 ÷ 2 bags= $2 per bag
	$12 ÷ 6 bags= $2 per bag

 
Therefore, 1 bag of chips costs $2. 
 
Not only have we determined the unit rate for the cost of one bag of chips at the grocery store, but we also see that this rate remains constant regardless of the number of bags purchased. 
 
Thus, the constant of proportionality for the ratio between money spent and bags of chips purchased is 2. 
 
One connection to make here are the similarities between unit rate and the constant of proportionality. These terms ultimately mean the same thing. The unit rate of a scenario does not change, and that is why we use the term constant (something that remains the same).
 
In terms of the constant of proportionality, two formulas are often seen:
	y=kx
	k=y/x

 
In these formulas, k stands for the constant of proportionality and the x and y are the two values you are comparing. 
 
Applying this to the problem from above, 
	y= $4
	x= 2 bags 
	k= $2 per bag

 
and 
 
	y=$12
	x= 6 bags
	k= $2 per bag

 
Therefore, we end up with the equation below to determine how much Laura will spend when buying chips. 
	y=2x

 
Using the Constant of Proportionality to Determine Proportional Relationships
We can use the formulas listed above to determine if an equation represents proportional relationship. This process involves us substituting values into the formula: 
	y=kx

 
For example:
When x= 4 and y=-8, does the equation y=-2x show a proportional relationship?
 
Our first step in determining if the equation shows a proportional relationship for the given values is to substitute the integers in for the variable. 
	y=-2x
	(-8)=-2(4)

 
Now, solve the expression and see if the end result is a true statement. 
 (-8)=-2(4)
 -8=-8
 
Here we see that -8 does equal -8, therefore the equation above does show a proportional relationship.
 
Example 2:
Determine if the equation y/x=7 represents a proportional relationship.
 
With this problem, we are not given any values to substitute. Rather we need to manipulate the equation by solving for y. 
 
Then we can see if it fits the y=kx formula. 
 
To solve for y, we first need to multiply both sides by x:
[image: ]
Now that we have multiplied both sides by x, we can see that:
 y/x=7
is the same as
y=7x
 
Thus, y/x=7 does represent a proportional relationship, because when written in the y=kx form we see that 7 is the constant of proportionality. 
 
Example 3- 
Determine if the equation y=-9/x represents a proportional relationship.
 
With this question, we can easily identify that it does not represent a proportional relationship. That is because the equation is already solved for y. 
 
Within the formula y=kx, the constant (k) is being multiplied by x. 
 
In the equation of above, the value -9 is being divided by x. Therefore, the relationship is not proportional. 
 
Real-World Application of the Constant of Proportionality
Certain problems will require you to use your knowledge of the constant of proportionality within a real-world context. Unlike the questions seen above, you will be presented with scenarios and asked to apply your mathematical knowledge to them. 
 
For example: 
Below is a chart that shows how many total miles Mrs. Jones drives in 7 days. Write an equation that represents the proportional relationship. 
 	Day
	Total Miles for the Week

	2
	16

	4
	32

	6
	48


 
First, we need to determine the constant of proportionality (or unit rate). This is done by dividing the total miles by the day. 
	16÷2=8
	32÷4=8
	48÷6=8

 
Here we can see that Mrs. Jones drives 8 miles per day, and that our constant of proportionality (k) is 8.
 
Now, we need to substitute 8 in for the variable k in the constant of proportionality formula.
 k=8
 y=kx
 y=8x
 
Therefore, the equation that represents the proportional relationship shown in the table above is:
 y=8x
 
Example 2-
If Marcus can run 12 miles in 2 hours, write an equation that shows the proportional relationship between distance in miles (y) and time in hours (x).
 
Our first step in solving this real-world math problem is to substitute the given x and y values into the constant of proportionality formula. 
	y=12
	x=6
	k=?
	y=kx
	12=k(6)

 
Now solve for k to determine the equation’s constant of proportionality. 
[image: ]
 
Now that we know k=2, we can substitute it back into the original formula. 
	y=kx
	y=2x

 
Thus, the equation that shows the proportional relationship between distance and time for Marcus’ run is:
 y=2x
 
Lesson Summary
	The Constant of Proportionality is a ratio between two directly proportional values.

	Directly proportional values increase or decrease at the same rate.

	Formulas for the constant of proportionality are:

	y=kx
	k=y/x

	In these formulas, k stands for the constant of proportionality and the x and y are the two values you are comparing. 
	The constant of proportionality is the same as a unit rate. 

 
Check for Understanding
Determine if the equations below show a proportional relationship. 
	y=12x
	y=x2
	y=-3x
	x=y÷6
	y/x=-11

 
Answer the following questions.
	When x=5 and y=-15 , does the equation y=-2x show a proportional relationship?

	When x=1 and y=11, does the equation y=11x show a proportional relationship?
	When x=7 and y=-49, does the equation y=-7x show a proportional relationship?
	When x=12 and y=1, does the equation y=2x show a proportional relationship?
	When x=6 and y=42, does the equation y=6x show a proportional relationship?

 
Use your knowledge of the constant of proportionality to solve the problems presented in the real-world scenarios below.
	If Lily can bake 24 cupcakes in 2 hours, write an equation that shows the proportional relationship between cupcakes baked (y) and time in hours (x).
	If Matt drove 150 miles in 3 hours, write an equation that shows the proportional relationship between distance in miles (y) and time in hours (x).
	Below is a chart that shows how many total miles Sarah ran in 7 days. Write an equation that represent the proportional relationship. 

 	Day
	Total Miles for the Week

	3
	15

	5
	25

	7
	35


 
Making Connections
Earlier in the lesson, we read about how Eric mows yards as a summer job. Below is a recap of his situation. 
 
Eric mows lawns as a summer job. On Monday, it took him roughly 6 hours to mow 12 lawns. On Tuesday, he mowed 18 lawns in 9 hours. How many yards can Eric mow in 1 hour? Identify the constant of proportionality for hours per one yard.
 
Click below to see how we can apply what we learned in this lesson to determine the constant of proportionality for Eric’s lawn mowing. 
[image: ] 
Review and Reteach
Watch the videos below to review the concept of proportionality!
[image: ] 
[image: ] 
Explore More
In 2010, Bangladesh almost doubled the minimum monthly wage for all those that work in the garment industry. If your clothes come from H&M, Zara, or Wal-Mart, it’s likely that your clothes were made by these workers. In 2010, their monthly wage was increased to $43 per month. This is a rate of change, since the units are dollars made per month.
 
If we were to represent the amount made per day, we can represent the slope as follows:
	$43 per 30 days, or 4330

If we were to put this into a calculator and divide, the number would be approximately 1.43. This means that a garment worker earns $1.43 per day. How much does this daily earning mean to you?
 
We can also use this rate of change to make predictions. Using either the fraction 4330 or 1.43, we can predict how much a garment worker makes in any amount of days. 
 
To find out how much this person works in 10 days, we multiply our rate of change/unit rate/constant of proportionality with the number of days. In this case, 
	4330⋅10=14.33 
	Therefore for 10 days of work, this person would make $14.33

 
How much does this person make in 50 days? 75 days? 100 days?
 
See the story about the Bangladesh minimum wage below:
[image: ] 
Sources
	Engage NY
	Khan-Academy
	YouTube
	NBC News
	Pixabay

Unit 5
Proportions and Percents
[image: ]
 
Essential Questions
		What is a unit rate?
		What is a proportion?
		How can you use a proportion to solve for an unknown?
		How can proportions help you find percents?
		How do you use a proportion to determine a missing length in similar figures?

 
Big Ideas
	Equivalent ratios are proportional, and can be solved using cross products. 
	Proportions can be used to find missing sides of similar figures.
	Percents can be found proportionally and algebraically.	

 
Learning Goals
	I can write a ratio to compare two numbers.
	I can calculate a unit rate.
	I can compare unit rates for real-life scenarios.
	I can identify proportional relationships.
	I can solve proportions.
	I can use proportions to find a missing length in similar figures.
	I can apply proportional reasoning to word problems.
	I can calculate percents.
	I can calculate markups and discounts.

 
Vocabulary
	Cross Products
	Discount
	Equivalent Ratios
	Greatest Common Factor
	Markup
	Percent
	Proportion
	Proportional Reasoning
	Ratio
	Similar figures
	Tax
	Tip
	Unit Rate

 
 
Section 1
Ratios and Unit Rates
[image: ]
Mark adopted a dog today and is at the pet store looking for dog food. He researched the different brands before coming to the store and now he just needs to decide between two brands. Doggie Delights costs $46 for a 20 pound bag. Nature’s Choice costs $55 for a 25 pound bag. Mark wants to compare the cost of dog food per pound to find the better deal. Which bag should Mark buy?
	[image: ]
Learning Goals 
I can write a ratio to compare two numbers.
I can calculate a unit rate.
I can compare unit rates for real-life scenarios.
 
Standards
7.A.2.2  Solve multi-step problems involving proportional relationships involving distance-time, percent increase or decrease, discounts, tips, unit pricing, similar figures, and other real-world and mathematical situations.
 
Vocabulary
	Ratio
	Unit Rate
	Greatest Common Factor

 
Lesson Content
Part 1: Simplifying Ratios
A ratio is the comparison of two quantities, often written as a fraction.  For example, at a local middle school the ratio of the number of students that walk to school to the number of students that ride the bus is 2 to 5.  This can also be written as 2:5 or 25. Since ratios can also be written as fractions, you can simplify ratios the same way you simplify fractions.
Use the following scenario for Example 1 and Example 2:
Grace is working on an assignment. She has to survey 50 people and ask if they are either right-handed or left-handed. Out of the 50 people she surveyed, 5 were left-handed and 45 were right-handed. How can Grace use this information to describe the results of her survey?
Example 1: What is the ratio of left-handed people to right-handed people?  What does this ratio represent?
In Grace’s survey 5 people were left-handed, and 45 were right-handed.  The ratio of left-handed people to right handed people is 5 to 45. First, write the ratio using the fraction notation.
545
Then, find the greatest common factor (GCF) to find the simplest form of the ratio. The GCF is the largest factor shared by both numbers; find the GCF by finding the largest number that can be divided into both numbers.  In this case, the GCF of 5 and 45 is 5.
Next, divide the numerator and the denominator by the GCF.
5÷545÷5=19
The simplest form of the ratio 545 is 19, which can also be written as 1 to 9 or 1 : 9.
What does this ratio represent?  There is one left-handed person for every nine right-handed people.
 
Example 2: What is the ratio of left-handed people to the total number of people surveyed?  What does this ratio represent?
Of the 50 people she surveyed, 5 were left-handed.  The ratio of left-handed people to total people is 5:50.  Written as a fraction, this is 550.
Use the GCF to simplify the ratio.  The GCF of 5 and 50 is 5, so divide the numerator and the denominator by 5.
5÷550÷5=110
The simplest form of 550 is 110.
What does this ratio represent? There is one left-handed person for every ten people surveyed.
 
Example 3: Simplify the following ratio 210. Write the simplified ratio as a fraction.
Find the GCF of 2 and 10. The GCF is 2, so divide the numerator and denominator by 2.
2÷210÷2=15
The simplest form of 210 is 15.
 
Example 4: Simplify the ratio 8:28. Write the simplified ratio as a fraction.
Find the GCF for 8 and 28. The GCF is 4, so divide both numbers by 4.
8÷428÷4=27
The simplest form of 8:28 is 2:7 or 27.
[image: ]Click here to read more about writing ratios.
 
Part 2: Unit Rates
A unit rate is a special kind of ratio, where the second number, or the denominator, is equal to one.  Here are some common unit rates:
	•	miles per gallon
	•	price per pound
	•	pay per hour 
There are two ways to find a unit rate.  The first option is to simplify the ratio so the denominator is 1.  This works well with whole numbers, but can get complicated with decimals.  The second option, which will work with whole numbers or decimals, is to divide the numerator by the denominator.  
Example 1:  Kayla bought 5.5 pounds of apples. She paid a total of $7.15. What was the unit rate of the apples per pound?
The order of the words helps us know how to set up the ratio.  The word per lets you know which number belongs in the denominator.  Since we are looking for apples per pound, the price will be the numerator and the pounds of apples will be the denominator.  
pricepound=7.155.5
Divide the price by the pounds to find the unit rate.
7.15÷5.5=1.3
The unit price for the apples is $1.30 per pound.
 
Example 2: Brian worked for 8 hours yesterday and made a total of $86. What is his hourly pay?
Notice that the word per is not in this example.  In order to determine the numerator and denominator, think about what the question is asking.  
“What is his hourly pay?”  
This is another way of asking how much Brian makes per hour.  When you think of it like that you know to write the ratio as wages to hours.
wageshour=868
Divide the wages by the hours to find the unit pay rate.
86÷8=10.75 
Brian is paid $10.75 per hour.
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Watch this video to learn more about ratios and rates.
This device does not support the video at this location
Video can also be found at https://www.youtube.com/watch?v=RQ2nYUBVvqI
Making Connections
Take another look at the problem at the beginning of this section.  How could you solve it using ratios?
Mark adopted a dog today and is at the pet store looking for dog food. He researched the different brands before coming to the store and now he just needs to decide between two brands. Doggie Delights costs $46 for a 20 pound bag. Nature’s Choice costs $55 for a 25 pound bag. Mark wants to compare the cost of dog food per pound to find the better deal. Which bag should Mark buy?
Solution: 
First, find the unit price for each brand.
 
Doggie Delights = pricepound=$4620=46÷2020÷20=$2.301
Nature’s Choice = pricepound=$5525=55÷2525÷25=$2.201
 
Next, compare the price per pound. Doggie Delights is $2.30 per pound. Nature’s Choice is $2.20 per pound.
$2.30>$2.20
Nature’s Choice is cheaper than Doggie Delights.
Mark decides to buy Nature’s Choice.
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Lesson Summary
	A ratio can be used to compare two numbers.
	Unit rates can be used to compare different sets of numbers.

 
Check for Understanding
Write each comparison as a ratio in simplest form.
	1.	$150 to $3
	2.	150 girls to 175 boys
	3.	36 football players to 144 track athletes
Use the following information to write a ratio in simplest form for each comparison.
At Capps Middle School there are 310 7th graders.  Of these 7th graders, 175 are girls. 
4.  Girls to total number of 7th graders
5.  Boys to total number of 7th graders
6.  Girls to boys
 
Review and Reteach
 
Watch this video to learn more about finding unit rates.
This device does not support the video at this location
Video can also be found at https://www.youtube.com/watch?v=Zm0KaIw-35k
 
Watch this video for another example of finding unit rates.
This device does not support the video at this location
Video can also be found at https://www.youtube.com/watch?v=d7rAlcNHDUI
Explore More
Click the logo to practice calculating and comparing unit rates.  If this is your first time to use CK-12, create a free student account to continue. 
[image: ]
 
Section 2
Proportional Reasoning
[image: ]
Blake volunteered to be part of a "living flag" at the state fairgrounds on Independence Day. Blake has a small flag at home, but he wondered how the organizers would convert the dimensions of a flag to accommodate hundreds of people. Blake's flag is 4 inches wide and 6 inches long.  If the length of the living flag is going to be 120 feet, what is the width?
	[image: ]
Learning Goals 
I can identify proportional relationships.
 
Standards
7.A.2.2  Solve multi-step problems involving proportional relationships involving distance-time, percent increase or decrease, discounts, tips, unit pricing, similar figures, and other real-world and mathematical situations.
7.A.2.3  Use proportional reasoning to solve real-world and mathematical problems involving ratios.
7.A.2.4  Use proportional reasoning to assess reasonableness of solutions.
 
Vocabulary
	Equivalent Ratios
	Proportion
	Cross Products
	Proportional Reasoning

 
Lesson Content
Part 1: Equivalent Ratios
Remember from section 1 that a  ratio is a relationship, or comparison, of two values.  A ratio can be expressed in three different ways:
	words, such as 3 to 4
	with a colon, such as 3:4
	as a fraction, like 34

Equivalent ratios show the same, or equal, relationship between two quantities.  We can identify equivalent ratios by writing them in simplest forms and determining if they are equivalent, or equal.
	Example 1: In the problem below, is the ratio of red lights to total lights equivalent for both streets?
	Think about the stoplights you see on city streets.  Suppose there are two stoplights on one street and one on another.  At a particular moment, the first street has 2 of 6 lights that are red. The second has 1 of 3 that are red.  Is the ratio of red lights to total lights equivalent for both streets?
	The ratio for the first street, 2 of 6, can be written as 26.  Use the GCF to simplify the fraction.
2÷26÷2=13
The ratio for the second street is 1 of 3.  This can be written as 13. 
First StreetspaSecond Street13=13	
	The ratio of red lights to the total lights is the same for both streets, so the ratios are equivalent.
	Example 2: Determine if the ratios 23 and 1015 are equivalent.
	Start with the first ratio, 23.  This ratio is already in simplest form.
	Look at the second ratio, 1015.  Use the GCF to simplify the fraction.
10÷515÷5=23
	Compare the two fractions, or ratios.
23=23
	The two ratios are equivalent because the fractions are the same.
Example 3: Are the ratios 2:14 and 324 equivalent?
Start with the first ratio, 2:14.  Write it as a fraction and use the GCF to simplify.
2÷214÷2=17
Look at the second ratio.  Use the GCF to simplify.
3÷324÷3=18
Compare the two ratios.
17≠18
The two ratios are not equivalent because the fractions are not equal.
 
Part 2: Proportions
	A ratio represents a comparison between two quantities. Equivalent ratios are ratios that are equal. A proportion is made up of two equivalent ratios.  An example of a proportion is 164=205.  We can verify that two ratios are proportional by using a method called cross products.  Remember that the word “product” refers to muliplication. A cross product is the result of multiplying the numerator of one ratio with the denominator of another.  If the cross products are equal, then the ratios are proportional.   
Example 4:  Are the ratios 164 and 205 proportional?
First, write the ratios as a proportion.
164=205
Next, multiply each numerator with the denominator from the other ratio. 
[image: ]
5×16=4×2080=80
Since 80=80 is a true statement, the ratios are proportional.
 
Example 5: Are the ratios 37 and 614 proportional?
First, write the ratios as a proportion.
37=614
Next, multiply each numerator with the denominator from the other ratio. 
14×3=7×642=42
Since 42=42 is a true statement, the ratios are proportional.
 
Example 6: Miss Nelson is comparing the prices of oranges at the grocery story.  She can buy individual oranges for $1.54 per pound, or she can buy a 3 pound bag for $4.55.  Set up a proportion and then use cross products to determine if these rates are proportional.  
Think about the given information in this problem:  
	individual oranges are $1.54 per pound
	a 3 pound bag of oranges costs $4.55

Each piece of information can be written as a ratio of pricepound.
		Individual Oranges 	pricepound=1.541
		3 Pound Bag		 pricepound=4.553
The most important thing to remember when setting up proportions is to remain consistent.  Since we used pricepound for the individual oranges, we had to use the same order for the 3 pound bag.  Now that we have the two ratios, we can set up the proportion.
1.541=4.553
Use cross products to determine if these rates are proportional.
1.541=4.553(1)(4.55)=(3)(1.54)4.55≠4.62
Since 4.55≠4.62 these rates are not proportional.
 
Part 3: Proportional Reasoning
Proportional reasoning is how we examine the relationships between two numbers in a proportion.  This is another way to verify that 12=24 is actually a proportion.  
Think about the numerators of these two ratios, 1 and 2.  What can be done to the first numerator, 1, to make is equal the second numerator, 2?  Multiply by 2!  If we can apply this same rule to the denominators, we will know that the ratios are proportional.
Look at the denominators of these two ratios, 2 and 4.  Does the same rule apply? Yes, because 2×2=4.
1×22×2=24
 
Example 7:  Use proportional reasoning to determine the value of x.
12=x12 
In this proportion, the value of x is unknown.  We can use proportional reasoning to determine the value of x by examining the information given.  
Here is what we know:
	The given ratio is 12.  
	The two ratios are equivalent.  We know this because of the equal sign.
	The denominator of the second ratio is 12. 

Since both denominators are given, begin with those two numbers.  What can be done to the denominator of the given ratio to make it equal to the denominator of the second ratio?  
2×6=12
Multiply the numerator of the given ratio by six to determine the missing value.
12=x121×62×6=612
The value of x is 6.  
 
Example 8: Use proportional reasoning to solve for x.
1535=x7
Since both denominators are given, start with those two numbers.  What can be done to the given ratio 1535 to make the denominator, 35, equal to 7?
35÷5=7
Divide the numerator of the given ratio by five to determine the missing value.
1535=x715÷535÷5=37
The answer is x = 3.
 
Example 9: Use proportional reasoning to solve for x.
1224=4x
Since both numerators are given, start with those two numbers.  What can be done to the given ratio 1224 to make the numerator, 12, equal to 4?
12÷3=4
Divide the denominator of the given ratio by 3 to determine the missing value.
1224=4x12÷324÷3=48
The answer is x = 8.
 
Example 10: Use proportional reasoning to solve for x.
x5=1220
Since both denominators are given, start with those two numbers.  What can be done to the given ratio 1220 to make the denominator, 20, equal to 5?
20÷4=5
Divide the numerator of the given ratio by 4 to determine the missing value.
1220=x512÷420÷4=35
The answer is x = 3.
 
Making Connections
Take another look at the problem at the beginning of this section.  How could you solve it using proportional reasoning?
Blake volunteered to be part of a "living flag" at the state fairgrounds on Independence Day. Blake has a small flag at home, but he wondered how the organizers would convert the dimensions of a flag to accommodate hundreds of people. Blake's flag is 0.75 feet wide and 1 foot long.  If the length of the living flag is going to be 120 feet, what is the width?
Solution:  First, write the ratios to represent the problem.  In this case, the first ratio will represent the small flag and the second ratio will represent the living flag.  
	Small Flag	WidthLength=0.751
	Living Flag 	WidthLength=x120
It is very important that the values in the proportion remain consistent.  Since we used WidthLength for the Small Flag we have to use WidthLength for the Living Flag.  
Now that we have the two ratios, write them as a proportion.  Remember, a proportion is two equivalent ratios.
0.751=x120
Look at the denominators.  What can be done to the given ratio, 0.751, to make the denominator, 1, equal to 120? 
1×120=120 
Multiply the numerator of the given ratio by 120 to determine the width of the living flag.
0.75×1201×120=90120
The width of the living flag will be 90 feet. 
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Lesson Summary
	We can use proportional reasoning to determine missing values.

 
Check for Understanding
Use cross products to determine if each pair of ratios is proportional.  
	12 and 2346
	38 and 925
	29 and 1.54.5
	125 and 3013
	15.23.1 and 306

Use proportional reasoning to find the missing value in each proportion.
	14=x20
	35=x60
	32x=84
	x72=512
	3236=x9

Write a proportion to represent each problem, and then use proportional reasoning to determine the missing value.
	The students in Mrs. Meeks’s class have set a goal to each read 2 books each month.  At this rate, how long will it take for each student to read 16 books?
	Jeremiah can run a mile in 8.32 minutes.  How long will it take him to run three miles? 

 
Review and Reteach
 
Watch this video for more examples of using proportional reasoning to solve for a missing value.
This device does not support the video at this location
Video can also be found at https://www.youtube.com/watch?v=aPWgGWSZfJU
 
 
Explore More
[image: ]Real-World Application:  Click here to read about how proportional reasoning was used to set up the US House of Representatives.
 
 
Section 3
Solving Proportions
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Tony is training to run a marathon, which is 26.2 miles.  Last week, it took him 2 hours and 15 minutes to run 10 miles. If Tony runs at the same speed, how long will it take him to run a full marathon?
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Learning Goals 
I can solve proportions.
 
Standards
7.A.2.2  Solve multi-step problems involving proportional relationships involving distance-time, percent increase or decrease, discounts, tips, unit pricing, similar figures, and other real-world and mathematical situations.
7.A.2.3  Use proportional reasoning to solve real-world and mathematical problems involving ratios.
7.A.2.4  Use proportional reasoning to assess reasonableness of solutions.
 
Vocabulary
	Cross products

 
Lesson Content
Sometimes it is difficult to use proportional reasoning to figure out the missing variable in a proportion.  For example, think of the proportion 37=x15.   Both denominators are given, but what can we do to 7 to make it equal to 15?  There isn’t a whole number we can use to multiply the given ratio to make it equal the second ratio.  When this happens, we can use cross products to figure out the missing value.
Example 1:   37=x15
Use cross products to multiply each denominator with the opposite numerator.
37=x157⋅x=15⋅37x=45
Now we have a one-step equation.  Use inverse operations to solve for the missing value. 
7x7=457x=6.43
Example 2:   x15=54
Use cross products to multiply each denominator with the opposite numerator.
x15=544⋅x=15⋅54x=75
Now we have a one-step equation.  Use inverse operations to solve for the missing value. 
4x4=754x=18.75
 
Example 3:  Miss Biggs is baking cupcakes for her friends.  Her recipe requires 214 cups of sugar for 15 cupcakes.  How much sugar will she need to use for 40 cupcakes? 
Think about the given information in this problem:  
	it takes 214 cups of sugar for 15 cupcakes
	Miss Biggs is baking 40 cupcakes

Each piece of information can be written as a ratio of cups of sugarnumber of cupcakes.
		15 cupcakes	cups of sugarnumber of cupcakes=2.2515
		40 cupcakes	cups of sugarnumber of cupcakes=c40
Since we don’t know how many cups of sugar she needs for 40 cupcakes, use the variable c to represent the number of cups of sugar.   Now that we have the ratios, set up a proportion.
2.2515=c40
Use cross products to multiply each denominator with the opposite numerator, and then solve the one step equation.
2.2515=c40(15)(c)=(40)(2.25)15c15=9015c=6
Miss Biggs needs to use 6 cups of sugar for her recipe.
 
Example 4: A map of Oklahoma has a scale of 1 in to 54 miles. The cities of Tulsa and Oklahoma City are 4 inches apart on the map.  What is the actual distance, in miles, between Tulsa and Oklahoma City?
Think about the given information in this problem:  
	the map has a scale of 1 in to 54 miles
	Tulsa and OKC are 4 inches apart on the map

Each piece of information can be written as a ratio of inchesmiles.
		Map scale		inchesmiles=154
		Tulsa to OKC	inchesmiles=4m
Since we don’t know how many miles are between Tulsa and OKC, use the variable m to represent the missing number of miles.   Now that we have the ratios, set up and solve a proportion.
154=4m(54)(4)=(m)(1)2161=1m1216=mor m=216
The distance between Tulsa and Oklahoma City is 216 miles.
 
Making Connections
Take another look at the problem at the beginning of this section.  How could you solve it using a proportion?
Tony is training to run a marathon, which is 26.2 miles.  Last week, it took him 2 hours and 15 minutes to run 10 miles. If Tony runs at the same speed, how long will it take him to run a full marathon?
Solution: Think about the given information in this problem.
	Tony can run 10 miles in 2 hours and 15 minutes.  15 minutes is 14 of an hour, so we can write 2 hours and 15 minutes as 2.25 hours.
	How long will it take him to run 26.2 miles?		

Each piece of information can be written as a ratio of mileshours.
		20 miles		mileshours=102.25
		26.2 miles	mileshours=26.2h
Since we don’t know how long it will take Tony to run the full marathon, use the variable h to represent the missing number of hours.   Now that we have the ratios, set up and solve a proportion.
102.25=26.2h(2.25)(26.2)=(h)(10)58.9510=10h105.895=hor h=5.895
It will take Tony 5.895 hours to run a full marathon.
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Lesson Summary
	The key to setting up proportions from word problems is to keep the ratios consistent.
	You can use cross products to find a missing value in a proportion.

 
Check for Understanding
Use cross products to solve each proportion.  If necessary, round your answers to the nearest tenth.
	x5=1725
	10x=84
	3x=107
	79=x5
	x10=1114

Write and solve a proportion for each of the following problems. 
	Miguel can read 22 pages in 20 minutes.  Hoe long would it take him to read a 100 page book?
	Mr. Douglas is 6 feet tall.  He is casting a shadow that is 8.5 feet long.  If Mr. Douglas is standing next to a 14 foot tall flagpole, how long is the flagpole’s shadow?
	A map has a scale of 2in:6mi.  If Putnam City West is 5.5 inches from Moore High School on the map, how far apart are the two schools?  
	Marcus earned $26.50 for doing 3 hours of yard work in his neighborhood last weekend.  This weekend Marcus plans on doing 7 hours of yard work around the neighborhood.  How much money will he earn this weekend?
	At Cooper Middle School the ratio of boys to girls in the 7th grade is 3:2.  If there are 144 boys in the 7th grade, how many girls are there? 

Use the map and key below to answer each #11-15.  Write and solve a proportion for each problem.
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	How far does Delia live from her school?
	How far is it from the library to the park?
	How far does Delia live from City Hall?
	Delia drew another point to show the police station on her map. She drew it 1.5 inches away from the City Hall. What is the actual distance between the police station and City Hall?
	Delia has to go to City Hall after school.  Instead of going home first, she wants to walk directly from the school to City Hall.  The actual distance is 6,000 feet.  How many inches would this distance be if we added it to the map?

 
Review and Reteach
Watch this video to learn more about solving proportions.
This device does not support the video at this location
Video can also be found at https://www.youtube.com/watch?v=USmit5zUGas&t=2s
 
Explore More
Writing in Math:  There is more than one way to solve for a missing value in a proportion.  You have learned how to use proportional reasoning and cross products to determine missing values.  Use a Venn Diagram like the one below to compare and contrast these two methods. 
[image: ]
 
 
Section 4
Proportions and Similar Figures
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Shelby's father is a former Olympic swimmer. He loves swimming, but he cannot build an Olympic sized swimming pool in his backyard because he does not have the space. He decides to build a smaller pool that is similar to the dimensions of an Olympic pool. An Olympic pool has a length of 50 meters and a width of 25 meters. His pool has a length of 25 meters. What is the width of his pool?
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Learning Goals 
I can use proportions to find a missing length in similar figures.
 
Standards
7.A.2.2  Solve multi-step problems involving proportional relationships involving distance-time, percent increase or decrease, discounts, tips, unit pricing, similar figures, and other real-world and mathematical situations.
7.A.2.3  Use proportional reasoning to solve real-world and mathematical problems involving ratios.
7.A.2.4  Use proportional reasoning to assess reasonableness of solutions.
 
Vocabulary
	Similar figures

 
Lesson Content
Part 1: Similar Figures
Similar figures are two figures with the same shape, but not necessarily the same size.  In similar figures, corresponding angles are congruent, or equal, and corresponding sides are proportional.  This means that the side lengths will all create equivalent ratios.  It helps to think about similar figures as enlarging or shrinking the same shape, just like you can enlarge or shrink photos on a computer.  
Each of these pairs represent similar figures:
[image: ]
These figures are not similar.  All of the blue figures are triangles but they aren’t similar figures because the angles are not the same, and the sides are not proportional.  The same is true for the green quadrilaterals. 
[image: ]
	Example 1:  △ABC is similar to △DEF.  What are the corresponding sides and angles in these figures?
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Begin by listing the three sides and angles of △ABC
	AB¯
	BC¯
	AC¯
	∠A
	∠B
	∠C

 Next, identify the sides and angles in △DEF that are in the same position in△ABC.  Use the symbol ~ to show similar sides and ≅ to show congruent angles.  Remember that corresponding sides are similar and corresponding angles are congruent. 
AB¯∼DE¯BC¯∼EF¯AC¯∼DF¯		∠A≅∠D∠B≅∠E∠C≅∠F
Example 2:  The triangles below are similar.  What are the corresponding sides and angles in these figures?
[image: ]
Did you notice that the second triangle is rotated differently than the first?  In cases like this it is very important to pay attention to the actual angle measures.  We know that ∠J does not correspond to ∠N because the angle measures are not the same.  Corresponding angles are congruent, which means ∠J corresponds with ∠M.  We can use the corresponding angles to identify the corresponding sides.
Here are the corresponding sides and angles for these figures:
JK¯∼MN¯KI¯∼ML¯IJ¯∼LN¯		∠J≅∠M∠K≅∠N∠I≅∠L
[image: ]
Part 2: Proportions with Similar Figures
You can write ratios to compare the lengths of corresponding sides of similar figures.  
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First, identify the corresponding sides of these two similar triangles, then place the first side in the numerator and the corresponding side in the denominator.  
LMOP=LNOQ=MNPQ
These ratios are written as a proportion, or three equivalent ratios. Remember that there is a relationship between the corresponding sides because they are parts of similar triangles.
Substitute the given measurements into the proportion to verify that the corresponding sides are proportional. 
63=84=42
There is a pattern with the ratios of corresponding sides. You can see that the measurement of each side of the first triangle divided by two is the measure of the corresponding side of the second triangle.  Use patterns like this to problem solve the length of missing sides of similar triangles.
Example 1:  △EFG is similar to △JKL.  Write and solve a proportion to determine the length of  JK¯.
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To begin, identify the corresponding sides.
EFJK=FGKL=GELJ
	Since we don’t have any measurements for GELJ we won’t use it for our proportion.  Substitute the given measurements into the proportion EFJK=FGKL.
EFJK=FGKL5x=46
Now that we have a proportion, solve using cross products.
5x=46(x)(4)=(6)(5)4x4=304x=7.5
The length of  JK¯ is 7.5 inches.
Watch this video to see an example of using proportions to solve for a missing side length.
This device does not support the video at this location
Video can also be found at https://www.youtube.com/watch?v=jgwwj1dLNSM
Making Connections
Take another look at the problem at the beginning of this section.  How could you solve it using proportions?
Shelby's father is a former Olympic swimmer. He loves swimming, but he cannot build an Olympic sized swimming pool in his backyard because he does not have the space. He decides to build a smaller pool that is similar to the dimensions of an Olympic pool. An Olympic pool has a length of 50 meters and a width of 25 meters. His pool has a length of 25 meters. What is the width of his pool?
Solution: Think about the given information in this problem.
	An olympic pool has a length of 50 meters and a width of 25 meters.
	Shelby’s pool has a length of 25 meters.

Write a proportion using the given information.  If it helps you, draw a quick sketch of the similar figures (in this case, rectangular swimming pools).
5025=25w
Next, use cross products and solve the proportion. 
 5025=25w(25)(25)=(w)(50)62550=50w5012.5=wor w=12.5
The backyard pool has a width of 12.5 meters.
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Lesson Summary
	In similar figures, corresponding sides are proportional.
	You can use proportions to determine missing side lengths in similar figures. 

 
Check for Understanding
Each of the following pairs are similar.  Set up and solve a proportion to determine each missing length.
	What is the length of JK¯?
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	What is the length of LO¯? 
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	What is the length of AB¯? 
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	What is the length of BC¯?

[image: ]
Use the following figure and information for #5-6.
[image: ]
Given:  JK¯=15 inchesKI¯=12 inchesJI¯=8 inches		MN¯=10 inches  
	What is the length of LN¯?
	What is the length of ML¯?
	Use the following information to label the figure below, and the set up and solve a proportion to determine the height of the tree.

[image: ]
A man is 65.5 inches tall.  He is casting a shadow that is 70 inches long.  He is standing next to a tree that is casting a shadow that is 120 inches long.  How tall is the tree in feet?
 
Review and Reteach
Watch this video for more about setting up and solving proportions with similar figures.
This device does not support the video at this location
Video can also be found at https://www.youtube.com/watch?v=JfqLblHox3o
 
Explore More
[image: ]Real-World Application:  Click here to read about similar figures are used in real life through scale models.
 
 
Section 5
Calculating Percents
[image: ]
	Taylor took her little brother Max to the Candy Shop.  Taylor gave Max a small bag to put some candy in. She figured he would take a few pieces, but ended up with a whole bunch of candy.
“How many did you take?” Taylor asked him looking in the bag.
“I took 40 pieces,” Max said grinning. “I won’t eat it all now. I will save some for later.”
Taylor looked into the bag. There were 10 candy canes, 16 peanut butter cups and a whole bunch of jelly beans.
She gave Max the bag and watched him walk away chewing.
Think about the candy in Max’s bag.  What percent of Max’s bag is made up of candy canes?  What percent of his bag is made up of peanut butter cups?
	[image: ]
Learning Goals 
I can calculate percents.
 
Standards
7.A.2.2  Solve multi-step problems involving proportional relationships involving distance-time, percent increase or decrease, discounts, tips, unit pricing, similar figures, and other real-world and mathematical situations.
7.A.2.3  Use proportional reasoning to solve real-world and mathematical problems involving ratios.
7.A.2.4  Use proportional reasoning to assess reasonableness of solutions.
 
Vocabulary
	Percent

 
Lesson Content
Part 1: WRITING PERCENTS
	A percent is a ratio that compares a part of something to the whole.  We can write a percent as a fraction with a denominator of 100.  One of the most common places to see percents is your grades.  For example, when you earn an 84% on a test, you are earning 84 out of 100 possible points, or 84100.
Fractions, decimals, and percents are all ways to show a part of something.  For example, if I am eating half of a cookie, I can represent that as 12, 0.5, or 50%.  
	Example 1:  What is 15100 written as a percent?
Since a percent is always a comparison of a part out of 100, fractions with 100 in the denominator are easy to convert to percents.  
15100=15%
Example 2:  What is 34 written as a percent?
	We can use a proportion to create equivalent ratios when 100 isn’t in the denominator.   A percent is out of 100, so the second ratio can be written as x100
34=x100
Solve the proportion to determine the value of x.
34=x100(4)(x)=(100)(3)4x4=3004x=75
Since x=75, we can rewrite 34 as the equivalent ratio 75100.  We can easily convert this ratio to a percent. 
75100=75%
Example 3: What is 0.55 written as a percent?
0.55 is read as “fifty-five hundredths.”  We can write this as a fraction, 55100.
55100=55%
 
Part 2: Using Proportions to Determine Parts, Wholes, and Percents
	Look at this proportion:  partwhole=%100
We can use this setup to solve problems such as “What percent of 40 is 8?”
	That may sound a little tricky, but if you get used to thinking in this way, you will find that this proportion is very helpful.  There are some tricks to identifying which numbers are the part, whole, and percent.
	% will say “percent” or be marked with a percent symbol.  In this example, the percent is the unknown value since it says “what percent.”
	the part can usually be identified by the word “is.”  In this example, the part “is 8” 
	the whole can usually be identified by the word “of.”  In this example, the whole is “of 40.”

Using this information, substitute each value into the proportion.
840=x100
Solve for x using cross products.
840=x100(40)(x)=(100)(8)40x40=80040x=20
8 is 20% of 40. 
 
Example 4:  64 is what percent of 80?
To begin, identify the part, whole, and percent in this problem.
	% will say “percent” or be marked with a percent symbol.  In this example, the percent is the unknown value since it says “what percent.”
	the part can usually be identified by the word “is.”  In this example, the part is “64,” even though the word “is” comes after it in the problem. 
	the whole can usually be identified by the word “of.”  In this example, the whole is “of 80.”

Using this information, substitute each value into the proportion.
6480=x100
Solve for x using cross products.
6480=x100(80)(x)=(100)(64)80x80=640080x=80
64 is 80% of 80. 
 
Example 5:  65% of 54 is what?
To begin, identify the part, whole, and percent in this problem.
	% will say “percent” or be marked with a percent symbol.  In this example, the percent is “65%.”
	the part can usually be identified by the word “is.”  In this example, the part is the unknown value because it says “is what.” 
	the whole can usually be identified by the word “of.”  In this example, the whole is “of 54.”

Using this information, substitute each value into the proportion.
x54=65100
Solve for x using cross products.
x54=65100(54)(65)=(100)(x)3510100=100x100x=35.1
65% of 54 is 35.1.
 
Example 5:  20 is 25% of what number?
To begin, identify the part, whole, and percent in this problem.
	% will say “percent” or be marked with a percent symbol.  In this example, the percent is “25%.”
	the part can usually be identified by the word “is.”   In this example, the part is “20,” even though the word “is” comes after it in the problem. 
	the whole can usually be identified by the word “of.”  In this example, the whole the unknown value since it says “of what number.”

Using this information, substitute each value into the proportion.
20x=25100
Solve for x using cross products.
20x=25100(x)(25)=(100)(20)25x25=200025x=80
20 is 25% of 80.
 
Making Connections
Take another look at the problem at the beginning of this section.  How could you solve it using proportions?
	Taylor took her little brother Max to the Candy Shop.  Taylor gave Max a small bag to put some candy in. She figured he would take a few pieces, but ended up with a whole bunch of candy.
“How many did you take?” Taylor asked him looking in the bag.
“I took 40 pieces,” Max said grinning. “I won’t eat it all now. I will save some for later.”
Taylor looked into the bag. There were 10 candy canes, 16 peanut butter cups and a whole bunch of jelly beans.
She gave Max the bag and watched him walk away chewing.
Think about the candy in Max’s bag.  What percent of Max’s bag is made up of candy canes?  What percent of his bag is made up of peanut butter cups?
Solution:  Let’s start with candy canes. There are 10 candy canes out of 40 pieces of candy.  We can think of this as “What percent is 10 out of 40?”
1040=x100
Solve the proportion to determine what percent of the bag is candy canes.
1040=x100(40)(x)=(100)(10)40x40=100040x=25
25% of the bag is candy canes.
Next, let’s look at the peanut butter cups. 16 out of 40 are peanut butter cups.  Think of this as “What percent is 16 out of 40?”
1640=x100
Solve the proportion to determine what percent of the bag is candy canes.
1640=x100(40)(x)=(100)(16)40x40=160040x=40
40% of the bag is peanut butter cups.
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Lesson Summary
	You can use a proportion to determine a percent.

 
Check for Understanding
Use a proportion to find each percent.
	What percent of 48 is 12?
	15% of 50 is what number?
	99 is 110% of what number?
	What percent of 75 is 25?
	98% of 200 is what number?
	60 is 55% of what number?
	What is 20% of 55.75?
	20% of 65.5 is what number?
	What is 200% of 67?
	What percent of 88 is 11?

 
Review and Reteach
What this video to learn more about using a proportion to find a missing whole (or total).
This device does not support the video at this location
Video can also be found at https://www.youtube.com/watch?v=HxEQxS0QSwg&list=PLkQXrD7ZVtbVxPBI58OrbSFwX3tcLhExr
What this video to learn more about using a proportion to find a missing percent.
This device does not support the video at this location
Video can also be found at https://www.youtube.com/watch?v=Uf-Rl1e2I4Q&index=2&list=PLkQXrD7ZVtbVxPBI58OrbSFwX3tcLhExr
 
Explore More
Challenge Problems:  Apply your knowledge of percents to solve the following problem.
Emily has a coupon for 20 percent off of her purchase at the store. She finds a backpack that she likes on the discount rack. Its original price is $60 but everything on the rack comes with a 30 percent discount. Emily thinks thirty percent and twenty percent make fifty percent, so the backpack will cost $30.
	1.	Is Emily correct? Explain.
	2.	What price will Emily pay for the backpack?
Click here to check your answer.
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Section 6
Applying Percents
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	Penny wants a new television.  The TV she wants is sold at Best Buy and Walmart, and each store has the TV on sale right now.   At Best Buy, the TV costs $399 with 25% off of every television purchase.  At Walmart, the TV is on sale for $299. Which store has the better deal?
	[image: ]
Learning Goals 
I can calculate markups and discounts.
I can calculate tips and tax.
I can calculate percent increase and percent decrease.
 
Standards
7.A.2.2  Solve multi-step problems involving proportional relationships involving distance-time, percent increase or decrease, discounts, tips, unit pricing, similar figures, and other real-world and mathematical situations.
7.A.2.3  Use proportional reasoning to solve real-world and mathematical problems involving ratios.
7.A.2.4  Use proportional reasoning to assess reasonableness of solutions.
 
Vocabulary
	Markup
	Discount
	Tax
	Tip
	Percent Increase
	Percent Decrease

 
Lesson Content
Part 1: Percent of Change
Watch this video to learn how to calculate the percent of increase or decrease.
This device does not support the video at this location
Video can also be found at https://www.youtube.com/watch?v=Y3clpgErLgo
Part 2: Markups and Discounts
	In most things you purchase, percents are used to calculate a markup, discount, tax or tip. You can apply your understanding of proportions and percents to calculate each of these amounts.
	Most companies are in business to make a profit.  Stores that sell you products like hairspray, potato chips, and video games buy those products from suppliers, and then the stores sell them to you.   In most cases, store owners figure out how much each items costs them, and then they increase the cost for the public.  The public cost is known as a retail price.  This is how businesses are able to make a profit. 
Companies have to study the market and their spending in order to calculate the best price to charge.  If they charge the public too much, no one will buy their items.  If they make things too inexpensive, their company won’t make any money.  After studying the market, they decide on a markup—a percent by which they will increase the wholesale price to get the retail price.  
Example 1:  A grocery store sells toothpaste. They buy the toothpaste from a supplier for $1.10 per tube; this is the wholesale price.  The store has a brand new case of 200 tubes of toothpaste.  In order to make a profit, they increase the price up by 65%; this is their markup.  What is the retail price for a tube of toothpaste?
In order to calculate the retail price, we need to determine the amount of the markup.  We know that the whole sale price, $1.10, will be increased by 65%.  We can think of this as “What is 65% of $1.10?”
Set up and solve a proportion to determine how much the price will increase.
partwhole=%100
x1.10=65100(1.10)(65)=(100)(x)71.5100=100x100x=0.715
To calculate the markup, add the amount of the increase to the original price.
1.10+0.715=1.815
When talking about money, we always round to the nearest hundredth.  The retail price of a tube of toothpaste is $1.82.
Example 2: A florist gets a dozen roses for $15. She charges a markup of 120%. What is the retail price of a dozen roses?
To begin, determine the amount of the markup.  We can think of this problem as “What is 120% of $15?”
Set up and solve a proportion to determine how much the price will increase.
partwhole=%100
x15=120100(15)(120)=(100)(x)1800100=100x100x=18
To calculate the markup, add the amount of the increase to the original price.
15+18=33
The retail price of a dozen roses is $33.
 
The opposite of a markup is a discount.  Instead of increasing a price, a discount reduces the cost of an item by subtracting from the retail price.  
Example 3: Tracy went shopping for a new pair of sneakers. She found a blue pair that was $58. The sign said that they were 15% off the original price. How much is the discount? How much did Tracy end up paying for the sneakers?
Begin by calculating the amount of the discount.  Think of this problem as “What is 15% of $58?”
Set up and solve a proportion to determine how much the price will decrease.
partwhole=%100
x58=15100(58)(15)=(100)(x)870100=100x100x=8.7
The discount is $8.70.
To calculate the final price of the sneakers, subtract the amount of the discount from the original price.
58-8.7=49.3
The sale price of the sneakers is $49.30.
 
Part 3: Tax and Tips
	On most products that you purchase, stores also charge you a sales tax.  This tax is a percent increase determined by the government.  This money is paid to the government so that they can provide services to the people.  In Oklahoma City, the sales tax rate is 8.375%.
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Example 4:  The cost of a dozen roses is $33 plus tax.  Using the Oklahoma City tax rate, what is the total price for the roses?
In order to determine the total price, you need to calculate the amount of the sales tax.  You can think of this problem as “What is 8.375% of $33?”
Set up and solve a proportion to determine the amount of the sales tax.
partwhole=%100
x33=8.375100(33)(8.375)=(100)(x)276.375100=100x100x=2.76375
When talking about money, we always round to the nearest hundredth.  The sales tax for the roses is $2.76.
To calculate the final price of the roses, add the amount of the sales tax to the original price.
33+2.76=35.76
The final price of the roses is $35.76.
 
A tip is an amount of money that is given to a worker such as a waiter or waitress or taxi-cab driver.  A tip is usually given voluntarily as a way of saying thank you for good service.  The most common amount for a tip is 15%.
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Example 5:  Mr. Lebsack took his wife out to eat for their anniversary.  The total bill, including tax, came out to $35.83.  Mr. Lebsack wants to include a 15% tip for the waitress when he pays.  How much will the tip be?  What is the total cost for the meal, including the tip?  
We can think of this problem as “What is 15% of $35.83?”
Set up and solve a proportion to determine the amount of the tip.
partwhole=%100
x35.83=15100(35.83)(15)=(100)(x)537.45100=100x100x=5.3745
The tip will be $5.37.  The total cost for the meal will be $41.20.
 
Making Connections
Take another look at the problem at the beginning of this section.  How could you solve it using proportions?
Penny wants a new television.  The TV she wants is sold at Best Buy and Walmart, and each store has the TV on sale right now.   At Best Buy, the TV costs $399 with 25% off of every television purchase.  At Walmart, the TV is on sale for $299. Which store has the better deal?
Solution: In order to compare the prices, we need to determine the final price for the TV at Best Buy.  
We can calculate the discount by thinking of this problem as “What is 25% of $399?”
Set up and solve a proportion to determine the amount of the discount.
partwhole=%100
x399=25100(399)(25)=(100)(x)9975100=100x100x=99.75
The discount is $99.75.  We can determine the final price by subtracting the discount from the original price.
399-99.75=299.25
The final price at Best Buy is $299.25, which mean that Walmart has the better deal.
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Lesson Summary
	Proportions can be used to calculate markups, discounts, tax, and tips.

 
Check for Understanding
Determine the percent of increase or percent of decrease for each of the following:
	Last year, 67 students participated in Track at Cooper Middle School.  This year, there are 85 students participating in track.  What is the percent of increase for track participation?
	 In 2012 the average price for gas in the United States was $3.62.  The average gas price was $2.14 in 2016.  What is the percent of decrease for gas prices?
	When she first started running, Maddie could run a 5K (three miles) in 37.4 minutes.  Now she can run a 5K in 31.2 minutes.  What is the percent of change in her 5K times? 

Write and solve a proportion to answer each of the following problems.
	A computer game that is regularly $35 is on sale for 20% off.  What is the sale price of the game?
	The Johnson family went out for dinner.  Their bill, including tax, is $57.81.  Mr. Johnson wants to leave a 20% tip for the waiter.  How much tip will the waiter receive?
	Miss Wright is saving to buy her first house.  The house she wants cost $140,000 when she started saving, but the price recently increased by 15%.  What is the new price of the house?
	Valencia went shopping and purchased a dress for $22.50, a pair of jeans for $39.00, and a t-shirt for $12.99.  How much did Valencia spend including a sales tax of 8.375%?
	If a backpack was reduced to $30 and the original price was $40, what percent was the discount?
	Mr. Graham went out to dinner.  His bill, including tax, was $16.95, and he left $3.39 for the tip.  What percent of his total bill did he leave for the tip? 
	An electronics store is having a sale on all game systems.  Malik wants to buy a PlayStation while it’s on sale.  The original price is $399.99, but it is on sale for 15% off.  	What is the sale price of the PlayStation?
	How much is the PlayStation including an 8.375% sales tax?    



 
Review and Reteach
 
Watch this video to see more examples of calculating markups, discounts, and tax.
This device does not support the video at this location
Video can also be found at https://www.youtube.com/watch?v=teo5gZD7Sv4
 
Explore More
Challenge Problems:  Apply your knowledge of logic, percents and algebraic equations to solve the following problem, and then explain your reasoning in 3-5 sentences.
Kamarie bought a shirt on sale that was 20% less than the original price. The original price was $5 more than the sale price. What was the original price? 
Click here to check your answer.
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Unit 6
Geometry
[image: ]
 
Essential Questions
	How do you know when two points represent a reflection or translation?
	What are vertices?
	What are the effects of transformations on plane figures?
	How are locations of vertices of transformations effected on the coordinate plane?
	How do scale factors affect dilations?
	How are dilations different from translations and reflections?
	How do you use ratios to determine scale factor?
	How are proportions used to determine missing measures of similar figures?

 
Big Ideas
	  	Transformations can be shown on a coordinate plane.
		Scale factor is a proportional relationship.
		Proportions can be used to determine if two shapes are similar figures.
		Proportions can be used to determine missing measurements of similar figures.

 
Learning Goals
	I can I can graph translations on a coordinate plane.
	I can describe translations on a coordinate plane.
	I can graph reflections on a coordinate plane.
	I can describe reflections on a coordinate plane.
	I can determine the coordinates of the vertices of a figure after a transformation.
	I can recognize a dilation as an enlargement or reduction.
	I can determine the scale factor resulting from a dilation.
	I can use proportions to determine missing measures of similar figures.
	I can use proportions to determine if two figures are similar.
	I can use proportions, ratios, and scale factors to solve scale-drawing problems.

 
Vocabulary 
	Corresponding
	Dilation 
	Enlargement
	Indirect measurement
	Reduction
	Reflection
	Scale drawing
	Scale factor
	Similar figures
	Translation
	Vertices

 
Section 1
Similar Figures and Scale Factors
Learning Goals
	I can evaluate for scale factors and determine if similarity between two figures exists. 
	I can determine scale factors resulting from geometric dilations. 
	I can evaluate for a missing value when given similar triangles, rectangles, and polygons. 

 
Standards
7.GM.4.1  Describe the properties of similarity, compare geometric figures for similarity, and determine scale factors resulting from dilations.
 
Vocabulary
	Dilation
	Enlarge/Magnify 
	Polygon
	Proportion
	Reduce
	Scale Factors
	Similar Figures
	Similarity

 
Introductory Activity
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Shelby is a former Olympic swimmer. She loves swimming, but she cannot build an Olympic sized swimming pool in her backyard because she does not have the space. She decides to build a smaller pool that is similar to the dimensions of an Olympic pool. An Olympic pool has a length of 50 meters and a width of 25 meters. Shelby’s pool has a length of 25 meters. What is the width of her pool?
 
In this concept, you will learn how to determine scale factors and similarity. In addition, you will learn how to find the unknown measures of similar figures.
 
Determining Similarity with Scale Factors
Similar polygons are two polygons with the same shape, but not the same size. 
 
Similar polygons have corresponding angles that are congruent, and corresponding sides that are proportional. A polygon is simply a shape with three or more sides that connect. 
 
Think about similar polygons as enlarging or shrinking the same shape. The symbol ∼ is used to represent similarity. Specific types of triangles, quadrilaterals, and polygons will always be similar. For example, all equilateral triangles are similar and all squares are similar. 
 
If two polygons are similar, we know the lengths of corresponding sides are proportional. In similar polygons, the ratio of one side of a polygon to the corresponding side of the other is called the scale factor. 
 
Example 1-
Figure ABCD and Figure UVWX are below. Are these two rectangles similar?
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If two figures are similar, the sides must be proportional.
Let’s see if the sides are proportional. 
 
To determine if the sides are proportional, we will solve for each rectangle’s scale factor. 
	812=23
	1824=34 

 
 23≠34 
The sides are not proportional; thus, the rectangles are not similar.
 
Example 2-
Triangles ABC and QRX are shown below. Evaluate for similarity. 
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If two figures are similar, the sides must be proportional.
Let’s see if the sides are proportional. 
 
To determine if the sides are proportional, we will solve for each rectangle’s scale factor. 
	918=12
	1224=12 

 
 12=12
The sides are proportional, and the triangles are similar.
 
Example 3-
Figure TUVW ∼ Figure BCDE. Determine the scale factor. 
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To evaluate for the two figures’ scale factor, we need to determine the ratio between sides:
	39=13
	927=13 

 
When we simplify the ratio, we find that both figures have a scale factor of 13 . 
 
Using Scale Factors in Geometric Dilations
Two figures are similar if they are the same shape but not necessarily the same size. One way to create similar figures is by dilating. A dilation makes a figure larger or smaller, but the new resulting figure has the same shape as the original.
 
Dilation is the enlargement or reduction of a figure that preserves shape but not size. All dilations are similar to the original figure.
	If the dilated image is smaller than the original, then 0< scale factor <1.
	If the dilated image is larger than the original, then the scale factor >1.

 
Example 1-
Apply a scale factor of 4 to the figure below.
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Applying the scale factor will result in a dilation of the original rectangle. We can determine the dilated figures dimensions through multiplying the original by 4. 
 
Since the scale factor is larger than 1, the dilated figure will be larger than the original.  
	2⋅4=8
	3⋅4=12

 
Therefore, the dilated rectangle will have the dimensions shown below. [image: ]Example 2-
Apply a scale factor of 12 to the figure below.
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Applying the scale factor will result in a dilation of the original triangle. 
 
We can determine the dilated figure’s dimensions through multiplying the original by 1/2. 
	Another way to think of this is the dilated figure will be “one half” the size of the original. To find half of a value, you can divide by 2.  

 
Since the scale factor is less than 1, the dilated figure will be smaller than the original.  
	12÷2=6
	16÷2=8

 
Therefore, the dilated triangle will have the dimensions shown below. 
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Determine Missing Values of Similar Figures Using Scale Factors & Proportions
In an earlier unit, you learned how to solve for a variable within a proportion, and how to apply this knowledge when given a similar figure. Below we will review that process as it pertains to geometric transformations and real-world applications. 
 
If you know the length of a side in one figure, you can use the scale factor to find the measure of the corresponding side in a similar figure. Let’s see how this works.
 
Example 1-
Side AB in Triangle ABC corresponds to Side XY in the smaller Triangle XYZ. Side XY is 4 meters long, and the scale factor is 6. What is the measure of Side AB?
 
You have been told that two sides, AB and XY, are corresponding. This means they are in the same position (or spot) of the triangles. Below is a visual representation of the scenario. 
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Side XY is 4 meters long, and the scale factor tells you that Side AB will be six times longer. 
 
Let’s write this out and solve:
	Side XY ·  scale factor= Side AB
	4⋅6=24
	Side AB = 24 m

 
Side AB must have a length of 24 meters.
 
Example 2-
In the figures below, EFG ∼ XYZ
Based on the dimensions in the diagrams, what is the measure of FG?
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To find the measure of FG, set up a proportion to solve for the missing side.
	FG= x
	x4=3612

 
Next, cross multiply.
	x4=3612
	12x=144

 
Then, solve for x.
	12x=144
	12x÷12=144÷12
	x=12

 
The length of FG is 12 in. 
 
Example 3-
The rectangles shown are similar. What is the value of x?
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First, set up a proportion to solve for the missing side.
	3913=12x

 
Next, cross multiply.
	3913=12x
	39x=156

 
Then, solve for x.
	39x=156
	39x÷39=156÷39
	x=4

 
Thus, the missing side has a measure of 4.
 
Example 4-
In the diagram below Figure ABC ∼ Figure DEF. 
Complete the proportion given. 
 ABDE=CB?
[image: ]
 
To complete the proportion, we need to determine which side of Triangle DEF corresponds with Side CB. 
 
We can see that Side AB and Side DE are corresponding. 
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Which side is corresponding with CB on the larger triangle? This means, which side is in the same place as Side CB?
[image: ]
 
We can see that Side FE corresponds with Side CB. 
Therefore, the missing side in the proportion above is FE. 
 ABDE=CBFE
 
Lesson Summary
	Similar polygons are two polygons with the same shape, but not the same size

	The symbol ∼ is used to represent similarity

	In similar polygons, the ratio of one side of a polygon to the corresponding side of the other is called the scale factor. 
	To determine similarity, you need to see if the sides of the given figures are proportional. 

	This is done by solving for each figure’s scale factor.
	If scale factors are equal, the polygons are similar.
	If the scale factors are not equation, to polygons are not similar. 

	A dilation makes a figure larger or smaller, but the new resulting figure has the same shape as the original.

	All dilations are similar to the original figure.
	If the dilated image is smaller than the original, then 0< scale factor <1.
	If the dilated image is larger than the original, then the scale factor >1.

	To solve for a missing side when given similar figures-

	Set up a proportion
	Cross multiply
	Solve for the variable

 
Check for Understanding
Determine if the figures below are similar.
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For the shapes below, find the scale factor of the smaller figure to the larger figure. 
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Evaluate to find the missing side lengths of the similar figures shown below. 
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Complete the proportions for the figure shown below.
HIK J∼ LMNO
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	JKON=?LO
	LMHI=?IK

 
Making Connections
In this lesson’s introductory activity, you read about Shelby. Below is a recap of the scenario. 
 
Shelby is a former Olympic swimmer. She loves swimming, but she cannot build an Olympic sized swimming pool in her backyard because she does not have the space. She decides to build a smaller pool that is similar to the dimensions of an Olympic pool. An Olympic pool has a length of 50 meters and a width of 25 meters. Her pool has a length of 25 meters. What is the width of her pool?
 
Click below to show how we can apply our knowledge of similarity and proportions to find the width of the Shelby’s pool!
[image: ] 
Review and Reteach
For a review on how to solve proportions, watch the video below.
[image: ] 
To review similarity and scale factors, watch the video below.
[image: ] 
To review how to dilate a figure when given a scale factor, watch the video below. 
[image: ] 
Complete the practice below to show your mastery of proportions, similar figures, and scale factors!
[image: ] 
Complete the practice below to show your understanding of dilations!
[image: ] 
Explore More
Interact with the PLIX below to see how similarity and dilations can have real-world applications in the realm of graphic design!
[image: ] 
[image: ] 
Sources
	CK-12
	Khan Academy
	YouTube
	Pixabay

Section 2
Scale Drawings, Scale Factors, and Proportions
Learning Goals
	I can apply my knowledge of proportions, ratios, and scale factors to solve problems involving scale drawings. 

 
Standards
7.GM.4.1  Describe the properties of similarity, compare geometric figures for similarity, and determine scale factors resulting from dilations.
7.GM.4.2  Apply proportions, ratios, and scale factors to solve problems involving scale drawings and determine side lengths and areas of similar triangles and rectangles.
 
Vocabulary
	Proportion
	Scale Drawings
	Scale Factors
	Similarity
	Congruent

 
Introductory Activity
[image: ]
Maddie is at a miniature exhibit. There is a model of a skyscraper. Underneath the model was a ratio. It said:
1in30ft
 
If the model is 38 inches tall, how can Maddie use this information to find the actual height of the skyscraper?
 
In this concept, you will learn how proportions are used to find actual scale dimensions using a scale ratio (scale factor). The use of scale drawings has numerous real-world applications, and you will learn how to apply your skills to problems you might encounter throughout life!
 
Using Proportions to Find Dimensions from Scale Drawings
A scale is a ratio that shows the relationship between the representation of an object and the real measurement of an object. Toy makers use scale ratios to make models of cars and airplanes that are proportional to the real thing. Architects use scale drawings to plan the design of buildings.
 
A scale drawing is a drawing that is used to represent an object that is too large to be drawn in its actual dimensions. If a drawing is to scale, you can use proportions to determine the actual dimensions of the scale drawing.
 
Let’s look at a scale drawing of a sculpture. 
 
Example 1-
[image: ]
In the drawing, the sculpture is 4 inches tall. 
The scale is 1 inch : 4 feet. 
Its scale can be written as:
1in4ft
 
A drawing with this scale tells you that 1 inch on paper is equal to 4 feet in real life. If the drawing is 4 inches tall, use the scale to find the actual height of the sculpture.
 
First, create a proportion using equivalent ratios. 
	Remember to write the corresponding units in the numerator and in the denominator. 
	The actual height of the sculpture is represented by the variable x.

 
 1in4ft=4inx
 
Then, cross multiply and simplify the equation to find the value of x.
 1x=16
 x=16ft
The sculpture will be 16 feet tall.
 
Example 2-
The scale on a map is 1 in = 20 miles. Marcus is taking a trip, and the distance he is traveling is 2.5 in on the map. How far will Marcus be traveling in real life?
 
First, we see the scale given is 1 in = 20 miles. 
This can be written as:
 1in20miles
 
Next, write a proportion with the given values. 
	Remember to place the corresponding units in the numerator and denominator. 
	This means since inches in the numerator of one fraction, it needs to be in the numerator of the other fraction. 
	Our unknown, or x, is the distance Marcus will be traveling in miles.

 
 120=2.5x
 
Now, cross multiply and solve for x. 
 1x=50
 x=50miles
 
Thus, Marcus will be traveling a total of 50 miles. 
 
Example 3-
A scale drawing of a car is ½ inches height. The actual height of the car is 5 ft. What is the scale for the drawing to the actual height of the car?
 
In this problem, we are given a ratio between a drawing of a car and the actual car and asked to determine the scale ratio used.
 
Here, are the steps for determining the scale ratio:
Set up a fraction with inches as the numerator and feet as the denominator
 0.5in5ft
 
Now, create a proportion where the corresponding inches measurement is 1 and the corresponding feet measurement is our unknown (or x). 
 0.55=1x
 
 
Then, cross multiply and solve for x. 
 0.5x=5
 12x=5
 x=10
 
After having solved for x, we can plug it back into our ratio to see:
 1in=10ft
 
Example 4-
Two cities are 214 inches apart on a map, and 225 miles apart in real life. What is the scale for distance on a map to distance in real life?
 
First, set up a fraction with distance on the map as the numerator and distance in real life as the denominator. 
 2.25inches225miles
 
Now, create a proportion where the corresponding distance in inches is 1 and the corresponding distance in miles is our unknown (or x)
 2.25225=1x
 
Then, cross multiply and solve for x.
 
 2.25x=225
 x=100
 
Now we can see the scale ratio comparing distance on a map to distance in real life is:
 1in100miles
 
Lesson Summary
	A scale is a ratio that shows the relationship between the representation of an object and the real measurement of an object.
	To solve problems involving scale ratios: 

	Set up a proportion labeling x as the unknown value (either an unknown quantity or an unknown part of the scale ratio). 
	Cross multiply and solve for x. 

 
Check for Understanding
Find the actual dimension.
	The scale of the drawing shows that 1 inch = 5 feet. If the drawing shows the height of the building as 5 inches, how tall is the actual building?
	The scale of the drawing shows that 2 inches = 10 feet. If the drawing shows the height of the building as 8 inches, how tall is the actual building?
	The scale of the drawing shows that 1 inch = 3 feet. If the drawing shows the height of the tree as 9 inches, how tall is the tree?
	The scale of the drawing shows that 2 inches = 7 feet. If the drawing shows that the height of the tree is 6 inches, how tall is the tree?

 
Find the scale dimension.
	The scale of the map shows that 1 inch = 50 miles. If the map shows that there is 5 inches between the two cities, what is the actual distance?
	The scale of the map shows that 4 inches = 200 km. If the map shows that there are 5 inches between the two cities, what is the actual distance between them?
	The scale of the room design shows that 1 inch = 2 feet. How big is the actual room if the design shows a square that is 5 inches wide?
	The scale of the room design shows 2 inches = 4 feet. How big is the actual room if the design shows a square that is 10 inches wide?

 
 
Making Connections
In this lesson’s introductory activity, you read about Maddie’s trip to a miniature exhibit. Below is a recap of the scenario. 
 
Maddie is at a miniature exhibit. There is a model of a skyscraper. Underneath the model was a ratio. It said:
1in30ft
 
If the model is 38 inches tall, how can Maddie use this information to find the actual height of the skyscraper?
 
Click below to show how we can apply our knowledge of scale ratios and proportions to the miniature model of a skyscraper!
[image: ] 
Review and Reteach
Watch the video below to review how to set up and solve proportions from a scale drawing!
[image: ] 
Complete the practice below to show your knowledge of proportions when applied to scale ratios!
[image: ] 
Explore More
Interact with the widget below to see how scale factors and ratios play a role in the similarity of figures.
[image: ] 
[image: ] 
Sources
	CK-12
	Khan Academy
	YouTube
	Geogebra
	Pixabay

Section 3
The Coordinate Plane
Learning Goals
	I can identify and use a coordinate plane. 

 
Standards
Prerequisite Skill
 
Vocabulary
	Coordinate Plane
	Order Pair
	Origin
	Quadrant
	x-Axis

	y-Axis

 
Introductory Activity
Kevin and his pen pal Charlotte are both creating maps of their neighborhoods to show each other what it looks like where they live. Kevin has decided to name the most important things on his map. He has decided to include his house, his school, the skate park and the library. Since Kevin lives close to each of these things, he is sure that he can draw them on a map.
 
Kevin has decided to use a coordinate grid to show each location. He wants to send Charlotte a key that will match each location with its accurate coordinates. Here is the grid that Kevin starts off with.
[image: ]Given this map, which coordinates should Kevin use to name each location?
 
In this lesson, you will review the basic components of a coordinate plane and practice plotting ordered pairs. 
 
The coordinate Plane
Previously, you have graphed ordered pairs. This concept will expand upon your knowledge of graphing ordered pairs to include vocabulary and the naming of specific items related to ordered pairs.
 
	An ordered pair is also called a coordinate.
	A two-dimensional (2-D) coordinate has the form (x, y).

 
The 2-D plane that is used to graph coordinates or equations is called a Cartesian plane or a coordinate plane. This 2-D plane is named after its creator, Rene Descartes. The Cartesian plane is separated into four quadrants by two axes. The horizontal axis is called the x-axis and the vertical axis is called the y-axis. The quadrants are named using Roman numerals. The image below illustrates the quadrant names.
[image: ]
 
 
(x, y)
The first value of the ordered pair is the x−value. 
	This value moves along the x−axis (horizontally). 

The second value of the ordered pair is the y−value. 
	This value moves along the y−axis (vertically). 

 
For Example,
Let's find the coordinates of the two points on the graph below:
[image: ]
 
In order to get to Q, we move three units to the right, in the positive x direction, then two units down, in the negative y direction. 
	The x- coordinate of Q is +3
	The y- coordinate of Q is –2.
	Q=(3,−2)

 
The coordinates of R are found in a similar way. 
	The x- coordinate is +5 (five units in the positive x direction). 
	The y- coordinate is –2 (two units in the negative y direction).
	R=(5,−2).

 
Example 2-
The coordinate plane below shows the following points. 
	3 to the left, and 5 down.
	4 up, and 1 to the left.
	2 to the right, and 2 down.

Give their coordinates.
[image: ]
The yellow point is the origin, from where you start. Following the instructions, we arrive at: 
	The red point (-3,-5)
	The blue point (-1,4)
	The green point (2,-2).

 
Lesson Summary
	A coordinate plane is formed by the intersection of a horizontal x-axis and a vertical y-axis.
	The first value of the ordered pair is the x-value. 

	This value moves along the x-axis (horizontally). 

	The second value of the ordered pair is the y-value. 

	This value moves along the y-axis (vertically).

	An ordered pair is written as (x, y)
	The point where the x-axis and y-axis meet is called the origin. 

	It is always located at (0,0) 

 
Check for Understanding
In 1 – 6, identify the coordinates of the given letter.
[image: ]
	D
	A
	F
	E
	B
	C

 
Graph the following ordered pairs on a coordinate plane. Identify the quadrant in which each ordered pair is located.
	(4, 2)
	(–3, 6)
	(4, –4)
	(–2, –3)
	(12,−3)
	(–3, 1)
	(−2,−6)
	(1, 4)

 
Making Connections
Earlier in the lesson, you read about Kevin and his task of making a map of his favorite places. Below is a recap of the scenario. 
 
Kevin and his pen pal Charlotte are both creating maps of their neighborhoods to show each other what it looks like where they live. Kevin has decided to name the most important things on his map. He has decided to include his house, his school, the skate park and the library. Since Kevin lives close to each of these things, he is sure that he can draw them on a map.
 
Kevin has decided to use a coordinate grid to show each location. He wants to send Charlotte a key that will match each location with its accurate coordinates. Here is the grid that Kevin starts off with.
[image: ]
Given this map, which coordinates should Kevin use to name each location?
 
Use the widget below to see how Kevin identifies the coordinate points for each location on his map!
[image: ] 
Review and Reteach
Watch the videos below to review how to graph points on a coordinate plane. 
[image: ] 
[image: ] 
Explore More
Use the widget below to see how the points and quadrants exist and can be labeled on a coordinate plane!
[image: ] 
Sources
	CK-12
	YouTube
	Geogebra
	Pixabay

Section 4
Transformations on the Coordinate Plane
Learning Goals
	I can graph and describe geometric transformations upon a coordinate plane. 

 
Standards
7.GM.4.3  Graph and describe translations and reflections of figures on a coordinate plane and determine the coordinates of the vertices of the figure after the transformation.
 
Vocabulary
	Coordinate Plane
	Ordered Pair
	Origin
	Quadrant
	Reflection 
	Rotation
	Transformation
	Translation
	x-Axis
	y-Axis

 
Introductory Activity
Cody and his Dad are working on building a clubhouse in his backyard. Cody is excited about the project and can’t wait to start building. Cody’s Dad has insisted that he draw a complete plan of the clubhouse. Cody did that and thought that they would be able to start, but then Cody’s Dad said that he wanted Cody to draw a plan of the backyard and where the clubhouse was going to be built. This made Cody a bit frustrated, but he decided to do it anyway in hopes that they could start building the clubhouse on the weekend. Cody decided to use a coordinate grid to map out the backyard. He drew the following plan and went to show his Dad.
[image: ]
Cody has created a scale where each unit on the coordinate grid represents 5 feet. The point on the grid at (4, -3) represents the back door of Cody’s house. His family has a large backyard, so the clubhouse is the perfect size. 
 
Cody brings his drawing to his Dad and shows him the plan for the clubhouse.
 
“That looks great, except the clubhouse needs to move to the right 10 feet. Your Mom wants to plant her garden right where the clubhouse is now. I think if you move it over 10 feet the drawing will work,” Dad explains.
 
Cody gets back to work. How can he draw the clubhouse if he moves it over 10 feet to the right? 
 
This lesson is all about transformation. Using a transformation, Cody can redraw the clubhouse. We’ll come back to this problem at the end of this lesson to help Cody with his work. In this lesson, you will learn how to execute the following skills:
	Identify transformations in the coordinate plane as translations (slides), reflections (flips), and rotations (turns).
	Graph paired transformations of figures given coordinates of vertices.
	Describe transformations as x- and y- coordinate changes.

 
Transformations on a Coordinate Plane
What is a transformation?
 
A transformation is the movement of a figure on the coordinate grid.
Figures can be transformed in three different ways: 
	Translation
	Reflection
	Rotation

 
Translations:
A translation is a slide of a figure. When a figure stays in the same position, and it is simply slid from one part of the coordinate grid to another part of the coordinate grid, we call it a translation.
 
Here is an example of a translation-
[image: ]You can see here that the figure was not changed at all. It simply slid from one point to another point.
 
Reflections:
A reflection is a flip of a figure. We think of reflections when we think about a mirror. One half is like the other half, but they are reflected. When we reflect a figure on the coordinate grid, we flip it. Figures can be flipped over the x-axis or over the y-axis. 
 
Here is an example of a reflection-
[image: ]Here you can see that the figure was reflected or flipped over the y-axis. Let’s look at an example where a figure was reflected over the x-axis.
[image: ]
Rotations-
A rotation is a turn. When you turn a figure on the coordinate grid, you are rotating the figure. We can rotate figures in terms of degrees. 
 
Let’s look at an example-
[image: ]Notice that the triangle was turned in each quadrant. Each turn is a rotation of the figure.
 
Graphing Transformations of Figures Given Coordinates of Vertices-
Previously in the lesson, we worked on identifying different transformations. We can also graph them using given vertices. 
 
Once you have graphed the figures, then you can identify whether you have a reflection, a rotation or a translation. Let’s begin.
 
Example 1-
Graph Figure ABC: 
	A(−1,5) 
	B(−1,1) 
	C(−3,3)

Then graph figure DEF:
	D(1,5) 
	E(1,1)
	F(3,3)

 
First, graph figure ABC, then graph DEF and compare the two figures. 
Here is a graph of the two figures.
[image: ]
In looking at these two figures, you can see that they represent a reflection.
 
Example 2-
Graph Figure JGHI: 
	J(1,1) 
	G(3,−2)
	H(6,−1) 
	I(6,2) 

Then graph figure LMNK:
	L(−1,2)
	M(1,−1)
	N(4,0)
	K(4,3)

 
Here is the graph of the two figures.
[image: ]
You can see that the two figures represent a translation or a slide.
 
Describing Transformations as x and y Coordinate Changes
We can describe translations by looking at how the x and the y coordinate have changed from one figure to the other corresponding figure. Let’s look at an example and then talk through this.
[image: ]Here we have two figures. We have triangle ABC and we have triangle A′B′C′. Triangle ABC is the figure that we started with. We translated or slid the figure and created A′B′C′.
 
We can describe this translation as the change in the x-value and as the change in the y-value.
 
We do that by writing the change in the coordinates of each vertex. This becomes an ordered pair of integers that expresses the translation.
 
Looking at the two figures, you can see that each vertex was moved +3 on the x-axis and -2 on the y-axis.
 
The ordered pair that expresses the change is (3, -2).
 
You can describe other transformations according to the change in x and y too.
 
Lesson Summary
	A transformation is the movement of a figure on the coordinate grid.

	Figures can be transformed in three different ways: a translation, a reflection, or a rotation.

	A translation is a slide of a figure.
	A reflection is a flip of a figure. We think of reflections when we think about a mirror.

	Figures can be reflected (or flipped) over the x-axis or over the y-axis.

	A rotation is a turn. When you turn a figure on the coordinate grid, you are rotating the figure.

 
Check for Understanding	
Identify each transformation as a translation, reflection, or rotation. 
[image: ]	[image: ][image: ]	[image: ][image: ]	[image: ]
Graph the image of the figure using the given transformation. 
 
[image: ]
Translate Triangle TEI one unit to the right and two units down. 
 
[image: ]
Translate Figure MYTQ 3 units to the right.
  
[image: ]
Reflect Figure ZDPM over the y-axis. 
 
[image: ]
Reflect Triangle TYI over the x-axis. 
 
Making Connections
Early in the lesson, we read about Cody and his plans for building a clubhouse in his backyard. Below is a recap of the scenario.
 
Cody and his Dad are working on building a clubhouse in his backyard. Cody is excited about the project and can’t wait to start building. Cody’s Dad has insisted that he draw a complete plan of the clubhouse. Cody did that and thought that they would be able to start, but then Cody’s Dad said that he wanted Cody to draw a plan of the backyard and where the clubhouse was going to be built. This made Cody a bit frustrated, but he decided to do it anyway in hopes that they could start building the clubhouse on the weekend. Cody decided to use a coordinate grid to map out the backyard. He drew the following plan and went to show his Dad.
 
[image: ]Cody has created a scale where each unit on the coordinate grid represents 5 feet. The point on the grid at (4, -3) represents the back door of Cody’s house. His family has a large backyard, so the clubhouse is the perfect size.
 
Cody brings his drawing to his Dad and shows him the plan for the clubhouse.
 
“That looks great, except the clubhouse needs to move to the right 10 feet. Your Mom wants to plant her garden right where the clubhouse is now. I think if you move it over 10 feet the drawing will work,” Dad explains.
 
Cody gets back to work. How can he draw the clubhouse if he moves it over 10 feet to the right? 
 
Click below to see how we can apply our knowledge of coordinate plane transformations to help Cody move his clubhouse 10 feet to the right!
[image: ] 
Review and Reteach
Watch the video below to review how transformations can occur on a coordinate grid.
[image: ] 
Show your knowledge of geometric transformations by completing the practice below!
[image: ] 
Explore More
Interact with the PLIX below to see how triangles can be translated, reflected, and rotated on a coordinate plane!
[image: ] 
[image: ] 
Sources
	CK-12
	YouTube
	Khan Academy
	Kuta Software
	Pixabay

Section 5
Dilations
[image: ]
In the 1800s, the average house was 20 × 40 feet, which means the average area was 800 square feet.  In order to create a model of a log cabin this size, you are going to use a scale factor of 1:16. What will be the dimensions of the model?
[image: ]
Learning Goals 
I can recognize a dilation as an enlargement or reduction.
I can determine the scale factor resulting from a dilation.
 
Standards
7.GM.4.1 Describe the properties of similarity, compare geometric figures for similarity, and determine scale factors resulting from dilations.
 
Vocabulary
	Dilation
	Enlargement
	Reduction
	Scale factor

 
Lesson Content
Part 1: Dilations and Scale Factors
	You can stretch or shrink a figure to create a new one. This is called a dilation. A dilation is a transformation created by a scale factor. You can create a dilation that is smaller (reduction) or larger (enlargement) than the original figure. Either way, a similar figure is created through a dilation.
	The scale factor is the ratio that determines the proportional relationship between the sides of similar figures.  For the pairs of sides to be proportional to each other, they must have the same scale factor.  In other words, similar figures have congruent angles and corresponding sides that are proportional.  With a scale factor of two, each side of the larger figure is exactly twice as long as the corresponding side in the smaller figure.
 
	Example 1: A figure has a side length of 3 feet. What would be the corresponding side length of the next figure if the scale factor were 4?
	You know the length of one of the sides of the first figure and you know the scale factor. To figure out the new length, you can multiply the scale factor times the first length.
3 × 4=12
	The length of the corresponding side of the second figure is 12 feet.
 
When you have an enlargement, a figure that is larger than the original, you have a scale factor that is greater than one.  If you have a reduction, a figure that is smaller than the original, you have a scale factor that is less than one or a fraction.
 
	Example 2:  A figure has a side length of 5 meters. What would be the corresponding side length of the new figure if the scale factor is 12?
	Take the given length of the first figure and multiply it by one-half. Remember multiplying by one-half is the same as dividing by 2.
5 × 12 = 52 = 2.5
	The length of the corresponding side of the new figure is 5/2 or 2.5 meters.
 
Part 2: Dilations on a Coordinate Plane
	Now that you understand dilations, you should be able to work with them on the coordinate plane. Once again, you will be using coordinate notation to describe the different dilations that are created on the coordinate plane.
[image: ]
Graphing dilations of geometric figures is actually fairly easy to do when you know the scale factor.  You simply multiply both coordinates for each vertex by the scale factor to produce new coordinates.
 
	Example 3: Make an enlargement of the rectangle above using a scale factor of 3. 
	To begin, you need to multiply each coordinate by 3.
(−2 x 3, −3 x 3), (−2 x 3, 3 x 3), (2 x 3, 3 x 3), (2 x 3, −3 x 3)
(−6, −9), (−6, 9), (6, 9), (6,−9)
	Now you can graph each of these new points on the coordinate plane.
[image: ]
 
You can also create a reduction with scale factor less than one. You create a reduction by multiplying each coordinate by the scale factor. This will give you the new coordinates of the figure.
	Example 4: Graph a reduction of the following figure if the scale factor is 12 .
[image: ]
	First, find the coordinates of the original figure.
(2,4), (8,−4), (−6,−2)
	Using the scale factor of 12, find the coordinates of the dilated shape. Remember that multiplying by 12 is the same as dividing by 2.
(2 ÷ 2, 4 ÷ 2), (8 ÷ 2, −4 ÷ 2), (−6 ÷ 2, −2 ÷ 2)
(1, 2), (4, −2), (−3,−1)
	Graph the new dilated shape.
[image: ]
 
Making Connections
Take another look at the problem at the beginning of this section.  
	In the 1800s, the average house was 20 × 40 feet, which means the average area was 800 square feet.  In order to create a model of a log cabin this size, you are going to use a scale factor of 1:16. What will be the dimensions of the model?
	 Solution: Begin with the actual dimensions of the log cabin. The log cabin has dimensions of 20 × 40 feet.
	You are using a scale factor of 1:16.  That means that the dilation will be a reduction. You need to multiply both dimensions by 116 .
20 × 116 = 1.25 feet
40 × 116 = 2.5 feet
	The scale model will be 1.25 feet wide and 2.5 feet long.
 
Lesson Summary
•   Dilations change the size of a figure.
•   Enlargements create a larger image than the original.
•   Reductions create a smaller image than the original.
•   The scale factor is the number measurements are multiplied by to achieve a dilation.​

Check for Understanding
Use each scale factor to determine the new dimensions of each figure.
	A triangle with side measures of 4, 5, 9 and a scale factor of 2.
	A triangle with side measures of 4, 5, 9 and a scale factor of 3.
	A triangle with side measures of 4, 5, 9 and a scale factor of 4.
	A quadrilateral with side measures of 4, 6, 8, 10 and a scale factor of 12.
	A quadrilateral with side measures of 12, 16, 20, 24 and a scale factor of 14.
	A quadrilateral with side measures of 4, 6, 8, 10 and a scale factor of 2.
	Find the scale factor of the pairs of similar figures below.

​
[image: ]
 
Review and Reteach
 
Watch a video on dilations here.
This device does not support the video at this location
Video also available at https://www.youtube.com/watch?v=kX5VN85p5M4 .
[image: ]Click here to practice graphing dilations.
[image: ]Click here to practice finding scale factors and classifying dilations.
 
Watch a video here about a superhero who uses dilations.
This device does not support the video at this location
Video can also be found at https://www.youtube.com/watch?v=0JCoSeFKW_Y .
 
Explore More
Real-World Application: Crime Investigations
[image: ]Click here to practice dilations.
[image: ]Click here to read “The CSI Effect.”
Unit 7
Measurement
[image: ]
 
Essential Questions
	What is perimeter?
	What is area?
	How do you find the perimeter and area of a composite figure?
	How do you find the area of a trapezoid?
	How do you calculate the area and circumference of a circle?
	How can you determine the surface area and volume of rectangular prisms?

 
Big Ideas
	Composite figures can be decomposed into rectangles, squares, and triangles to find their area and perimeter.
	The total area of a 2-dimensional composite figure is the sum of the areas of all the parts. 
	The surface area of a rectangular prism is the sum of the area of all six faces.​


Learning Goals
	I can find the area and perimeter of squares, rectangles, and triangles.
	I can determine the surface area of a rectangular prism.
	I can determine the volume of a rectangular prism.
	I can find the area of a trapezoid.
	I can find the perimeter of basic and composite figures.
	I can find the area of composite figures.
	I can explain the relationship between circumference, diameter, and pi.
	I can find the circumference of a circle.
	I can find the area of a circle.

 
Vocabulary 
	Area
	Base
	Circle
	Circumference
	Composite figure
	Diameter
	Height
	Length
	Net
	Perimeter
	Pi
	Radius
	Rectangle
	Rectangular prism
	Square
	Square unit
	Surface area
	Trapezoid
	Triangle
	Unit cube
	Volume
	Width

 
Section 1
Squares, Rectangles, and Triangles
[image: ]
Jessie saw this median as she rode to school. The height of each triangle in the median is 7 feet and the base is 5 feet. Jessie wondered about the area of each triangle. If there are seven triangles in a row, what is the total area of all seven triangles?
[image: ]
Learning Goals 
I can find the area and perimeter of rectangles, squares, and triangles.
 
Standards
Prerequisite Skill
 
Vocabulary
	Square
	Rectangle
	Triangle
	Area
	Perimeter
	Length
	Width
	Base
	Height

 
Lesson Content
part 1: squares and rectangles
	Finding the area and perimeter of rectangles and squares requires that you know the length and width. In the case of a square, these measurements are the same.  The area of a figure is the number of squares of the same size that it takes to fill the figure with no gaps and no overlapping. The area of a rectangle is the length times the width. 
	Example 1: If a rectangle is 4 inches long and 6 inches wide, what is the area?
[image: ]
	You can count the squares that make up the rectangle, or you can multiply 4 rows by 6 columns. There are 24 squares that measure one inch on each side that make up the rectangle.
 
	The formula for the area of a rectangle is A=lw , where l is the length and w is the width.
	Example 2: Find the area of the rectangle using the area formula.
 A=lw
 A=(6)(4)
 A=24in2
 
	Because the length and width of a square are the same, you can use the the formula A=s2 when s is a side of the square. 
	Example 3: If a square has a side of 7 ft, what is the area of the square?
[image: ]
 A=s2
 A=72
 A=49ft2
	There are 49 squares that measure one foot on each side that make up the square. The area of the square is 49 ft2.
 
	While area is amount of space inside a figure, the perimeter of a figure is the distance around the edges of the figure. Perimeter is found by adding all of the sides of a figure. For a rectangle, you need to know the length and the width, the same measurements you used for area.
	Example 4: Find the perimeter of the rectangle. 
[image: ]
	You can find the perimeter using the length of 4 inches and the width of 6 inches. You know that if one side is 4 inches, then the opposite side is 4 inches. It is the same with the 6 inches width.
P = 4 + 4 + 6 + 6 = 20 inches
 
	You can also use a formula for the perimeter of rectangles. That formula is P=2l+2w , where l is the length and w is the width.
	Example 5: Find the perimeter of the rectangle using the formula for perimeter.
[image: ]
 P=2l+2w
 P=2(4)+2(6)
 P=8+12
 P=20in.
 
	To find the perimeter of a square, add all the sides or use the formula P=4s , where s is the side of the square.
	Example 6: Find the perimeter of the square.
[image: ]
P=4s
 P=4(7)
 P=28ft.
 
Part 2: Triangles
	Triangles are a little different because you cannot fill a triangle with whole squares without altering them. But what if you thought of a triangle as part of another figure? What about a rectangle? Can you get a triangle from a rectangle? Look at the rectangle used already in this lesson. The triangle outlined in red is 12 of the whole rectangle.
[image: ]
	While you typically are told to use length and width as measurements of a rectangle, you can use base and height instead. Base and height are what you use for the measurements of a triangle. The base and height form a right angle. The base of this triangle is 6 inches and the height is 4 inches.
[image: ]
The formula for the area of a triangle is A=12bh  or A=bh2.
 
	Example 7: Find the area of the triangle above.
	Substitute the base and height into the formula, and simplify.
 A=12bh
 A=12(6)(4)
 A=3(4)
 A=12in2
	The area of 12 square inches makes sense because 12 is half of 24, and the triangle is half of the rectangle.
 
	Example 8: What is the perimeter of the triangle?
	Find the perimeter of a triangle by adding the three sides. For the purple triangle, the sides are 8 cm, 8 cm, and 10 cm.
[image: ]
P = 8 + 8 + 10
P = 26 cm
 
Making Connections
Earlier, you read about the interesting median Jessie saw on her way to school. Each of the seven triangles has a base length of 5 feet and a height of 7 feet. What is the total area of all of the triangles?
	First, substitute the values for the appropriate variables.
 A=12bh
 A=12(5)(7)
 A=17.5ft2
	Each triangle is 17.5 ft2, and there are 7 triangles.
 Totalarea=7(17.5)
 Totalarea=122.5ft2
	The total area of the 7 triangles in the median is 122.5 ft2.
 
Lesson Summary
	•	The area of a rectangle can be found with the formula A=lw . Perimeter can be found with P=2l+2w .
	•	The area of a square can be found with the formula A=s2 . Perimeter can be found with P = 4s.
	•	The area of a triangle can be found with the formula A=12bh . Perimeter can be found by adding the sides.
 
Check for Understanding
Find the area and perimeter of each rectangle or square.
	Rectangle: length = 10 in, width = 7.5 in
	Rectangle: l = 12 ft, w = 9 ft
	Rectangle: l = 14 cm, w = 11 cm
	Square with a side of 6 yd

Find the area of each triangle.
	Base = 10 in, Height = 4 in 

[image: ]
 
	6.  Base = 10 meters, Height = 10 meters
[image: ]
	7. Base = 5 ft, Height = 8.5 feet
[image: ]
 
Review and Reteach
Watch this video for help with the area of rectangles, squares, and triangles.
This device does not support the video at this location
Video can also be found at https://www.youtube.com/watch?v=xCdxURXMdFY.
[image: ]Click here to practice finding the area of squares and rectangles. 
[image: ]Click here to practice finding the area of right triangles.
[image: ]Click here to practice finding the area of triangles.
 
Explore More
[image: ]Click here to read about flying and triangles. Can you design a model of a flying machine that depends on a triangle?
Section 2
Trapezoids
[image: ]
Every day when Miguel rides his bike to the ball field at the University, he rides over a bridge. Since he sees it everyday, he usually doesn’t even think about it. He just rides his bike and ends up at the university.  One day when Miguel arrived at the bridge there were some workers repairing part of it. 
	“What are you doing?” he asked.
	“We’re restoring this side of the bridge. You know, this is a famous kind of bridge design called a Whipple truss bridge. It is in the shape of a trapezoid,” the first man said.	
	“Wow, I didn’t know that. How long is it?”
	“It is 300 feet long, 40 feet high and the top length is 270 feet.”
	“That is pretty cool. Well, I have to go. See you later,” Miguel said, riding off.
He kept thinking about that bridge the rest of the day. Later that week, Miguel went to the library and took out a book on the Whipple truss bridge and other types of bridges. He has decided to do some investigating.  If the workmen were fixing one side of the bridge, what is the area that they are fixing?
[image: ]
Learning Goals 
I can find the area of trapezoids.
 
Standards
7.GM.2.1 Develop and use the formula to determine the area of a trapezoid to solve problems.
 
Vocabulary
	Area
	Base
	Height
	Trapezoid

 
Lesson Content
Trapezoids
	A trapezoid is a quadrilateral with special properties. A trapezoid is a four-sided figure with one pair of opposite sides parallel. These parallel sides are called the bases of the figure.
[image: ]
	You can see the bases in the picture. We can also see the height is marked. But what else do you notice about a trapezoid? A trapezoid can be divided into two triangles.
[image: ]
	You may wonder why that is important. It is important because if we want to find the area of a trapezoid, then we have to take each part of the trapezoid into consideration. Remember that area is the amount of space inside a two-dimensional figure.
	As with triangles, one of the dimensions we use to find the area of a trapezoid is its height. The other dimension we use is the base. However, a trapezoid has two bases. We can think of them as the bases of the two triangles within the trapezoid. We can use the area formula for triangles to help us find a formula for the area of trapezoids. Think about one triangle at a time.
	If we use the triangle formula to represent each triangle within the trapezoid, we can write formula to represent the entire trapezoid.
 A=12b1h+12b2h
	In the formula, b1 stands for the base of one triangle and b2 represents the base of the second triangle. We use h to represent the height of each triangle, or the height of the trapezoid. We can combine these and use the distributive property to write a simpler formula.
 A=12(b1+b2)h
	Always remember, b1 and b2 are the parallel sides of the trapezoid. However, h is NOT simply one of the slanted sides. The height of a trapezoid is always perpendicular to the bases. The height can be one of the sides but ONLY if it is perpendicular to the bases. 
	As long as we are given the measures of the bases and the height of a trapezoid, we can use this formula to solve for the area, no matter what shape or size the trapezoid is. 
	Now that you understand the formula and where it comes from, we can look at applying it to finding the area of a trapezoid.
	Example 1: Find the area of this trapezoid.
[image: ]
	We can see that the one base is 11 centimeters, one is 5 centimeters, and the height is 6 centimeters. We simply substitute these values into the appropriate places in the formula and solve for area, A.
 A=12(b1+b2)h
 A=12(11+5)(6)
 A=12(16)(6)
 A=8(6)
 A=48cm2
The area of this trapezoid is 48 square centimeters.
 
	Example 2: What is the area of the trapezoid below?
[image: ]
	Again, we simply substitute the information we have been given into the appropriate places in the formula and solve for A, area.
 
 A=12(b1+b2)h
 A=12(14+9)(17)
 A=12(23)(17)
 A=11.5(6)
 A=195.5m2
The area of this trapezoid is 195.5 square inches.
 
Making Connections
At the beginning of this section, you read about Miguel and the Whipple truss bridge. To find the area of the trapezoid of the bridge, we need the dimensions for one side. The bases are 300 feet and 270 feet. The height is 40 feet. Now we can substitute these values into the formula and solve.
 A=12(b1+b2)h
 A=12(300+270)(17)
 A=12(570)(40)
 A=285(40)
 A=11400ft2
The area of one side of the bridge is 11,400 square feet.
 
Lesson Summary
	•	Trapezoids are constructed of two triangles. The sum of the area of the two triangles is the area of the trapezoid.
	•	The formula of the area of a trapezoid is A=12(b1+b2)h .​

Check for Understanding
Find the area of each trapezoid.
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	Base = 12 in, Base = 8 in, Height = 6 in
	Base = 10.8 ft, Base = 6.2 ft, Height = 4 ft.
	Base = 7 in, Base = 9 in, Height = 3.5 in
	Julius drew a trapezoid that had bases of 15 and 11 inches and a height of 4 inches. What is the area of the trapezoid Julius drew?

 
Review and Reteach
 
Watch a video on the area trapezoids.
This device does not support the video at this location
Video can also be found at https://www.youtube.com/watch?v=-Bl3FlzbIfE.
[image: ]Click here to practice finding the area of triangles and trapezoids. (take with trapezoids)
[image: ]Click here to practice finding the area of trapezoids.
 
Explore More
Sometimes a problem will give us the area and ask us to find one of the dimensions of the trapezoid - one of its bases or its height.  Whenever we are given information about a trapezoid, we can use the formula for area to find the unknown measurement.  We simply substitute the information we know in for the appropriate variable in the formula and solve for the unknown measurement.
	Example 1: A trapezoid has an area of 22.5 m2 . The bases of the trapezoid are 6 m and 9 m. What is its height of the trapezoid?
	We know the area and the bases of the trapezoid. We substitute these numbers into the formula and solve for the height, h.
 A=12(b1+b2)h
 22.5=12(6+9)h
 22.5=12(15)h
 22.5=7.5h
 3=h
By solving for h, we have found that the height of the trapezoid is 3 meters.
	Example 2: The area of a trapezoid is 98 square yards. Its height is 7 yards, and one of its bases is 16 yards. Find the measure of its other base.
	This time we know the area of the trapezoid, its height, and one of its bases. We can put these into the formula and solve for the second base, b2.
  A=12(b1+b2)h
 98=12(16+b2)(7)
 14=12(16+b2)
 14=8+12b2
 6=12b2
12=b2
Remember that we need to isolate b2 . To do so, we perform inverse operations on each side of the equation. First, we divided both sides by 7. After distributing, we subtracted 8 from both sides. Then we divided both sides by 12 (or multiply both sides by 2). By isolating b2 we found that the second base of the trapezoid is 12 yards.
 
Section 3
Surface Area of Rectangular Prism
[image: ]
The workers at a candy factory have been tasked with finding out how much material is required to cover the factory's famous candy bar. The candy bar measures 5 inches long, 2 inches wide, and 1 inch in height.  What size wrapper will be required to cover the candy bar?
[image: ]
Learning Goals 
I can find the surface area of a rectangular prism.
 
Standards
PA.GM.2.1 (7.GM.1.1) Calculate the surface area of a rectangular prism using decomposition or nets.  Use appropriate measurements such as cm2.
 
Vocabulary
	Rectangular prism
	Height
	Square unit
	Net
	Congruent

 
Lesson Content
Surface area of a rectangular prism 
	Surface area is the area of all the sides and faces of a three-dimensional figure. Imagine wrapping a solid figure in wrapping paper, like a present. The amount of wrapping paper needed to cover the figure represents its surface area.
	To find the surface area, you calculate the area of each face or side and then add these areas together.  One way to do this is to use a net, since a net is a picture of an unfolded solid, representing each of its faces. Do this by finding the area of each face or side of the net, and then adding all of the areas together.
	You can use this process with prisms of all different kinds. Let’s look at a net for a rectangular prism.
[image: ]
	The area of each face of the rectangular prism above is calculated using the formula A=lw, where A = area, l = length, and w = width.  The unit of measurement for area is square units, in this case inches2.  Next you find the surface area by adding the area of each of the faces together.  The surface area for the above rectangular prism net is 158 in2.
	Nets let you see each face so that you can calculate their areas. However, you can also use a formula to represent the faces as you find their areas. Let’s look again at our calculations for the rectangular prism net above. Notice that the calculations repeat in pairs. This is because every face in a rectangular prism is opposite a face that is congruent. In other words, the top and bottom faces have the same measurements; the two long side faces have the same measurements; and the two short side faces have the same measurements. Therefore, you can create a formula for surface area that gives us a short cut. You simply double each calculation to represent a pair of faces.
 SA=2lw+2lh+2hw
SA = surface area, l = length, w = width, and h = height.
 
	Example 1: In the rectangular prism net earlier in this section, l = 8 inches, w = 5 inches, and h = 3 inches. Simply substitute these numbers into the formula and solve for surface area.
 SA=2lw+2lh+2hw
 SA=2(8)(5)+2(8)(3)+2(3)(5)
 SA=2(40)+2(24)+2(15)
 SA=80+48+30
 SA=158in2
	Again, the surface area of this prism is 158 square inches. This formula just saves a little time by allowing you to calculate the area of pairs of faces instead of one at a time.
	Example 2: Find the surface area of the rectangular prism.
[image: ]
	First, identify the length, width, and height.	The length is 9 inches, and the width is 5 inches. The height is 3 inches. Substitute these values into the formula for the surface area of a rectangular prism.
 A=2lw+2lh+2hw
 A=2(9)(5)+2(9)(3)+2(3)(5)
 A=90+54+30
 A=174in2
The surface area of the rectangular prism is 174 in2.
 
Making Connections
Earlier, you were given a problem about the candy factory workers, who need to figure out how much wrapper is needed to cover their famous candy bar. The dimensions of the candy bar are 5 inches long, 2 inches wide, and 1 inch high.
	Since the candy bar is a rectangular prism, use the surface area formula. Substitute the dimensions of the candy bar into the formula for surface area of a rectangular prism and use the order of operations to simplify.
 SA=2lw+2lh+2hw
 SA=2(5)(2)+2(5)(1)+2(1)(2)
 SA=20+10+4
 SA=34in2
The candy bar will require 34 square inches of wrapper to completely cover the candy bar.
 
Lesson Summary
	Surface area is the area of all the sides and faces of a three-dimensional figure.
	Surface area can be found by adding all of the areas of all of the faces of the figure.
	Surface area of a rectangular prism can be found using the formula SA=2lw+2lh+2hw.

 
Check for Understanding
What is the surface area of each figure?
	1.
		[image: ]
 
	2.	
	[image: ]
	Cube

	[image: ]
	4.	
	[image: ]
	5.	
	[image: ]
	6.	A rectangular prism with a length of 10 in, a width of 6 in and a height of 7 inches.
	7.	A rectangular prism with a length of 12 m, a width of 8 m and a height of 5 meters.
	8.	A cube with a side length of 9 ft.
	9.	A rectangular prism with a length of 10 m, a width of 8 m and a height of 2 m.
	10.	A rectangular prism with a length of 6 ft, a width of 5 feet and a height of 3 feet.
 
Review and Reteach
Wrapping a present! Finding surface area.
This device does not support the video at this location
Video can also be found at https://www.youtube.com/watch?v=fxMRKN1Arng&index=5&list=PL0oMrVaWT6dncxgqdX4dun-OfERumzwOm.
[image: ]Click here to practice finding the surface area of rectangular prisms.
[image: ]Click here to play a game to practice finding the surface area of a rectangular prism.
 
Explore More
 
What is the surface area of an open-top box?
This device does not support the video at this location
Video can also be found at https://www.youtube.com/watch?v=WJ7rYIAdAbA&feature=youtu.be.
 
Section 4
Volume of Rectangular Prisms
[image: ]
Ben's mom has grown frustrated with Ben's extensive Lego collection thrown all over his bedroom floor. She gives him a choice of three different boxes in which to store them. Ben wants to choose the box that will hold the most Legos. While the boxes are different in dimensions, Ben cannot figure out which will hold the most. The box measurements are as follows:
Box A:  height = 5 inches, length = 18 inches, width = 10 inches
Box B:  height = 8 inches, length = 10 inches, width = 12 inches
Box C:  height = 6 inches, length = 14 inches, width = 10 inches.  
Which box has the greatest volume?
[image: ]
Learning Goals 
I can determine the volume of a rectangular prism.
 
Standards
PA.GM.2.3 (7.GM.1.2) Develop and use the formulas V=lwh and V=Bh to determine the volume of rectangular prisms. Justify why base area (B) and height (h) are multiplied to find the volume of a rectangular prism. Use appropriate measurements such as cm3.
 
Vocabulary
	Volume

	Unit cube

 
Lesson Content
Volume of a rectangular Prism
	Volume is the measure of how much three-dimensional space an object takes up or holds. Imagine a fish aquarium. Its length, width, and height determine how much water the tank will hold. If you fill it with water, the amount of water is the volume that the tank will hold. You measure volume in cubic units, because you are multiplying three dimensions: length, width, and height.
	One way to find the volume of a prism is to consider how many unit cubes it can contain. A unit cube is simply a cube measuring one inch, one centimeter, one foot, or whatever unit of measurement you are using, on all sides. Here are some unit cubes.
[image: ]
	To use unit cubes to calculate volume, simply count the number of unit cubes that fit into the prism. Begin by counting the number of cubes that cover the bottom of the prism, and then count each layer.
[image: ]
	How many cubes do you see here? If you count all of the cubes, you will see that there are 24 cubes in this prism. The volume of this prism is 24 units3 or cubic units.
 
Find the volume of the following figure using unit cubes.
[image: ]
	How many cubes are in this figure? If you count the cubes, you will get a total of 48 cubes. The volume of this prism is 48 cubic units or units3.
	If you look carefully, you will see that the volume of the rectangular prism is found by multiplying the length × the width × the height. You just discovered the formula for finding the volume of a rectangular prism. Now let’s refine that formula a little further.
	One formula for the volume of a rectangular prism is V=lwh , where l is the length, w is the width, and h is the height. Another formula, which works for all prisms is V = Bh, where B is the area of the base, and h is the height. On a rectangular prism, the area of the base is length times width.
	Example 1: Find the volume of this prism.
[image: ]
	Substitute the values for the length, width, and height in for the appropriate variables in the formula, then solve for V, volume.
 V=lwh
 V=(16)(9)(4)
 V=576cm3
 
	Example 2: Find the volume of a container with a length of 15 ft, width of 12 ft, and height of 11 ft.
	First, substitute the values of the dimensions into the formula for volume of a rectangular prism and multiply.
V=lwh
 V=(15)(12)(11)
 V = 1,980 ft2
The container has a volume of 1,980 cubic feet.
 
	Example 3: Carla is cleaning out her fish tank, so she filled the bathtub to the rim with water for her fish to swim in while she empties their tank. If the bathtub is 5.5 feet long, 3.3 feet wide, and 2.2 feet deep, how much water can it hold?
	Substitute the values of the dimensions into the formula for volume of a rectangular prism and multiply and use the appropriate unit of measure.
 V=lwh
 V=(5.5)(3.3)(2.2)
 V=18.15(2.2)
 V=39.93ft3
Carla’s bathtub can hold 39.93 cubic feet of water.
	 
Making Connections
Earlier, you were given a problem about Ben, who is searching for the box that will hold the most Legos. Ben needs to figure out which of the following boxes has the greatest volume.
Box A:  height = 5 inches, length = 18 inches, width = 10 inches
Box B:  height = 8 inches, length = 10 inches, width = 12 inches
Box C:  height = 6 inches, length = 14 inches, width = 10 inches
First, substitute the values of the dimensions into the formula for volume of a rectangular prism and multiply. Then given each product the appropriate unit of measure.
Box A:  V = (5)(18)(10) = (90)(10) = 900 in3
Box B:  V = (8)(10)(12) = (80)(12) = 960 in3
Box C:  V = (6)(14)(10) = (84)(10) = 840 in3
With a volume of 960 in3, box B has the greatest volume and can hold the most Legos.
 
Lesson Summary
	Volume is the measure of how much three-dimensional space an object takes up or holds.
	Volume can be found by counting the total number of same-size unit cubes that fill in a shape without gaps or overlaps.
	Two formulas for the volume of a rectangular prism are V=lwh and V=Bh.

 
Check for Understanding
Find the volume of each rectangular prism. Remember to label your answer in cubic units.
	 

[image: ] 
	 

[image: ]
	This is a cube.

[image: ]
	 

[image: ]
 
		Length = 5 in, width = 3 in, height = 4 in
		Length = 7 m, width = 6 m, height = 5 m
		Length = 8 cm, width = 4 cm, height = 9 cm
		Length = 8.3 cm, width = 4.11 cm, height = 1.2 cm
		Length = 1034 ft, width = 5 ft, height = 6 ft
		Length = 9.7 m, width = 814 m, height = 1125 m 

 
Review and Reteach
Watch a video on finding the volume of a rectangular prism.
This device does not support the video at this location
Video can also be found at https://www.youtube.com/watch?v=I9efKVtLCf4.
[image: ]Click here to practice find the volume of rectangular prisms and cubes.
[image: ]Click here to read more about volume of rectangular prisms.
 
Explore More
 
How much stuff fits into a moving truck?
This device does not support the video at this location
Video can also be found at https://www.youtube.com/watch?v=IJt4RgvDyoI&feature=youtu.be.
Follow-up: The moving company wants to wrap the truck from the video with a new logo and other details. If they only cover the two sides and back of the storage compartment of the truck, how many square feet of material will it take? Understand that this is an underestimate, as the measurements are taken from the inside of the truck.
Section 5
Surface Area of Cylinders
[image: ]
	Mrs. Johnson is wrapping a cylindrical package in brown paper so that she can mail it to her son.  Based on the dimensions shown, how much paper will she need to cover the package?
In this section you will learn how to calculate the surface area of a cylinder, and how to apply this to real-world situations.
 
Learning Goals 
I can calculate the surface area of a cylinder.  
 
Standards
PA.GM.2.2   Calculate the surface area of a cylinder, in terms of 𝜋 and using approximations for 𝜋, using decomposition or nets. Use appropriate measurements such as cm2.
 
Vocabulary
	Cylinder
	Congruent
	Radius

	Diameter
	Circumference

 
Lesson Content
	A Cylinder is a three-dimensional geometric figure that has two congruent circular bases.  Congruent means having the same measure.  When talking about a cylinder, we use the radius and the height.  The radius is the distance from the center of the circular base to the outside of the solid.  The height is the distance between the two circular bases. 
[image: ]
There are two methods that you can use to find the surface area of a cylinder.  Remember, surface area is the total area of the faces of a solid.  The first method is to calculate the areas of the faces from a net.  The net of a cylinder is made up of two congruent, or identical, circles and a rectangle.  You can think of this as “unfolding” a can of soup.  There are the top, bottom, and label portions of the can.
[image: ]
With the net of a cylinder, you would need to calculate the area of each circle and the area of the curved side of the cylinder.   Add these values together to find the surface area.
The formula for the area of a circle is A=πr2, where “r” stands for radius.  “π” is a symbols that represents Pi, which is the ratio of the circumference of a circle to its diameter.   When using pi in calculations we can use the value 3.14 as an approximation of its value.  Look closely again at the cylinder above.  The two circular faces are congruent, so they must have the same radius and diameter.  Diameter is a line segment that passes through the center of a circle with both its endpoints lying on the circle; radius is half that distance since it is just the distance from the center of the circle to the outside of the circle. 
Example 1:  Use the net below to calculate the surface area of the prism.
[image: ]
First, calculate the area of the two circular faces.
A=π×r2A=π×42A=π×16A=16π
The area of each circle is 16π.  We can multiply 16 times 3.14 to get an approximate value for this area.
A=16×3.14A=50.24
Next, we need to calculate the area of the rectangular face.  The area of a rectangle is A=lw.  You know the width is 8 cm but the length is not shown.  The cylinder was unwrapped to form the net. Therefore, the circumference of the circle will be the length of the side.  Circumference is the distance around a circle, and can be found using the formula C=2πr.
C=2πrC=2×π×4C=8πC=8×3.14C=25.12
The circumference is the length of the rectangle, so now we can calculate the area of the rectangular face.
A=lwA=25.12×8A=200.96
Finally, find the total surface area by adding together the area of each face.  We can think of this as adding the bottom, top, and side of the net.  
Surface Area=Bottom + Top + SideSA=s50.24sp+s50.24i+s200.96SA=301.44
The surface area of the cylinder is 301.44 cm2.
 
Another way to find the surface area of a cylinder is to put what we did in example 1 all together into a formula.  The formula for surface area of a cylinder is SA=2πr2+2πrh.
 
Example 2:  What is the surface area of the cylinder?  Leave your answer in terms of pi.
[image: ]
First, identify the radius and height of the cylinder.
r=4 units
h=12 units
Next, substitute the values into the formula and solve.
SA=spa2πr2sp+sp2πrhSA=2×π×42+2×π×4×12SA=32π+96πSA=128π
Notice, in the directions we were told to leave the answer in “terms of pi.”  This means that 128π is the final answer.  We do not have to multiply by 3.14.  
The surface area of the cylinder is 128π units2.
 
Example 3:  What is the surface area of this cylinder?
[image: ]
First, identify the radius and height of the cylinder.   In this cylinder, we were not given the radius.  The 16 is the diameter of the circle.  The radius is half the length of the diameter, so we can identify the radius by dividing the diameter by 2.  
r=8 units
h=21 units
Next, substitute the values into the formula and solve.
SA=spa2πr2sp+sp2πrhSA=2×π×82+2×π×8×21SA=128π+336πSA=464π
The directions did not tell us to leave the answer in terms of pi, so the final step is to multiply by 3.14.
 SA=464πSA=464×3.14SA=1,456.96
The surface area of the cylinder is 1,456.96 units2.
 
Lesson Summary
	 Surface area is the total area of the faces of a figure.
	 Surface area of a cylinder can be found by calculating the areas of the faces from a net or by using the formula. 

 
Making Connections
Take another look at the problem at the beginning of this section.
[image: ]
	Mrs. Johnson is wrapping a cylindrical package in brown paper so that she can mail it to her son.  Based on the dimensions shown, how much paper will she need to cover the package?
Solution:  First, identify the radius and height of the cylinder.
r=5.5 cm
h=22 cm
Next, substitute the values into the formula and solve.
SA=spa2πr2sp+sp2πrhSA=2×π×5.52+2×π×5.5×22SA=60.5π+242πSA=302.5πSA=302.5×3.14SA=949.85
The surface area of the cylinder is 949.85 cm2, so Mrs. Johnson will need at least that much paper to wrap the package.
 
Review and Reteach
Movie 7.1 Surface Area of Cylinders
This device does not support the video at this location
Video can also be found at https://www.youtube.com/watch?v=qVhfpbigFmc
 
Section 6
Volume of Cylinders
[image: ]
Ramona prepared a large pot of fruit preserves, but she ran out of canning jars before she had canned all of the preserves.  She took two food storage containers out of the cupboard. The cylindrical containers have the dimensions below.   If Ramona needs to use the largest container, which one should she choose?
[image: ]
In this section you will learn how to apply the concept of volume to calculate the volume of cylinders, as well as to compare the volumes of real-life cylinders such as the containers in the problem above. 
 
Learning Goals 
I can calculate the volume of a cylinder.
 
Standards
PA.GM.2.4  Develop and use the formulas V=πr2h and V=Bh to determine the volume of right cylinders, in terms of π and using approximations for π . Justify why base area (B) and height (h) are multiplied to find the volume of a right cylinder.  Use appropriate measurements such as cm3.
 
Vocabulary
	Volume

 
Lesson Content
	Volume is the amount of space contained within a solid figure.  In the case of cylinders, you can think of volume as the capacity, or the amount of a liquid or substance it can hold.  Unlike the rectangular prisms you learned about earlier in this chapter, unit cubes do not fit nicely into a cylinder.  	
[image: ]
Because of this, in order to calculate the volume of a cylinder accurately, you need to use a formula instead of counting unit cubes. 
Think about the volume formula you learned in Section 2. 
 V=Bh
According to this formula, we need to calculate the area of the base (B), and then multiply by the height of the cylinder.  Since the base of a cylinder is a circle, we can replace B with the formula for the area of a circle.  This gives us the volume formula for a cylinder:
V=πr2h
Example 1:  What is the volume of a cylinder with a radius of 2 cm and height of 7 cm?  Use 3.14 for π.
First, identify the radius and height of the cylinder.  In this case, this information was given in the problem.  
r=2 cm
h=7 cm
Next, substitute the values into the formula and solve.  
V=πr2hV=π×22×7V=28π
The last step is to multiply by 3.14.
V=28×3.14V=87.92
The volume of the cylinder is 87.92 cm3. 
 
Example 2: A water tank has a radius of 50 feet and a height of 400 feet. How many cubic feet of water will the tank hold when it is full?
First, identify the radius and height of the cylinder.  In this case, this information was given in the problem.  
r=50 ft
h=400 ft
Next, substitute the values into the formula and solve.  
V=πr2hV=π×502×400V=1,000,000π
The last step is to multiply by 3.14.
V=1,000,000×3.14V=3,140,000
The volume of the cylinder is 3,140,000 ft3.  The water tank will hold more than 3 million cubic feet of water!
 
Lesson Summary
	 Volume is the measure of how much three-dimensional space an object takes up or holds.
	 Volume can be found by counting the total number of same-size unit cubes that fill in a shape without gaps or overlaps.
	 Two formulas for the volume of a cylinder are V=πr2h and V=Bh.

 
Making Connections
Take another look at the problem at the beginning of this section.
	Ramona prepared a large pot of fruit preserves, but she ran out of canning jars before she had canned all of the preserves.  She took two food storage containers out of the cupboard. The cylindrical containers have the dimensions below.   If Ramona needs to use the largest container, which one should she choose?
[image: ]
Solution:  Ramona needs to choose the largest container.  It is difficult to tell just by looking, so Ramona should calculate the volume of each container.  
Let’s start with the container on the left.  Identify the radius and height of the cylinder.
r=4 in
h=16 in
Next, substitute the values into the formula and solve.
V=πr2hV=π×42×16V=256πV=256×3.14V=803.84
The first container will hold 803.84 in3.
Now lets find the volume of the second container.  Identify the radius and height of the second cylinder.
 r=6 in
h=6 in
Next, substitute the values into the formula and solve.
V=πr2hV=π×62×6V=216πV=216×3.14V=678.24
The second container will hold 678.24 in3.
Ramona should choose the container on the left because it has a larger volume. 
 
Review and Reteach
Movie 7.2 Surface Area and Volume of a Cylinder
This device does not support the video at this location
Video can also be found at https://www.youtube.com/watch?v=Bb_XJ7UPDlM
Section 7
Composite Figures
[image: ]
Jerry was hired to paint the front of a neighbor’s shed. He has quite a bit of experience painting and knows he can estimate how much paint to buy if he can find the area to be painted. He doesn’t want to buy too much, or he’ll lose money on wasted material. He doesn’t want to buy too little, or he’ll waste time going back to the store for more. What measurements does Jerry need to know to determine how many square feet of paint he needs?
[image: ]
Learning Goals 
I can find the perimeter of basic and composite figures.
I can find the area of composite figures.
 
Standards
7.GM.2.2 Find the area and perimeter of composite figures to solve real-world and mathematical problems.
 
Vocabulary
	Composite figure

 
Lesson Content
Composite figures
	A composite figure is a figure that is made of two or more other figures. The perimeter of a composite figure is the sum of all of its sides. The area of a composite figure is the sum of the areas of its parts. The order in which you calculate the areas does not matter, and the commutative property states that it does not matter which order you add them in.
 
Find the perimeter of the figure below. You will have to determine the lengths of the missing sides
[image: ]
The marked sides are easy to see, and they help us find the missing sides. The top is made of the matching pieces from the bottom and combine for 12 feet. The two pieces on the left combine for 8 feet to match the right side.
[image: ]
To find the perimeter, add off these sides.
P = 8 + 4 + 8 + 4 + 8 + 8 = 40 ft
The perimeter of the figure is 40 feet.
 
How do you find the area of a composite figure?
How to find the area of a composite figure
This device does not support the video at this location
 Video can also be found at https://www.youtube.com/watch?v=8UK5t3wUulU&feature=youtu.be.
 
	Example 1: Find the area of the composite figure below.
[image: ]
	First, calculate the area of the rectangle.
 A=lw=(17)(8.5)=144.5in2
	Next, calculate the area of the triangle. In order to do this, you first need to recognize that the height is equal to 17 inches minus the 8.5 inches that is the height of the rectangle. The height of the triangle is 8.5 inches. Use the formula for the area of a triangle to find that area.
 A=12bh=12(17)(8.5)=272.25in2
	Finally, add the areas together.
 A=144.5in2+72.25in2=216.75in2
	The area of the figure is 216.75 square inches.
 
	Example 2: A figure is made up of three triangles. Each triangle has a base of 6 inches and a height of 4 inches. What is the combined area of all three triangles?
 
	Use the formula to find the area of one triangle.
 A=12bh=12(6)(4)=12in2
	Remember that there are three triangles with the same base and height (therefore the same area) so multiply your answer times 3.
 A=12in2x3=36in2
	The area of the figure is 36 square inches.
	 
Making Connections
Earlier, you were given a problem about Jerry, who was hired to paint the front of a neighbor’s shed. He needs to figure out how many square feet of paint he’ll use according to the following diagram.
[image: ]
Calculate the area of the rectangle.
 A=lw=8(6)=48in2
Calculate the area of the triangle.
 A=12bh=12(8)(4)=16in2
Add the areas together.
 A=48ft2+16ft2=64ft2
The front of the shed 64 square feet. Jerry needs a can of paint that will cover 64 ft2 .
 
Lesson Summary
	A composite figure is made up of two or more figures.
	The perimeter of a composite figure is the sum of its sides.
	The area of a composite figure is the sum of the areas of its parts.

 
Check for Understanding
	Find and area and perimeter.

[image: ] 
	Find the area.

[image: ]
	Find the area and perimeter. 

[image: ]
	Find the area and perimeter.

[image: ]
	Find the area.

[image: ]
	Find the area.

[image: ]
	Find the area.

[image: ]
	Find the area.

[image: ]
	Find the area and perimeter.

[image: ] 
 
Review and Reteach
Area of composite figures
This device does not support the video at this location
Video can also be found at https://www.ck12.org/elementary-math-grade-4/Overview-of-Composite-Figures-Composed-of-Squares-and-Rectangles-EM4/enrichment/Overview-of-Composite-Figures-Composed-of-Squares-and-Rectangles/?referrer=concept_details.
 
Another example of find the area of a composite figure
This device does not support the video at this location
Video can also be found at https://www.youtube.com/watch?v=loAA3TCNAvU.
[image: ]Click here to practice finding the area of composite figures.
[image: ]Click here to practice finding the area of composite figures.
 
Explore More
[image: ]Click here to read “The Composite Shape That Pilots Love to See.” Why is important for the deck to be a composite figure and not just a rectangle?
 
[image: ]Click here for some challenging but basic composite figure problems.
 
[image: ]Click here composite figures that include circles and parts of circles.
 
Section 8
Pi and Circumference
[image: ]
Thomas is practicing throwing an old discus ring he found in the attic. After an exhausting afternoon, Thomas sits with the discus ring and starts to examine it. He uses a ruler to measure the radius, which is 11 cm. He also finds a way to measure the diameter of the circle he marked out to throw the discus into – it’s 2.5 m across. Now that he has this information about both circles, how can Thomas figure out the circumference of each?
[image: ]
Learning Goals 
I can explain the relationship between circumference, diameter, and pi.
I can find the circumference of a circle.
 
Standards
7.GM.3.1 Demonstrate an understanding of the proportional relationship between the diameter and circumference of a circle and that the unit rate (constant of proportionality) is π and can be approximated by rational numbers such as 227 and 3.14.
7.GM.3.2 Calculate the circumference and area of circles to solve problems in various contexts, in terms of π and using approximations for pi.
 
Vocabulary
	Circle
	Radius
	Diameter
	Circumference
	Pi ( π )​


Lesson Content
	Circles are unique geometric figures. A circle is the set of points that are equidistant from a center point. The radius of a circle is the distance from the center to any point on the circle. The diameter is the distance across the circle through the center. The diameter is always twice as long as the radius.
	You also use the special number pi ( π ) when dealing with circle calculations. Pi is a decimal that is infinitely long (3.14159265…), but in your calculations you round it to 3.14. Pi is the ratio of the circumference, or distance around a circle, to the diameter.
	Circles are special in geometry because this ratio of the circumference and the diameter always stays the same. In other words, these two measurements are related. If you change the diameter, the circumference changes proportionally. For example, if you double the length of the diameter, the circumference doubles also.
 
Look at the circles below. Find the ratio of the circumference to the diameter for both circles. What do you notice?
[image: ]
Small Circle					Large Circle
CircumferenceDiameter=6.282=3.14          CircumferenceDiameter=12.564=3.14
 
	Notice, when you divide the circumference of a circle by its diameter, no matter how big or small the circle is, you will always get the same number. Whenever you divide the circumference by the diameter, you will always get 3.14, pi . The circumference of a circle can be found using the formula C=πd.  Since the diameter d, is twice the radius r, you can also use the formula C=2πr.
	Example 1: What is the circumference of a circle that has a diameter of 3 inches?
	First, substitute what you know into the formula for circumference and 3.14 for π . Then simplify.
C=πd
 C=π(3)
 C=3.14(3)
 C=9.42in
	The circumference is 9.42 inches.
	Example 2: What is the circumference of a circle with a radius of 6 yards?
 C=2πr
 C=2π(6)
 C=12πyd
	You will sometimes be instructed to answer “in terms of π.” That just mean that you leave the π and don’t multiply. In this case, the circumference is 12πyd.
 
Making Connections
Earlier, you were given a problem about Thomas and his discus. The discus ring has a radius of 11 cm. The throwing area has a diameter of 2.5 m. First, substitute what you know into the formula for circumference to find the circumference of the discus.
 C=2πr
 C=2(3.14)(11)
 C=69.08cm
The circumference of the discus is 69.1 cm.
	Now, substitute what you know into the formula for circumference to find the circumference of the discus throwing area.
 C=πd
 C=3.14(2.5)
 C=7.85m
The circumference of the throwing circle for the discus is 7.85 meters.
 
Lesson Summary
	Pi is the ratio of a circle’s circumference to its diameter.
	Pi can be estimated as 3.14 or 227. 
	There are two formulas for finding circumference: A=πd and A=2πr.

 
Check for Understanding
	What is the circumference of a circle if the radius is 2.5 feet?
	Find the circumference of a circle with a diameter of 6 inches.
	A circle has a radius of 4.5 feet. Find the circumference.
	The diameter of a circle is 3.5 meters. What is the circumference?
	The circle in the center of a professional basketball court has a diameter of 12 feet. What is the circumference, in feet, of the circle? 
	Caleb went roller skating at the local rink. The circular rink measured 70 feet from side to side through the center. What distance, in feet, did Caleb skate in one lap by skating along the edge of the rink?

Find the circumference of each circle. Leave your answer in terms of π.
	 

	[image: ]
	Radius = 3.5 cm
	Diameter = 2.1 ft
	 

	[image: ]
 
Review and Reteach
 
Watch a video on finding the circumference of a circle.
This device does not support the video at this location
Video can also be seen at https://youtu.be/WgW_KwtBvro.
[image: ]Click here to practice finding circumference.
 
Explore More
The tires on a compact car are 18 inches in diameter. How far does the car travel after the tires turn once? How far does the car travel after 2500 rotations of the tires?
 
[image: ]What makes pi so special? How is it different than other numbers you have used?
 
Section 9
Area of a Circle
[image: ]
Angelica’s dad is buying a round swimming pool for the yard. The brochure says that the diameter is 20 feet. What square footage of the yard will the pool cover?
[image: ]
Learning Goals 
I can find the area of a circle.
 
Standards
7.GM.3.2 Calculate the circumference and area of circles to solve problems in various contexts, in terms of π and using approximations for pi.
 
Vocabulary
	Area
	Circle
	Radius
	Diameter

 
Lesson Content
	In the last section, you reviewed the vocabulary for circles. A circle is a set of connected points equidistant from a center point. The diameter is the distance across the center of the circle, and the radius is the distance from the center of the circle to the edge.
	The number pi (π) is the ratio of the diameter to the circumference. We use 3.14 to represent pi in operations. You can find the area of a circle by taking the measurement of the radius, squaring it and multiplying it by pi. The formula for the area of a circle is A=πr2.
	Example 1: What is the area of the circle?
[image: ]
	First, write the formula. Next, substitute what you know. Finally, simply and solve.
 A=πr2
 A=π(12)2
 A=144πcm2
 A=144(3.14)
 A=452.16cm2
	The circle has an area of 452.16 square centimeters.
 
Sometimes, you will be given a problem with the diameter and not the radius. When this happens, you can divide the measurement of the diameter by two and then use the formula.
 
	Example 2: What is the area of a circle that has a diameter of 3 feet?
	Because the radius is needed for area, divide the diameter by 2. The radius of this circle is 1.5 feet. Use this measurement in the formula to find the area of the circle.
 A=πr2
 A=π(1.5)2
 A=2.25πft2
 A=2.25(3.14)
 A=7.065ft2
	The circle has an area of 2.25πft2 or 7.065 ft2.
 
Making Connections
Earlier, you were given a problem about Angelica and the 20-foot diameter pool. She wants to know how many square feet of ground it would cover. First, recognize that you have been given a diameter and divide by 2 to get the radius. The radius is 10 feet.
 A=πr2
 A=π(10)2
 A=100πft2
 A=100(3.14)
 A=314ft2
The pool will cover 100πft2 or 314 ft2 of the yard.
 
Lesson Summary
	Only the radius is needed to find the area of a circle.
	The formula for the area of a circle is A=πr2.
	If only the diameter is given, divide by 2 to get the radius.

 
Check for Understanding
Find the area of a circle with the following measurements.
	 	r = 3 in
		r = 4 f
		r = 6 cm
		r = 3.5 in
		d = 16 in
		d = 14 cm
		d = 15 m
		d=48 in
		r = 16.5 in
		A checkerboard is 20 inches on each sides. The 16 checker pieces are each 134 inches in diameter. When the games starts, all of the pieces are on the board. How much of the board is NOT covered by the game pieces?

[image: ]
 
Review and Reteach
[image: ]Click here to practice finding area and circumference of circles.
[image: ]Click here to read more about finding the area of circles.
[image: ]Click here to play a game to practice area of circles.
 
Explore More
[image: ]Why is the knowledge of circles important to the design of many sports stadiums?
 
Unit 8
Probability and Statistics
[image: ]
 
Essential Questions
	How do you calculate mean, median, mode, and range for a data set?
	Is one measure of central tendency better than others?
	What is the result when data points are added to taken away from the data set?
	How can you use data displays to represent information?
	How do you determine the probability that a certain event will happen?
	How can you use proportional reasoning to make predictions based on probability?​


Big Ideas
		Data can be displayed in many ways including (but not limited to) on a number line, dot plot, box plots, circle graphs, bar graphs, and histograms.
		Mean, median, and mode are used to calculate the central tendency of a set of data.
		Probability is the ratio of favorable outcomes to all possible outcomes.​


Learning Goals
	I can calculate central tendency and determine which is a better representation of a given set of data from simple experiments.
	I can describe in impact of inserting or deleting a data point on the mean and median.
	I can explain how outliers affect measures of central tendency.
	I can use proportional reasoning to display and interpret data in a circle graph.
	I can use proportional reasoning to display and interpret data in a histogram.
	I can find the probability that an event will occur as a fraction, decimal, or percent.
	I can calculate probability as a fraction of sample space.
	I can calculate probability as a fraction of area.
	I can use proportional reasoning to draw conclusions and make predictions based on probabilities.

 
Vocabulary 
	Circle graph
	Correlation
	Event
	Favorable outcome
	Frequency table
	Histogram
	Interval
	Line of best fit
	Mean
	Measures of central tendency
	Median
	Mode
	Range
	Outcome
	Outlier 
	Prediction
	Probability
	Sample space
	Scatter plot
	Spread
	Total outcomes
	Tree diagram

Section 1
Central Tendency
Learning Goals
	Using simple experiments and collected data, calculate measures of central tendency including mean, median, mode, and range.
	Use central tendency to draw conclusions about data, and make predictions.

 
Standards
7.D.1.1  Design simple experiments, collect data and calculate measures of central tendency (mean, median, and mode) and spread (range).  Use these quantities to draw conclusions about the data collected and make predictions.
PA.D.1.2  Explain how outliers affect measures of central tendency.
 
Vocabulary
	Measures of Central Tendency
	Mean
	Median
	Mode
	Range	

 
lesson Content
 
[image: ]
Jim is helping to raise money at his church bake sale by doing face painting for children. He collects the ages of his customers, and displays the data in the graph below. Find the mean, median and mode for the ages represented.
 
[image: ]
 
By reading the graph we can see that there was one 2-year-old, three 3-year-olds, four 4-year-olds, etc. In total, there were 1+3+4+5+6+7+3+1=30 customers.
 
The mean age is found by adding up all the ages multiplied by the number of times each age appears, and then dividing by 30:
 
2(1)+3(3)+4(4)+5(5)+6(6)+7(7)+8(3)+9(1)30 
 
17030 = 5.67
 
Since there are 30 children, the median is half way between the 15th and 16th
oldest (that way there will be 15 younger and 15 older than the median age). Both the 15th and 16th oldest fall in the 6-year-old range, therefore the median is 6.
 
The mode is given by the age group with the highest frequency. Reading directly from the graph, we see that the mode is 7; there are more 7-year-olds than any other age.
 
 
Central Tendency
When you have a survey and report a lot of data, it does not make sense to present your findings as long lists of numbers.  Rather, you summarize important aspects of the data. One important aspect of the data is the measure of central tendency, which is a measure of the “middle” value of a set of data. There are three ways to measure central tendency:
	Mean (The average of the set of numbers)
	Median (The middle of the set.)
	Mode (The number which occurs most often.)

Then not measures so much the middle as how much space you are working within is:
	Range (difference between the highest and lowest values.)

 
Mean
Example-
Take the following numbers:
3, 5, 1, 6, 8, 4, 5, 2, 7, 8, 4, 2, 1, 3, 4, 6, 7, 9, 4, 3, 2
 
The first thing you should always do with a list of data is put them in order from least to greatest. When you order the numbers from least to greatest you get:
1, 1, 2, 2, 2, 3, 3, 3, 4, 4, 4, 4, 5, 5, 6, 6, 7, 7, 8, 8, 9
 
To calculate mean, simply add all of the numbers together, you get a sum of 94, then you divide by how many numbers added, 21.
Mean = sumofallnumbershowmanynumbersadded
Mean = 9421 = 4.4762
The average of the data is about 4.5.
 
Median
1, 1, 2, 2, 2, 3, 3, 3, 4, 4, 4, 4, 5, 5, 6, 6, 7, 7, 8, 8, 9
Example-
Using the same set of data, to find the median, it is the middle placement of all the numbers.  Count in from the front and the back until you reach the center. Since there are 21 numbers, there will be an exact number in the center.  In this case 4.
Median = 4.
​
There are times where one number is not the center.  Such as 2, 6, 12, 15.  The middle is in between 6 and 12.  To find the median, you average those two numbers.  12 + 6 = 18, then divide by 2.  18 ÷ 2 = 9.  The median would be 9.
 
Mode
To identify the mode, it is the number which occurs most often.
1, 1, 2, 2, 2, 3, 3, 3, 4, 4, 4, 4, 5, 5, 6, 6, 7, 7, 8, 8, 9
Example-
The number 4 occurs 4 times.  There is no other number with more.  The mode of this set is 4.
 
Sometimes there can be more than one, or even no mode at all. 
4, 5, 5, 6, 6, 7, 8.
Notice both 5 and 6 occur the same amount but more than other numbers.  The mode would be 5 and 6.
3, 4, 5, 6, 7, 8
In this case, none of the numbers repeat, there is “no mode.”  Many times students are tempted to say ‘0’.  Zero is a value, if you write zero, you are saying that 0 occurs repeatedly.  Be sure to respond with “no mode.”
 
Range
Range is just the amount of space we are working within.
1, 1, 2, 2, 2, 3, 3, 3, 4, 4, 4, 4, 5, 5, 6, 6, 7, 7, 8, 8, 9
Example-
Using our data from earlier, Range is taking the highest and lowest and finding the difference.
9 - 1 = 8
The range is 8.  
Meaning you are working within 8 units of space on the number line.
 
Review it all
Example-
A manager at a small movie theater was analyzing the number of people who came to the movies during the week. Over nine days, he found the following data: 81, 89, 92, 85, 93, 62, 85, 105, and 90. Find the mean, median, and mode of the data.
First, find the mean. Remember that the mean is the same as the average. To find the mean you must add all of the data items and divide by the number of items.
 
mean = 81+89+92+85+93+62+85+105+909
mean = 7829
mean = 86.9
 
Next, find the median. The median is the middle number when the data is ordered from lowest to highest. When you reorder the data from least to greatest you get:
62,81,85,85,89,90,92,93,105
↑
The middle number, 89, is the median.
 
Next, find the mode. The mode is the number that occurs most often.
In this case, 85 occurs two times and all of the other numbers only once.
The number 85 is the mode.
 
The answer is that the mean is 87 (rounded up since you are finding the mean number of people), the median is 89 and the mode is 85.
 
Which do you think best represents this set of data? Explain.
 
Lesson Summary
	Central tendency are the measures focused around the ‘middle’ of the data.
	Mean is the average. (add all ÷ by number added)
	Median (Middle)
	Mode (Most often)
	Range is the difference between the highest and lowest.
	Mean is preferred when trying to look at value of all your data and comparing as a whole.
	Median is preferred when you are looking for the center of all your data to see what everything ‘typically’ revolves around.

 
Check for Understanding
[image: ] 
	Define measures of central tendency. What are the three listed in this concept?
	Define median. Explain its difference from the mean. In which situations is the median more effective to describe the center of the data?

 
Making Connections
What is the purpose of calculating central tendency?
What is one of the most important things to do with your data before calculating? Why do you think this is?
How could central tendency be used to give information about data?
Using Mean, Median, and Mode, give an example of when each is more appropriate and meaningful?  
 
Review and Reteach
[image: ] 
[image: ] 
[image: ] 
[image: ] 
Explore More
[image: ] 
Sources
	ck12.org
	youtube.com
	khanacademy.com
	pixabay.com

Section 2
Analyzing Measures of Central Tendency
[image: ]
Camden has earned the following quiz scores in his math class:  88%, 91%, 92%, and 85%.  If Camden wants an average of 90%, what does he need to score on his next quiz?
In this section you will learn how to apply your knowledge of mean and median to solve higher level problems.  You will be able to solve a problem for missing information, as well as analyze the effect adding or subtracting a point will have on the data.
 
Learning Goals 
I can determine how adding or subtracting a number from a set of data will effect the mean or median.
I can use my knowledge of finding mean to solve for missing information in a problem. 
 
Standards
PA.D.1.1  Describe the impact that inserting or deleting a data point has on the mean and the median of a data set. Know how to create data displays using a spreadsheet and use a calculator to examine this impact.
 
Vocabulary
	Mean
	Median

 
Lesson Content
In the previous lesson, you learned how to calculate the mean and median of a set of data.  In this lesson, you will analyze how any change in the data can effect the overall mean or median.  
Example 1:  They 8th grade boys basketball team at Mayfield Middle School has earned 89, 117, 91, and 62 points in the first four games of the season.  How will the mean change if they score 53 points in the next game?
In order to determine how the mean will change, you have to know the original mean and the new mean.  Keep in mind that the original mean is divided by four, because originally there were only 4 quizzes.  The new mean is divided by five because now there are five quizzes.    
orignal mean=89+117+91+614=3594=89.75				new mean=89+117+91+61+535=4125=82.4
The original mean is 89.75; the new mean is 82.4  The mean decreased by 7.35. 			
Example 2: Jillian rolled a six-sided die 7 times.  She rolled a 1, 2, 5, 5, 3, 4, and 2.  How will the median change if she gets a 6 on the next roll?
To begin, find the original median of the data.  Order the numbers from least to greatest, and then find the middle number. 
1,s2,s2,s3,s4,s5,s5↑median
The original median is 3. 
Next, add the number 6 to the data and find the new median. 
1,s2,s2,s3,spa4,s5,s5,s6↑median
The middle number is between 3 and 4.  To calculate the actual value, find the average of these two numbers by adding them together and dividing by two.
				3+42=3.5
The new median is 3.5.
The original median is 3; the new median is 3.5.  The median increased by 0.5.
 
Example 3: Timothy has earned a 77%, 85%, and 82% on the last three tests in math class.  What does he need to earn on the next test for an average of 85%?
This problem is different from the first two examples because in this case we already know the average.  Instead of solving for the average (or the mean), we need to solve for the missing information.  In this case, the missing information is the score Timothy needs on his next test.   
We can write the “formula” for finding mean like this:
			mean=sum of the datanumber of numbers
First, lets plug in all of the information that we know into the formula.
			85=77+85+82+x4
Next, combine like terms in the numerator of the fraction.
			85=244+x4
Now you can solve the equation.  If you need a reminder, take a look back at Chapter 2, Section 2. 
			(4)85=244+x4(4)340=244+x-244s-24496=x
Timothy needs to score a 96% on his next test.
 
Lesson Summary
	 Adding or deleting a data point could effect the mean or median of the data.
	 You can use your knowledge of mean and median to solve for missing information.

 
Making Connections
Take another look at the problem at the beginning of this section.  How could you solve it mathematically?
Camden has earned the following quiz scores in his math class:  88%, 91%, 92%, and 85%.  If Camden wants an average of 90%, what does he need to score on his next quiz?
Solution: We can write the “formula” for finding mean like this:
			mean=sum of the datanumber of numbers
First, lets plug in all of the information that we know into the formula.
			90=88+91+92+85+x5
Next, combine like terms in the numerator of the fraction.
			90=356+x5
Now you can solve the equation.  If you need a reminder, take a look back at Chapter 2, Section 2. 
			(5)90=356+x5(5)450=356+x-356s-35694=x
Camden needs to score a 94% on his next test.
 
Review and Reteach
 
Movie 8.1 Impact of the Outlier on Mean and Median
This device does not support the video at this location
Video can also be found at https://www.youtube.com/watch?v=K1y6Tz_E7oA
 
Section 3
Interpreting Charts and Graphs
Learning Goals
	Display and interpret data in circle graphs 
	Display and interpret histograms.

 
Standards
7.D.1.2  Use reasoning with proportions to display and interpret data in circle graphs (pie charts) and histograms.  Choose the appropriate data display and know how to create the display using a spreadsheet or other graphing technology.
 
Vocabulary
	Frequency
	Histogram
	Circle Graph / Pie Chart

 
Lesson Content
[image: ]
Sue collected data over an entire year to show how many vegetables she grew. 
Total vegetables = 400
Carrots = 120
Potatoes = 40
Tomatoes = 80
Zucchini = 60
Squash = 100
[image: ]
Sue can now analyze the circle graph to draw conclusions based on her data. She wants to rank her vegetables from least amount grown to most grown.
 
Sue uses her key to match the sections in the circle graph with each of the vegetables in her garden. This will display her rank of least amount grown to greatest amount grown.
10% Light Blue- Potatoes
15% Green- Zucchini
20% Red- Tomatoes
25% Purple- Squash
30% Blue- Carrots
 
Frequency Tables
A frequency table shows the frequency, or amount of occurrences, of specific groups of data called bins. Said another way, a frequency table shows the number of times that a group of data occurred. A frequency table has two columns, one for the bins (or categories) and the other for the number of occurrences.
 
Example-
[image: ]
The number of pets column are the options given, the tally column tracks how many chose that answer, and the frequency column just turns the tallies into an actual number to use.
 
 
Circle Graphs
Circle graphs are a visual representation of data. In particular, a circle graphs are used to show the relationships between a whole and its parts. The whole might be a total number of people or items. It can also be decimals that add up to 1. Decimals are related to percentages, they are both parts of a whole. A circle graph will often show percents that add up to 100 percent.
 
Example-
Take a look at the circle graph below. It shows which pets the students in the seventh grade have.
[image: ]
Each section is labeled according to a percentage. Each percentage is a part of a whole. The whole is the whole class or 100% of the students. The largest group would have the greatest percentage. In this case, dogs are the most popular pet with 40% of the kids in the sixth grade having dogs. The smallest group would have the smallest percentage. In this case, there are two groups that are the smallest or the least popular pet. In this circle graph, rabbits and birds are the smallest group. Since this is a graph about popularity, you can say that the least popular pets are rabbits and birds. The most popular pet is a dog.
 
We can also find the number of animals each section relates to.  If there were a 32 people in the class, how many of each pet was chosen?
 
Proportions are used to calculate this answer. 
Remember Percent is always over 100, and part is over whole. The whole amount is 32 because there are 32 students in the class.
 
percent100=partwhole
 
Cross multiply each and solve the equation. If you get a decimal, remember these are people, round to the nearest whole number.  You cannot have part of a person.
Dogs 40%		40100=x32
100x = 1280
x = 12.8
Dogs = 13 students
 
Cats 25%		25100=x32
100x = 800
x = 8
Cats = 8 students
 
Birds 10%		10100=x32
100x = 320
x = 3.2
Birds = 3 students
 
Rabbits 10%		10100=x32
100x = 320
x = 3.2
Rabbits = 3 students
 
Hamsters 15%	15100=x32
100x = 480
x = 4.8
Hamsters = 5 students
 
Histograms
A histogram is a vertical bar graph that illustrates the frequency of the data. A histogram is a graphical representation of a frequency table. In a histogram, the horizontal axis lists the bins, or categories, of the data. The vertical axis lists the frequency, or amount, of the occurrences, which is represented by the height of the columns. Unlike a bar graph, the columns within a histogram do not have space between them. 
 
Example-
[image: ]
Mrs. Alameda has given all her computer science classes an exam. She has created a frequency table for the scores, but needs a better way to display the data. How can she do this? 
 
Mrs. Alameda has created a frequency table representing the scores on the computer science exam for all her classes. The frequency table is difficult to read and interpret, so Mrs. Alameda wants to create a graphical display. 
 
[image: ]
Mrs. Alameda can make a histogram to represent the data. This is the best method for graphically illustrating frequency data.
 
To make a histogram, first draw the horizontal (x) and vertical (y) axes.
 
[image: ]
 
Next, label the horizontal axis. The horizontal axis lists the different categories of data. In this case, the category will be "Scores."  
 
Next, label the vertical axis. The vertical axis lists the quantity or amount of the data. In this case, the category will be "Frequency."
 
Next, title the graph. The title of the graph should be short and clear. It should explain what data is presented in the graph. In this case, the title will be “Computer Science Exam Scores.”
 
Then, determine the units on the vertical axis. To do this, start by reviewing the smallest and largest frequencies in the table. The smallest value is 9 and the largest is 123. Based on these values label the vertical axis from 0-140. Since the range of the frequency values is large, the units should also be large. The vertical axis should use a unit of 20.
 
Next, draw the vertical columns. To do this, write each bin along the horizontal axis. Then draw each column vertically until it reaches the frequency for that score. For example, draw a vertical column to the number 17 for the bin 0-50. Do not leave spaces between the columns. 
The answer is the graph should look like the one below.
[image: ]
 
Example-
The frequency table below shows the amount of time (in minutes) that 20 middle school students spend on a computer each day. 
[image: ]Setup your x and y axis.
 
Next, label the horizontal axis. The horizontal axis lists the different categories of data. In this case, the category will be "Minutes."  
 
Next, label the vertical axis. The vertical axis lists the quantity or amount of the data. In this case, the category will be "Frequency."
 
Next, title the graph. The title of the graph should be short and clear. It should explain what data is presented in the graph. In this case, the title will be “Minutes Spent on Computer Each Day.”
 
Then, determine the units on the vertical axis. To do this, start by reviewing the smallest and largest frequencies in the table. The smallest value is 2 and the largest is 5. Based on these values label the vertical axis from 0-5. Since the frequency values are always whole numbers, the units should be whole numbers. Since the range is small, 5, the vertical axis should use a unit of 1.
 
Next, draw the vertical columns. To do this, write each bin along the horizontal axis. Then draw each column vertically until it reaches the frequency for that time. For example, draw a vertical column to the number 5 for the bin 0-10. Do not leave spaces between the columns. The answer is the graph should look like the one below.
 
[image: ]
 
 
Lesson Summary
	Circle graphs are best used to display the breakdown of data using percentages. 
	Proportions let you go between actual measures and percentages on a circle graph.  
	Frequency tables are simply a way to organize data that has been collected.  It takes a list of numbers(answers) and counts how many times each occurred.  The frequency.
	A histogram is a display to show a range.  There is a flow of some kind, and unlike a bar graph the bars touch.

 
Check for Understanding
[image: ] 
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Making Connections
What is the purpose of graphing data?
What graphs are easiest and most difficult for you?  To make and to understand?
Is it necessary to create Frequency tables when graphing our data?
How can someone make a graph misleading?
Is there ever anything that doesn’t fit?  What can we do about this?
 
Review and Reteach
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Explore More
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Sources
	ck12.org
	khanacademy.com
	youtube.com

Section 4
Theoretical Probability
Learning Goals
	Recognize Theoretical Probability as an ratio of favorable outcomes to possible outcomes.
	Calculate simple theoretical probabilities.

 
Standards
7.D.2.1  Determine the theoretical probability of an event using the ratio between the size of the event and the size of the sample space; represent probabilities as percents, fractions and decimals between 0 and 1.
 
Vocabulary
	Theoretical Probability

 
Introductory Activity
[image: ]
The Talent Show 
 
Since the opening of J.S. Middle School, a tradition has been the end of the year talent show. The school opened ten years ago, and within that time there have been 8 talent shows. There were two years when the school was not able to host one because there was flooding or repairs were being done in the auditorium. 
“I wonder if we are going to have the talent show this year,” Carmen asked at lunch one day. “I am sure that we are,” Tyler said, biting into his ham sandwich. “After all, there were only two years that the talent show did not happen and that was because of the circumstances.” “Well, are there any circumstances this year?” 
“I don’t think so. The probability is high that it is going to happen.” 
“What is the probability of the talent show happening?” Carmen asked, taking a sip of milk. 
 
To think about the probability of the talent show happening, we can take the data from the past ten years and create a ratio. 
 
Probability(event) = favorableoutcomestotalpossibleoutcomes
 
In the past ten years, there have been 8 talent shows. There have been ten possible years to calculate with. These are the total outcomes. Here is our ratio. 
 
8:10 = 810 =  0.8 = 80%
 
There is an 80% chance that the talent show will happen. These are very good odds-it is very likely to occur.
 
 
What is probability
Probability is the likelihood that an event will occur. It is a mathematical way of calculating how likely an event is likely to occur. An event is a result of an experiment or activity that might include such things as: 
	flipping a coin
	spinning a spinner
	rolling a number cube
	choosing an item from a jar or bag
	selecting a card from a deck

 
In order to calculate probability, you need to identify two items:  the event you want to happen which are the favorable outcomes, and the total possible outcomes that could happen.  Set them up as a ratio.
 
Probability(event) = favorableoutcomestotalpossibleoutcomes
 
Total Outcome Examples-
 
Flipping a Coin
[image: ]
Possible outcomes: Heads and Tails.  
There are 2 total possible outcomes.
 
 
Tossing a Number Cube
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Possible outcomes: 1, 2, 3, 4, 5, and 6.  
There are 6 total possible outcomes.
 
 
Days of the Week
[image: ]
Possible Outcomes: 
Monday, Tuesday, Wednesday, Thursday, Friday, Saturday, and Sunday.
There are 7 total possible outcomes.
 
Favorable Outcome Examples-
Flipping a Coin
Probability of Heads has 1 favorable outcome.
 
Rolling a Number Cube
Probability of an even number has 3 favorable outcomes.
 
Days of the Week
Probability of selecting a weekday has 5 favorable outcomes.
 
Writing probability
To write probability, you use the ratio:
Probability(event) = favorableoutcomestotalpossibleoutcomes
 
The event is what you want to occur.  P(event).
Favorable outcomes is the number of times the event could occur.
Total possible outcomes the number of possibilities available.
 
Example-
Flipping a Coin
Probability(Heads) = 1favorable(heads)2possible(heads,tails)
P(Heads) = 12
You have a 1 in 2 chance of landing on heads.  
The ratio can be written as a fraction 12, decimal 0.5, or a percent 50%.
You have a 50% chance of landing on heads.
 
	Number Cube
P(even) = 36=12 = 0.5 = 50%
 
Days of the Week
P(weekday) = 57 = .714 = 71.4%
 
Lesson Summary
	Probability is finding the chances of a specific event occurring.
	Probability is written as a ratio of  favorableoutcomestotalpossibleoutcomes.
	An event is what you are wanting to happen, favorable outcomes are the number of times your even can happen, and total is the number of all the outcomes that can happen.
	Probability can be written as a fraction, decimal, or percent.  The fraction and percent are the most common.

 
Check for Understanding
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Making Connections
What is the purpose of Probability?
How does probability relate to real events in real life?  
Is there a life application? 
	Why or Why not?
What presentation is most meaningful to you and why?  
	Fractions, Decimals, or Percents.
 
Review and Reteach
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Explore More
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Sources
	ck12.org
	khanacademy.com
	youtube.com

Section 5
Complex Probability
Learning Goals
	Use Probability when more than one event is occurring.
	Calculate Independent Events in Compound Probability.
	Display all possible outcomes using sample space and calculate probability. 

 
Standards
PA.D.2.1  Calculate experimental probabilities and represent them as percents, fractions, and decimals between 0 and 1.  Use experimental probabilities to make predictions when actual probabilities are unknown.
PA.D.2.2  Determine how samples are chosen (random, limited, biased) to draw and support conclusions about generalizing a sample to a population.
PA.D.2.3  Compare and contrast dependent and independent events.
7.D.2.2  Calculate probability as a fraction of a sample space or as a fraction of area.  Express probabilities as percents, decimals and fractions.
 
Vocabulary
	Theoretical Probability
	Sample Space

 
Lesson Content
[image: ]
At the end of the school year, Mr. Fike collected 80 surveys to find out which sports had been the most popular during the school year. On the survey he asked students to list their three favorite sports. He found that football was chosen as a favorite sport by 60 out of 80 students. Basketball was chosen as a favorite by 40 students. He was surprised to find out that 50 students chose soccer as a favorite while only 15 chose baseball. Mr. Fike wondered what the likelihood was of a student choosing football, basketball, and soccer as their favorite sports. How can Mr. Fike figure out the probability of a student selecting all three?
 
First, figure out the probability of the first event, 60 out of 80 students chose football. Simplify.
P(football) = 6080 = 34
Next, figure out the probability of the second event, 40 out of 80 students chose basketball. Simplify.
P(basketball) = 4080 = 12
Then, figure out the probability of the third event, 50 out of 80 students chose soccer. Simplify.
P(soccer) = 5080 = 58
Finally, multiply the probabilities of the three independent events.
P(football, basketball, and soccer) = 34 x 12 x 58 = 1564
There is a 15 in 64 chance someone will choose all 3.  You can write your answer as a decimal and percent as well.
1564 = 0.234 = 23.4%
 
Compound Events
Compound events are when more than one event can be chosen.  The trick with this is to first identify if you want only 1 outcome with multiple options, or are there specific rules you need to get the outcome you seek.
 
Example-
You have a bag of marbles which contains 5 red, 8 blue, 4 green, and 7 yellow.
First let’s find the probability of choosing a blue marble. 
P(blue) = 824=13 = .33 = 33%
 
Now let’s look at more than one option.
P(red or green)
Notice the word ‘or’.  This means you have more than one event that is favorable.  One or the other will satisfy the probability event. Simply add the number of events that are favorable.
P(red or green) = 5red+8green24total = 1324 = .542 = 54.2%
 
 
Independent Events
An independent event is an event that does not depend on another event to determine its outcome. When there are two independent events, one outcome does not impact the outcome of the second event. Think about choosing a card from a deck of cards. There are 52 cards in a deck. You can choose a card and there is a certain probability that it will be a red card. Then you can put the card back and choose again. The first outcome of choosing a card has nothing to do with the second outcome because they are independent events. You have looked at finding probability of a single event.  Next you are going to look at probability when there is more than one event.
 
Example-
Using the same bag of marbles from earlier, you are going to see more limits this time. You have a bag of marbles which contains 5 red, 8 blue, 4 green, and 7 yellow.
P(yellow and blue)
Notice the word ‘and’.  This means you must have both to have a favorable outcome.  When you need more than one event you multiply.
P(yellow and blue) = 724⋅824 = 56576
Simplify
56576=772 = .097 = 9.7%.
 
Example-
In a deck of cards there are 52 total cards.  It includes 4 suits.  Hearts, Diamonds, Clubs, and Spades.  Within each suit are 13 cards.  Ace, 2-10, Jack, Queen, and King.
Ex:	P(Ace and 5) = 4 Aces. 4 5’s. 452aces⋅4525′s = 162,704=1169
Simplify:		162,704=1169 = 0.0059 = 0.59% (less than 1% chance)
 
Ex:	P(Hearts and Queens) = 13 hearts, 4 queens (but one is a heart) 
so only 3 queens.
Simplify:		P(hearts and queens) = 392,704 = 0.0144 = 1.4%
 
Sample Space
You can use visual layouts to help find probability when there are multiple events taking place, and they are independent of each other.  You may have seen some of these before. 
 
Rolling a Pair of Dice
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Shown above are all of the possible outcomes you could get if you rolled two dice.
A Probability question might be P(2 with an odd number).  Count the grid for all the 2’s, then count for all the odd numbers.  Remember you cannot count the same box twice.  
P(2 with and odd number) = 6 boxes have ‘2’ and an odd number, and there are 36 total boxes, or outcomes.
636=16=0.16667=16.7%
 
Example-
Spinner and Rolling a Number Cube
 		1
	2
	3
	4
	5
	6

	Red
	Red, 1
	Red, 2
	Red, 3
	Red, 4
	Red, 5
	Red, 6

	Blue
	Blue, 1
	Blue, 2
	Blue, 3
	Blue, 4
	Blue, 5
	Blue, 6

	Green
	Green, 1
	Green, 2
	Green, 3
	Green, 4
	Green, 5
	Green, 6

	Yellow
	Yellow, 1
	Yellow, 2
	Yellow, 3
	Yellow, 4
	Yellow, 5
	Yellow, 6


P(Rolling an Odd number with Blue) = 324=18 = 0.125 = 12.5%
P(Rolling a 3) = 424=16 = 0.16667 = 16.7%
P( Yellow or Red) = 1224=12 = 0.5 = 50%
 
Example-
Spin a spinner with Red Green and Blue sections, then flip a coin.
 
[image: ]
 
P(Green) = 26=13 = 0.33 = 33%
P(H) = 36=12 = 0.5 = 50%
P(Red and Tails) = 16 = 0.16667 = 16.7%
 
Example-
Flip a coin 3 times or flip 3 coins
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P(2 heads in the outcome) = 4/8 48=12
P(no tails) = 18 = 0.125 = 12.5%
P(at least 2 tails in a row) = 38 = 0.375 = 37.5%
 
Geometric Probability
Geometric Probability is applying probability to area of certain amounts of space.  It combines calculating area with percent proportions to determine chances of getting a specific area of the figure.
 
Example-
If you were randomly going to throw a beanbag on the square board, what is the probability it will land in section B?
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First Calculate the Area of the entire picture:
A = l x w
A = 12 x 12
A = 144 sq in.
 
Then Calculate each individual area.
Box A
A = l x w
A = 6 x 9
A = 54 sq in.
 
Box B
A = l x w
A = 6 x 9
A = 54 sq in.
 
Box C
A = l x w
A = 3 x 12
A = 36 sq in.
 
All together Box A, B, and C should equal the total.
54 + 54 + 36 = 144.
Total = 144.
 
P(Box B) = 54144=38 = 0.375 = 37.5%
There is a 37.5% chance of the bean bag landing in Section B when tossed.
 
Example-
Probability of throwing a football through a square hole on the circle board.
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First: Area of total picture
Acircle = πr2  
A = π182 
A = 324π sq in.
A = 324 x 3.14
A = 1,017.36 sq 
 
Next: Area of the squares cut out.
A = l x w
A = 5 x 5
A = 25 sq in.
These are 4 equal squares.
25 x 4 = 100 sq in.
 
Then: Set up probability
P(squares) =  1001,017.36  SquaresCombinedAreaTotalCircleArea = 0.0983 = 9.83%
If you throw a football at the circle, there is a 9.83% chance if making it through.
 
 
Lesson Summary
	When options are given using ‘or’ you add the favorable events together.
	When you need multiple independent events you multiply each favorable outcome.  This is usually communicated with ‘and’ and ‘then’.
	Simplify your answers, can be written as fraction, decimal, and percent.
	Outcomes can be displayed using sample space.  The most common are tables and tree diagrams.
	Geometric Probability = areaofspacewantedtotalarea

 
 
Check for Understanding
[image: ] 
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Making Connections
Where have you seen probability used besides the math classroom?
Can you think of any places probability might play a roll in real life?
What careers do you think probability play a part?  Do a quick search and see if you can find any fields besides gambling.
How are the sample space examples like other math you have done in previous years?
Are there other ways to make sample space useful?  What are some examples?
Where might geometric probability be useful?
 
Review and Reteach
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Explore More
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Sources
	ck12.org
	khanacademy.com
	youtube.com

Section 6
Predicting Probability with Proportions
Learning Goals
	Use theoretical probabilities to make predictions.
	Predict with probabilities by solving proportions.

 
Standards
7.D.2.3  Use proportional reasoning to draw conclusions about and predict relative frequencies of outcomes based on probabilities.
 
Vocabulary
	Theoretical Probability
	Proportion

 
Lesson Content
[image: ]
A bag of marbles contained 7 red, 8 blue, 12 green, and 13 yellow marbles.  Jessica wants there to be 80 marbles in the bag.  How many of those marbles should be blue to keep the proportions the same?
First:	What ratio do we already know about blue?  
P(blue) =  840.
 
Next: 	The goal is to use that ratio to match with the 80 marbles.  80 is our whole amount, so we are looking for the part. 
partwhole = x80
 
Finally:	Setup a proportion and solve to find how many marbles should be blue.
840 = x80 (cross multiply)
40x = 640 (solve the equation)
x = 16
To keep proportions the same in the bag of 80 marbles, there should be 16 blue.
 
Using Probability to Predict
Probability tells us chances of something happening, but we can also use a known probability to predict what may happen. Remember Proportions, they have been showing up all year long, are the comparison of two ratios and are used to find a missing measure. We are going to take a look at where probability can play a roll in other areas.
 
Example-
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A candy shop finds that 1 in ever 60 packages of their candy comes to them with the seal broken.  What is the chance of their next shipment of having broken packages. If they are receiving 1600 packages, how many of those packages are likely to be broken?
160 = 0.0167 = 1.7% chance of a package being broken.
If  160 is broken , then how many in 1600? This is where we set up a proportion.
160 = x1600 (Cross Products)
60x = 1600 (Solve Equation)
26.67 packages.  Since you cannot have .67 of a bag, then round up.
27 packages out of the 1600 total are likely to be broken.
 
Example-
[image: ]
During flu season 15% of the class contracts the flu.  The class has 30 students.  If this is the average in every class in the school, then how many students will contract the flu this year if there are 952 students?
 
First: 15% of 30 is 4.5.  Since these are people, round up to 5 people contracted the flu in class.  That ratio is 530.  This reduces to 16 of the class contracted the flu.
 
Next: Look at the school. 
If  16 of the class, then x952 is the school.
16 = x952 (Cross Multiply)
952 = 6x (Solve Equation)
x = 158.7 (round up for people)
There are about 159 students likely to contract the flu this year.
 
Example-
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Josh has as collection of baseball cards. 135 of the cards are from the NY Yankees.  3 out of every 8 of his cards are from the NY Yankees.  How many total baseball cards does he have?
 
First:	The ratio we know is 38 of the cards are Yankees.  You need to decide next if 135 is part of the collection, or the whole collection, then setup a proportion.
 
Next:	The proportion should be 38 = 135x.  135 is part of the collection, we are looking for the entire collection.
 
Then:	Solve the proportion.
38 = 135x (cross multiply)
3x = 1,072 (solve the equation)
x = 360
There are 360 total cards.
 
 
Lesson Summary
	Probability can be used to predict future numbers based on trends that have already happened.
	Proportions are used to solve problems when you have a probability or ratio and you know part of another ratio relationship.
	Same rules apply, the main setup is partwhole.  Set up both ratios, cross multiply, then divide.  The variable can be any part of the problem.

 
 
Check for Understanding
	If you flip the coin 100 times, how many tails?  

			12=x100
	If you spin the spinner 20 times, how many 5’s should you get?

			15=x20
	If you roll the cube 30 times, how many 3’s?

			16=x30
	If you flip the coin 500 times, how many tails?
	If you roll the number cube 120 times, how many times will you roll a number greater than 4?
	You made 8 out of 15 shots on goal. Predict how many goals you will make tomorrow if you take 70 shots.
	There are 1000 buttons in the jar. You randomly select 10 buttons and get 3 red, 4 blue, 2 white, 1 black. Predict how many buttons in the jar are: 

	a.	Red
	b.	Blue
	c.	White
	d.	Black
	A die is rolled. What is the theoretical probability for rolling a 3?
	Mary rolls a die six times and rolls a 3 on two of the rolls. What is the probability for rolling a 3?
	Bart makes 20% of his free throws.  If he takes 500 free throws, how many go in the basket? Predict how many baskets Bart makes when he takes 25 free throws.
	A factory produces 1000 light bulbs per minute. Each minute, one bulb produced will be defective. What is the theoretical probability of selecting the defective bulb from the light bulbs produced in one minute? 
	What is the theoretical probability of selecting a defective bulb from the light bulbs produced in one hour?

 
 
Making Connections
How does this relate to basic probability?
Explain how probability can be used outside of thing such as dice, cards, coins, etc.
Could you use this in any of your school day? Explain.
 
 
Review and Reteach
[image: ] 
[image: ] 
Explore More
[image: ] 
Sources
	ck12.org
	khanacademy.com
	youtube.com
	showme.com

Section 7
Scatterplots and the Line of Best Fit
[image: ]
Nadia is training for a 5K race. The following table shows her times for each month of her training program.  Create a scatterplot and write the equation of a line of fit, then predict her running time if her race is in August.
 		Month Number
	Time (min)

	January
	0
	40

	February
	1
	38

	March
	2
	39

	April
	3
	38

	May
	4
	33

	June
	5
	30


[image: ]
Learning Goals 
I can find the line of best fit for a scatterplot.
I can use a line of best fit to make predictions about a scatterplot.
 
Standards
PA.D.1.3  Collect, display, and interpret data using scatterplots.  Use the shape of the scatterplot to informally estimate a line of best fit, make statements about average rate of change, and make predictions about values not in the original data set.  Use appropriate titles, labels, and units.
 
Vocabulary
	Scatterplot
	Line of Best Fit

	 
Lesson Content
A scatterplot is a type of graph where corresponding values from a set of data are placed as points on a coordinate plane. A relationship between the points is sometimes shown to be positive, negative, strong, or weak. Sometimes a scatterplot shows that there is no relationship at all. Aside from finding relationships, scatterplots are useful in predicting values based on the relationship that was revealed.
Take a look at this scatterplot:
[image: ]
You can see that there is a relationship between the independent and dependent variables on the chart.  As the study time increases, the math grade increases.  This type of relationship is called a positive correlation. 
Scatterplots can have positive correlation if the x and y values tend to increase together. They can have negative correlation if y tends to decrease as x tends to increase. And, if the points have no sort of linear pattern, then the data would have no correlation. Think of the type of correlations  as referring to the slope of the line that would best fit that data.
[image: ]
Scatterplots are also useful for making predictions about the data.  To do this, we can make a line of best fit for the data.  A line of best fit, also called a trend line, is a straight line that best represents the points on a scatterplot. The trend line may go through some points but need not go through them all, but because data is not always perfectly linear, not every point will always fit on the line of best fit.  The trend line is used to show the pattern of the data.  It can be used to make predictions about data within the set or beyond the set. 
Here are the general steps used to find the line of best fit for a set of data:
Step 1: Draw the scatterplot on a graph.
Step 2: Sketch the line that appears to most closely follow the data. Try to have the same number of points above and below the line.
Step 3: Choose two points on the line and estimate their coordinates.  These points do not have to be part of the original data set.  
Step 4: Find the equation of the line that passes through the two points from Step 3.
	Example 1: The scatterplot shows the correlation between a baby’s age, in months, and the number of hours it sleeps, in hours.  Identify the line of best fit for the data, and then write the equation of the line.
[image: ]
	This is a negative correlation. As the baby’s age increases, the hours of sleep decrease.  We can use the steps above to write the equation for the line of best fit.  We already have the scatterplot drawn, so let’s sketch the line that best fits the data.
[image: ]
We need to choose two points on the line to write the equation of the line.  When choosing the points, it is best to look for points on the line that intersect the grid as closely as possible.  For this scatterplot, two of the given data points that are at exact (or almost exact) coordinates are (3,15) and (24,13).  We could also use the point (33,12) since it intersects the grid exactly.  
	Use the slope formula to find the slope of the line:
m=13-1524-3=-221m=-221
	Choose one of the points and plug it into y=mx+b to determine the y-intercept:
y=mx+b15=-221(3)+b15=-0.29+b15.29=b
Use the slope and y-intercept to write the equation of the line of best fit:
y=-221x+15.29
Example 2:  Using the scatterplot and line of best fit in Example 1, estimate how many hours of sleep a baby will need when he is 40 months old.
We can use the line of best fit to make predictions about data.  Our scatterplot doesn’t extend to 40 months, but we can plug this value into the equation to get an approximate number of hours the baby needs to sleep.  
y=-221x+15.29y=-221(40)+15.29y=-3.81+15.29y=11.48
	A 40 month old baby will need to sleep for approximately 11.48 hours.
[image: ]
Making Connections
Take another look at the problem at the beginning of the section.
Nadia is training for a 5K race. The following table shows her times for each month of her training program.  Create a scatterplot and write the equation of a line of fit, then predict her running time if her race is in August.
 		Month Number
	Time (min)

	January
	0
	40

	February
	1
	38

	March
	2
	39

	April
	3
	38

	May
	4
	33

	June
	5
	30


 
Solution: First, let’s plot the points and sketch the line of best fit.
[image: ]
We can approximate two points on the line at (0, 42) and (4, 34).  Remember, we are using points on the line, not the actual data points.  Use the points to find the slope of the line:
m=34-424-0=-84=-2
Choose a point and use it to find the y-intercept:
42=-2(0)+b42=b
Use the slope and y-intercept to write the equation of the line.
y=-2x+42
In order to predict Nadia’s running time in August, we need to plug in the month number for August, which is 7.  Pay attention to the numbers in the table!  We know that August is actually the 8th month, but in this case we will use 7.
y=-2(7)+42y=-14+42y=28
It will take Nadia approximately 28 minutes to run the 5k in August.
[image: ]
Lesson Summary
	Data on a scatterplot can have a negative or positive correlation, or no correlation.
	We can find the line of best fit for data, and use it to make predictions about a data set. 

 
Check for Understanding
Use the following information to answer #1 - 3:
Peter is testing the burning time of “BriteGlo” candles. The following table shows how long it takes to burn candles of different weights.
 	Candle Weight (oz)
	Time (hours)

	2
	15

	3
	20

	4
	35

	5
	36

	10
	80

	16
	100

	22
	120

	26
	180


	Create a scatterplot of the data and sketch the line of best fit on your scatterplot.
	Find the equation of the line of best fit.
	If a candle burns for 95 hours, what is its approximate weight in ounces?

Use the following information to answer #4 - 8:
	The owner of a local restaurant selected a random sample of dinner tables at his restaurant. For each table, the owner recorded the total amount of the dinner bill and the number of people at the table. The data are given in the table below.
 	Number of People
	1
	2
	2
	3
	3
	4
	5
	5
	8
	10

	Total Bill ($)
	8.50
	36.00
	32.55
	29.30
	50.65
	48.75
	63.75
	60.00
	82.50
	125.75


	Create a scatterplot of the data and sketch the line of best fit on your scatterplot.
	Find the equation of the line of best fit.
	A group of 7 is at the restaurant tonight.  Use your scatterplot and line of best fit to estimate their total bill.

	     Use the equation of the line of best fit to predict the bill for a party of 8.  

	     There was one party of 8 included in the original set of data.  Did they pay more or less than the predicted amount?  How much more or less did they pay?  

[image: ]
Review and Reteach
Watch this video for another example of creating a scatterplot and writing the equation of the line of best fit.
This device does not support the video at this location
Video can also be found at https://www.youtube.com/watch?v=LPFrV-QhQE4&t=42s
Explore More
Real-World Application:  Jerry forgot to plug in his laptop before he went to bed. He wants to take the laptop to his friend's house with a full battery. The pictures below show screenshots of the battery charge indicator after he plugs in the computer at 9:11 a.m.
[image: ]
	1.	The screenshots suggest an association between two variables. What are the two variables in this situation?
	2.	Make a scatter plot of the data.
	3.	Draw the line of best fit for the data, and then write the equation of the line.
	4.	Based on the line of best fit, when can Jerry expect to have a fully charged battery?
 
[image: ]
Unit 9
The Pythagorean theorem
[image: ]
 
Essential Questions
	How can you find a missing length in a right triangle?
	What is a Pythagorean Triple?
	When can you use to Pythagorean Theorem?
	How can the Pythagorean Theorem be used with a coordinate plane?
	How can I apply the Pythagorean Theorem to real world situations?

 
Big Ideas
	The Pythagorean Theorem can be applied to any right triangle.
	The Pythagorean Theorem can be used to find the distance between any two points on a coordinate plane.

 
Learning Goals
	I can I can find the missing leg of a right triangle using the Pythagorean Theorem.
	I can find the hypotenuse of a right triangle using the Pythagorean Theorem.
	I can determine if three side lengths result in a right triangle.
	I can use the Pythagorean Theorem to find the distance between two points on the coordinate plane.
	I can use the Pythagorean Theorem to solve word problems. 

 
Vocabulary
	Distance
	Hypotenuse
	Leg
	Pythagorean Theorem
	Pythagorean triple
	Right triangle

Section 1
The Pythagorean Theorem-Missing Leg
[image: ]
Mike is loading a moving truck by walking up a ramp. The ramp is 10 feet long and the bed of the van is 2.5 feet above the ground. He has to fit the truck and the extended ramp into a tight area at his apartment complex. How far does the ramp extend past the back of the truck?
[image: ]
Learning Goals 
I can find the hypotenuse of a right triangle using the Pythagorean Theorem. 
I can find the missing leg of a right triangle using the Pythagorean Theorem.
I can use the Pythagorean Theorem to solve word problems.
 
Standards
PA.GM.1.1 Informally justify the Pythagorean Theorem using measurements, diagrams, or dynamic software and use the Pythagorean Theorem to solve problems in two and three dimensions involving right triangles.  
 
Vocabulary
	Hypotenuse
	Leg
	Right triangle
	Pythagorean Theorem

 
Lesson Content
Part 1: Pythagorean Theorem 
The Pythagorean Theorem allows you to find the lengths of the sides of a right triangle, which is a triangle with one 90∘ angle (known as the right angle). An example of a right triangle is depicted below.
[image: ]
A right triangle is composed of three sides: two legs, which are labeled in the diagram as leg1 and leg2, and a hypotenuse, which is the side opposite to the right angle. The hypotenuse is always the longest of the three sides. Typically, we denote the right angle with a small square, as shown above, but this is not required.
The Pythagorean Theorem states that the length of the hypotenuse squared equals the sum of the squares of the two legs. This is written mathematically as:
(leg1)2+(leg2)2=hypotenuse2.
We use the variables a and b for the legs of the right triangle. So the Pythagorean Theorem ends up looking like this:
a2+b2=c2.
Watch this video on the Pythagorean Theorem.
This device does not support the video at this location
Video can also be found at https://www.youtube.com/watch?v=uaj0XcLtN5c&index=27&list=FLmyMvyCB-0MGWU7B8UNV7Cw.
To verify this statement, first explicitly expressed by Pythagoreans so many years ago, let’s look at an example.
 
Example 1: Does the Pythagorean Theorem hold for this triangle?
[image: ]
As labeled, this right triangle has sides with lengths 3, 4, and 5. The side with length 5, the longest side, is the hypotenuse (c) because it is opposite to the right angle. Let’s say the side of length 4 is leg1 (a)and the side of length 3 is leg2 (b). Recall that the Pythagorean Theorem states a2+b2=c2. If we substitute the values for the side lengths of this right triangle into the mathematical expression of the Pythagorean Theorem, we can verify that the theorem holds.
 a2+b2=c2
 (4)2+(3)2=(5)2
 16+9=25
 25=25
 
Part 2: finding a Missing Side
You can use the Pythagorean Theorem to find the missing side of a right triangle as long as you know the other two sides.
 
Example 2:  Jim must clean the rain gutters of his house. The gutters are 12 feet above the ground. He knows the ladder must extend 3 feet above the gutters so he can hold unto the rails as he cleans. If he places the foot of the ladder 4 feet from the base of the house, what length should the ladder be that he uses?
First, the height the ladder must reach on the house is 12 + 3, accounting for the distance below the gutters and the distance above. The ladder must reach 15 feet up the house.
[image: ]
 a2+b2=c2
  (4)2+(15)2=c2
  16+225=c2
  241=c2
  241=c2
 c≈15.52
The ladder must be at least 15.52 feet long. Jim should look for a 16-foot ladder.
 
Example 3:  The new Sunset Walking Park has just opened and you would like to take your mom to see it. The park is in the shape of a rectangle measuring 2 miles by 3 miles. You don’t know whether to take your mom for a walk around the outside perimeter of the park or to take her along the diagonal pathway and back again. Which way would be shorter and by how much?
 
First, draw and label a diagram to represent the park.
[image: ]
You can see that the diagonal pathway divides the rectangle into two right triangles. Use Pythagorean Theorem to find the length of the diagonal pathway. Next, determine the values of a, b, and c for the Pythagorean Theorem.
a = 3, b = 2, c = ?
 (3)2+(2)2=c2
 9+4=c2
 13=c2
  13=c2
 c≈3.6
The distance if you use the diagonal pathway across the park and back is 7.2 miles (3.6 x 2). If you walk the perimeter of the park, this is represented by 2 + 3 + 2 + 3 or 10 miles.
10-7.2=2.8
By using the diagonal path, you and your mother will walk approximately 2.8 miles less than walking around the perimeter.
 
Making Connections
Earlier you read about Mike and his moving truck. How far does the ramp extend beyond the back of the truck? The bed of the truck is 2.5 feet about the ground, and the ramp is 10 feet long. The 2.5-foot distance is one of the legs (it doesn’t matter which), and the 10-foot distance is the hypotenuse. Substitute these into the Pythagorean Theorem and solve.
[image: ]
 a2+b2=c2
 a2+(2.5)2=(10)2
 a2+6.25=100
 a2=93.75
 a2=93.75
a≈9.68
The ramp extends about 9.68 feet from the back of the truck.
 
Lesson Summary
	The Pythagorean Theorem is a2+b2=c2.
	The Pythagorean Theorem can be used to find the missing side of a right triangle when the other two sides are know.
	The hypotenuse (c) is always the longest side of a right triangle and is opposite the right angle. 

 
Check for Understanding
Find the missing value.
	a=12, b=16, c=?
	a=?, b=20, c=30
	a=4, b=?, c=11
	a=12, b=?, c=37

 
	[image: ]

 
	[image: ]

 
	[image: ]
	Two sides of a right triangle are 5 units and 8 units respectively. Those sides could be the legs, or they could be one leg and the hypotenuse. What are the possible lengths of the third side?
	Television sizes are determined by the diagonals of the screen, the measurements from one corner to the opposite corner. What size of TV has a length of 14 inches and a width of 16 inches?
	If the sides of a rectangle are 12 and 15, then the diagonal is _____________.

 
Review and Reteach
 
Pythagorean Theorem Rap
This device does not support the video at this location
Video can also be found at https://www.youtube.com/watch?v=nbopLhP4kpo&list=FLmyMvyCB-0MGWU7B8UNV7Cw&index=28.
 
[image: ]Click here to practice finding the missing side of a right triangle using the Pythagorean Theorem.
[image: ]Click here to find more practice with the Pythagorean Theorem.
 
Explore More
Real-World Application:  “Cryptic Notes” Using the Pythagorean Theorem in Encryption https://www.ck12.org/algebra/Solving-Equations-Using-the-Pythagorean-Theorem/rwa/Cryptic-Notes/?referrer=concept_details ​

 
Section 2
Pythagorean Triples
[image: ]
Do you remember the story of the Three Little Pigs? The Big Bad Wolf had no problem blowing down the houses of two of the pigs. One of the pigs, however, had a sturdy house. Carpenters use a unique rule to make sure that the rooms of your house are well built.
[image: ]
Learning Goals 
I can determine if three side lengths result in a right triangle.
I can use the Pythagorean Theorem to solve word problems.
 
Standards
PA.GM.1.1 Informally justify the Pythagorean Theorem using measurements, diagrams, or dynamic software and use the Pythagorean Theorem to solve problems in two and three dimensions involving right triangles.
   
Vocabulary
	Pythagorean triple​


Lesson Content
Pythagorean Triples 
A combination of three numbers that makes the Pythagorean Theorem true is called a Pythagorean triple. Each set of numbers below is a Pythagorean triple.
3,4,5          5,12,13          7,24,25          8,15,17          9,12,15          10,24,26
Any multiple of a Pythagorean triple is also considered a Pythagorean triple. Multiplying 3, 4, 5 by 2 gives 6, 8, 10, which is another triple. To see if a set of numbers makes a Pythagorean triple, substitute them into the Pythagorean Theorem.
 
Example 1:  What if you were told that a triangle had side lengths of 5, 12, and 13? How could you determine if the triangle were a right one?
 
Substitute the values into the Pythagorean Theorem and simplify.
 a2+b2=c2
 (5)2+(12)2=(13)2
 25+144=169
169=169
A triangle with side length 5, 12, and 13 form a right triangle. 5, 12, and 13 are a Pythagorean triple.
 
Example 2: Do 6, 7, and 8 make the sides of a right triangle?
[image: ]
Substitute the values into the Pythagorean Theorem and simplify.
 a2+b2=c2
 (6)2+(7)2=?(8)2
 36+49=?64
85≠64
Sides lengths 6, 7, and 8 do not form a right triangle. 6, 7, and 8 are not a Pythagorean triple.
	 
Making Connections
Remember the story of the Three Little Pigs. In order to make sure that the corner of a room is square, builders need to create a 90∘ angle in the corner. How can they do this? They use a special calculation, called the 3-4-5 rule. This rule reminds them to measure three feet from the corner in one direction and four feet from the corner in the other direction. Next, the builder measures the distance between the two marks. The distance equals five if the corner is square.
 a2+b2=c2
 (3)2+(4)2=(5)2
 9+16=25
 25=25
3, 4, and 5 are a Pythagorean triple. The measurements make a right triangle. The corner is square.
 
Lesson Summary
	Three numbers that make the Pythagorean Theorem true is called a Pythagorean triple.
	If three numbers are given, they can be substituted into the Pythagorean Theorem to determine if form a right triangle.

 
Check for Understanding
Determine if each set of numbers is a Pythagorean triple. Show your work.
	12, 35, 37
	9, 17, 18
	10, 15, 21
	11, 60, 61
	15, 20, 25
	18, 73, 75
	Jack says he gets to school by walking 6 block south and 8 blocks west. His older brother Mike tells him that he could cut through empty fields and a park that line up their house with the school. Mike says he’ll only travel half the total distance, or 7 blocks. Is Mike correct? Explain your work.

 
Review and Reteach
 
Watch a video on Pythagorean triples.
This device does not support the video at this location
Video can also be found https://youtu.be/vk2ztLlFKG0.
[image: ]Click here to practice Pythagorean triples. Makes sure to continue through all the questions after each answer.
[image: ]Click here to read more about Pythagorean triples.
 
Explore More
Writing and Real-World Application:  http://sciencing.com/real-life-uses-pythagorean-theorem-8247514.html Read the examples provided here and write 5 word problems that involve Pythagorean triples and real-world situations.
 
Section 3
Pythagorean Theorem on Coordinate Plane
[image: ]
At 8 a.m. one day, Amir decides to walk in a straight line on the beach. After two hours of making no turns, Amir is two miles east and five miles north of his starting point. How far did Amir walk?
[image: ]
Learning Goals 
I can use the Pythagorean Theorem to find the distance between two points on the coordinate plane.
I can use the Pythagorean Theorem to solve word problems.
 
Standards
PA.GM.1.2 Use the Pythagorean Theorem to find the distance between any two points in a coordinate plane.
   
Vocabulary
	Distance

 
Lesson Content
The Pythagorean Theorem on the Coordinate plane
In the first section of this chapter, we saw how to use the Pythagorean Theorem to find lengths. In this section, you’ll learn how to use the Pythagorean Theorem to find the distance between two coordinate points.
 
Example 1: Find the distance between points A(1,4) and B(5,2).
Plot the two points on the coordinate plane. In order to get from point A(1,4) to point B(5,2), we need to move 4 units to the right and 2 units down. These lines make the legs of a right triangle.
[image: ]
To find the distance between A and B we find the value of the hypotenuse, d, using the Pythagorean Theorem.
 a2+b2=c2
 (2)2+(4)2=d2
 4+16=d2
20=d2
20=d2
 d≈4.5
It is approximately 4.5 units from A to B.
 
Example 2: Using the previous graph, find the distance between points C(2, 1) and D(-3, -4).
Plot the points on the coordinate plane. To get from C to D, we move 3 units down and 5 units to the left. Again, use the Pythagorean Theorem.
 a2+b2=c2
 (3)2+(5)2=d2
 9+25=d2
 34=d2
 34=d2
 d≈5.8
Point C is approximately 5.8 units away from point D.
	 
Making Connections
Earlier you read about Amir walking on the beach. How far did he walk?
[image: ]
He has walked 2 miles east and 5 miles north. Substitute these values into the Pythagorean Theorem.
 a2+b2=c2
 (2)2+(5)2=d2
 4+25=d2
 29=d2
 29=d2
 d≈5.4
Amir has walked approximately 5.4 miles.
 
Lesson Summary
	The Pythagorean Theorem can be used to find the distance between two points on a coordinate plane.
	Plot the points and connect them forming the hypotenuse, then extend lines from those points to form a right triangle.

 
Check for Understanding
Directions - Naked Problems with various DOK levels
	(3, -4) and (6, 0)
	(-1, 0) and (4, 2)
	(-3, 2) and (6, 2)
	(12, -10) and (0, -6)
	(-5, -3) and (-2, 11)

[image: ]
	What is the distance between the pet store and town hall?
	What is the distance between the pet store and the courthouse?
	What is the distance between the courthouse and the library?
	What is the distance between the library and the town hall?
	What is the distance between the pet store and the library?
	Michelle decides to ride her bike one day. First she rides her bike due south for 12 miles and then she rides in a new direction for a while longer. When she stops Michelle is 2 miles south and 10 miles west from her starting point. Find the total distance that Michelle covered from her starting point.

 
Review and Reteach
 
Watch a video on finding the distance between two points.
This device does not support the video at this location
Video can also be found at https://www.youtube.com/watch?v=yaj9P-SS2GU.
[image: ]Click here to practice finding the distance between two points.
[image: ]Click here for more practice find the distance between two points.
 
Explore More
Real-World Application:  “It All Depends on Distance” Find out about a career as a surveyor and practice the distance formula. https://www.ck12.org/geometry/Distance-Formula-and-the-Pythagorean-Theorem/rwa/It-All-Depends-on-Distance/?referrer=concept_details
 
Unit 10
Exponents and Scientific Notation
[image: ]
 
Essential Questions
	How do you write know a number is written in scientific notation?
	How do you change a number from standard form to scientific notation?
	How do you change a number from scientific notation to standard form?
	How do you multiply numbers written in scientific notation?
	How do you divide number written in scientific notation?

 
Big Ideas
	Scientific notation is used to display very large or very small numbers.
	Numbers in scientific notation can be multiplied and divided by using the rules of exponents.

 
Learning Goals
	I can convert numbers from standard form to scientific notation.
	I can convert number from scientific notation to standard form.
	I can multiply and divide numbers written in scientific notation.

 
Vocabulary
	Exponents 
	Scientific notation
	Standard form

 
 
 
Section 1
The Product Rule
`[image: ]
Suppose you have this expression:
x⋅x⋅x⋅x⋅x⋅x⋅x⋅x⋅x⋅y⋅y⋅y⋅y⋅y⋅x⋅x⋅x⋅x
How can you write this expression in a more concise way?
In this section you will learn how to apply the Product Rule to simplify expressions and write them more concisely.  
 
Learning Goals 
I can apply the Product Rule to simplify expressions.
 
Standards
PA.N.1.1  Develop and apply the properties of integer exponents, including a0 = 1 (with a 0), to generate equivalent numerical and algebraic expressions.
 
Vocabulary
	Base 
	Exponent
	Laws of Exponents
	Expanded Form
	Product Rule
	Coefficient
	Product

 
Lesson Content
In the expression x3, the x is called the base and the 3 is called the exponent.  Exponents are often referred to as powers.  When an exponent is a positive whole number it tells you how many times to multiply the base by itself.  
For example:
	 x3=x×x×x
	24=2×2×2×2=16

There are many rules that have to do with exponents.  These rules are often called the Laws of Exponents.  They are helpful to know so that you can work with expressions and equations that involve exponents more easily.  ​
	The first Law of Exponents what you will learn is known as the Product Rule.   The word product means the answer to a multiplication problem.  The product rule states that to multiply two powers with the same base, keep the base and add the exponents.  
Product Rulexm×xn=xm+n  
We can illustrate why this works in Example 1.
Example 1: Simplify the expression x5×x3
We can write these powers in expanded form, or written as a repeated multiplication.
[image: ]
As you can see, there are a total of eight x’s being multiplied together, which we can write as x8.
We could also find this answer by using the Product Rule.  According to the product rule, we need to keep the base and add the exponents.
x5×x3=x5+3=x8
Example 2:  Simplify the expression x2×x4
One method is to write the powers in expanded form.
[image: ]
The other option is to use the Product Rule.  
x2×x4=x2+4=x6
While using expanded form is always an option, as the exponents get larger it becomes less convenient.  This is why it is important to know and apply the Product Rule when working with exponents.
Example 3:  Simplify the expression x15×x13
As you can see, this problem would be too time consuming to write in expanded form.  We can simplify this expression just by using the Product Rule.
x15×x13=x15+13=x28
 
Example 4:  Simplify the expression 5x4×3x7
This problem is different because it combines variables and coefficients, which are the numbers multiplied with a variable in an expression or equation.  To simplify this problem, remember the Product Rule only applies to powers.  The coefficients are multiplied like normal.      
5x4×3x715x11
 
Example 5:  Simplify the expression 2x6y5×7x3y
To simplify this problem, think of it in “chunks.”  Start with the coefficients, then simplify the exponents one variable at a time. 
2x6y5×7x3y14x9y6
It is important to notice the y variable in this example.  When there is not an exponent on a variable, there is an “invisible” exponent of 1.  This is why y5×y=y6.
 
Lesson Summary
	  The Laws of Exponents help us simplify and manipulate expression more easily.
	  The Product Rule states that when multiplying powers, keep the base and add the exponents.  

 
Making Connections
Take another look at the problem at the beginning of this section.
Suppose you have this expression:
x⋅x⋅x⋅x⋅x⋅x⋅x⋅x⋅x⋅y⋅y⋅y⋅y⋅y⋅x⋅x⋅x⋅x
How can you write this expression in a more concise way?
Solution:  First, write the expression using exponents.
x9y5x4
Next, use the Product Rule to simplify the expression.
x13y5
 
Review and Reteach
Movie 10.1 Multiplying Exponents with the Same Base
This device does not support the video at this location
Video can also be found at https://www.youtube.com/watch?v=7gZBCTw2EmI
Section 2
The Quotient Rule
[image: ]
Suppose you have this expression:
x⋅x⋅x⋅x⋅x⋅x⋅x⋅x⋅x⋅y⋅y⋅y⋅y⋅yx⋅x⋅x⋅x⋅x⋅x⋅y⋅y⋅y
How could you write this expression in a more concise way?
In this section you will learn how to apply the Quotient Rule, Negative Power Rule, and Zero Exponent Rule to simplify expressions and write them more concisely.  
 
Learning Goals 
I can apply the Quotient Rule to simplify expressions.
I can apply the Negative Power Rule to simplify expressions.
I can apply the Zero Exponent Rule to simplify expressions.
 
Standards
PA.N.1.1  Develop and apply the properties of integer exponents, including a0 = 1 (with a 0), to generate equivalent numerical and algebraic expressions.
 
Vocabulary
	Base
	Exponent
	Laws of Exponents
	Quotient Rule
	Quotient
	Coefficient
	Negative Power Rule for Exponents
	Zero Exponent Rule

 
Lesson Content
In the previous lesson, you learned that in the expression x3, the x is called the base and the 3 is called the exponent.  Exponents are often referred to as powers.  When an exponent is a positive whole number it tells you how many times to multiply the base by itself.  
For example:
	 x3=x×x×x
	24=2×2×2×2=16

In Section 1, you learned about the first Law of Exponents in the Product Rule.  The next Law of Exponents what you will learn is known as the Quotient Rule.   The word quotient means the answer to a division problem.  The Quotient Rule states that to divide two powers with the same base, keep the base and subtract the exponents.  
Quotient Rulexmxn=xm-n  
We can illustrate why this works in Example 1.
Example 1: Simplify the expression x7x4
We can write these powers in expanded form.
[image: ]
As you can see, there are a total of seven x’s in the numerator and four x’s in the denominator.  There are four pairs of x’s crossed off because xx=1, which cancels out.  There are three x’s remaining in the numerator, which makes the answer x3.
We could also find this answer by using the Quotient Rule.  According to the quotient rule, we need to keep the base and subtract the exponents.
x7x4=x7-4=x3
 
Example 2:  Simplify the expression x8y4x4y2
When we have quotients with more than one base, simplify them one base at a time. 
x8y4x4y2x8-4y4-2x4y2
 
Example 3:  Simplify the expression x4x7
In this example you can see what happens when the exponent in the numerator is smaller than the exponent in the denominator.  According to the Quotient Rule, we need to keep the base and subtract the exponents.  
 x4x7=x4-7=x-3
This expression has a negative exponent.  What does that mean?  Let’s look at what happens when we write this problem in expanded form.
[image: ]
The simplified form of this expression is 1x3.  This is due to the Negative Power Rule for Exponents.   According to the negative power rule, x-m=1xm.  A fully simplified expression will never have negative exponents, which is why this rule is useful.    
 
Example 4:  Simplify the expression 21x63x8
This problem is different because it combines variables and coefficients.  To simplify this problem, remember the Quotient Rule only applies to powers.  The coefficients are divided like normal.      
21x63x87x6-87x-2
The final step is to apply the Negative Power Rule to simplify the negative exponent.  Remember, this rule only applies to the exponent, not the coefficient.
7x-2=7x2
The simplified form of this expression is 7x2.
 
Example 5: Simplify the expression x5x5
Use the Quotient Rule to simplify the expression.
x5x5=x5-5=x0
This expression is raised to the power of zero.  What does that mean?  Let’s look at what happens when we write this problem in expanded form.
x⋅x⋅x⋅x⋅xx⋅x⋅x⋅x⋅x
As you can see, there is the same number of x’s in the numerator and the denominator.  If we were to cross them out, every pair of x’s would cancel out because xx=1.  This is the reasoning behind the Zero Exponent Rule.  According to this rule, any number raised to the power of zero equals 1.
The simplified form of this expression is x5x5=1.
     
Lesson Summary
	 The Laws of Exponents help us simplify and manipulate expression more easily.
	  The Zero Exponent Rules states that any number raised to the power of zero equals 1.
	  The Quotient Rule states that when dividing powers, keep the base and subtract the exponents.
	  The Negative Power Rule for exponents allows you to simplify expressions with all positive exponents.  

 
Making Connections
Take another look at the problem at the beginning of this section.
x⋅x⋅x⋅x⋅x⋅x⋅x⋅x⋅x⋅y⋅y⋅y⋅y⋅yx⋅x⋅x⋅x⋅x⋅x⋅y⋅y⋅y
How could you write this expression in a more concise way?
Solution: First, rewrite the expression using exponents.
x9y5x6y3
Next, apply the Quotient Rule to simplify the expression.
x9y5x6y3=x3y2
 
Review and Reteach
Movie 10.2 Why anything to the zero power equals 1
This device does not support the video at this location
Video can also be found at https://www.youtube.com/watch?v=yiwAS3R-mG0
Movie 10.3 Dividing Exponents with the Same Base
This device does not support the video at this location
Video can also be found at https://www.youtube.com/watch?v=khLTbG0VB3Q
 
Section 3
The Power Rule
[image: ]
Lindsay has to solve the follow problem, and then explain it to the class.  She asked you to check her answer first.  Can you help her?
(x2y3z3)3
In this section you will learn how to apply the Power Rule to simplify expressions and write them more concisely.  
 
Learning Goals 
I can apply the Power Rule to simplify expressions.
 
Standards
PA.N.1.1  Develop and apply the properties of integer exponents, including a0 = 1 (with a 0), to generate equivalent numerical and algebraic expressions.
 
Vocabulary
	Base 
	Exponent
	Laws of Exponents
	Power Rule
	Coefficient

 
Lesson Content
In the previous lessons, you learned that in the expression x3, the x is called the base and the 3 is called the exponent.  So far, you have learned about the Product, Quotient, Negative Power, and Zero Exponent Rules.  The next Law of Exponents what you will learn is known as the Power Rule.   The Power Rule states that to raise a power to a power, keep the base and multiply the exponents.  
Power Rule(xm)n=xm⋅n  
We can illustrate why this works in Example 1.
Example 1: Simplify the expression (23)5
We can write these powers in expanded form.
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As you can see, there are a total of fifteen 2‘s, which makes the answer 215.
We could also find this answer by using the Power Rule.  According to the Power rule, we need to keep the base and multiply the exponents.
(23)5=23⋅5=215
 
Example 2:  Simplify the expression (x8y4)2
When we have problems with more than one base, simplify them one base at a time. 
(x8y4)2x8⋅2y4⋅2x16y8
 
Example 3:  Simplify the expression (x8x3)2
In this example you can see what happens when multiple Exponent Laws are needed for the same problem.  When this happens, follow the order of operations.  Start with the expression inside the parenthesis, and then use the power rule.   
 x8x3=x8-3=x5
After we use the Quotient Rule we can apply the Power Rule.
(x5)2=x5⋅2=x10
The simplified form of this expression is x10.    
 
Example 4:  Simplify the expression (3x4)3
This problem is different because it combines variables and coefficients.  To simplify this problem, remember that the power outside the parenthesis must be distributed to every “chunk” inside the parenthesis, including the coefficient!  It helps to think of the coefficient as having an exponent of 1.         
(31x4)3
Now we can apply the Power Rule to simplify the expression.
(31x4)331⋅3x4⋅333x1227x12
The simplified form of this expression is 27x12.
 
Lesson Summary
	  The Laws of Exponents help us simplify and manipulate expression more easily.
	  The Power Rule states that when raising a power to a  power, keep the base and multiply the exponents. 

 
Making Connections
Take another look at the problem at the beginning of this section.
Lindsay has to solve the follow problem, and then explain it to the class.  She asked you to check her answer first.  Can you help her?
(x2y3z3)3
Solution: Apply the Power Rule to each base to simplify the expression.
(x2y3z3)3x6y9z9
Review and Reteach
Movie 10.4 The Power Rule
This device does not support the video at this location
Video can also be found at https://www.youtube.com/watch?v=39l-MZFUEzY
Section 4
Writing Numbers in Scientific Notation
[image: ]
Brian is doing research on the Sun for science class. He finds an article that states that the average distance from Earth to the Sun is 1.496x108 kilometers. Brian is confused because 1.496 doesn't seem like a very big number, and he knows that Earth is far away from the Sun. How can Brian correctly interpret the distance from Earth to the Sun that he found in his research?
[image: ]
	In this section you will learn how to interpret numbers that are written in scientific notation, and how to convert numbers from standard form to scientific notation and vice versa. 
 
Learning Goals 
I can convert numbers from standard form to scientific notation.
I can convert number from scientific notation to standard form.
 
Standards
PA.N.1.2 Express and compare approximations of very large and very small numbers using scientific notation.
 
Vocabulary
	Scientific Notation
	Standard Notation

 
Lesson Content
Sometimes in mathematics numbers are extremely large or extremely small.  When this happens, we can rewrite them using scientific notation to make them easier to work with. Scientific notation is a method of writing numbers as the product of two factors where the first factor is a number greater than or equal to 1 but less than 10, and the second factor is a power of 10.    
 Scientific notation is written in this format:
a×10b
	The letter “a” stands for a decimal number (between 1 and 10), and the letter b stands for the exponent, or power, of 10.  For example, 2.35×1037 is a number expressed in scientific notation.  Notice that there is only one number in front of the decimal place.
	Consider the number “six hundred forty three thousand two hundred ninety seven.” It would be written as 643,297, with each digit’s position having a value assigned to it. You may have seen a table like this before:
[image: ]
You learned in the previous sections that exponents are used to represent repeated multiplication.  We can use repeated multiplication when analyzing numbers like this one.  Look carefully at the number above. Do you notice that all the column headings are powers of ten? Here they are listed from greatest to least:
[image: ] 
The “units” column is also a power of ten.  The word unit means 1, and 100=1
This is the reasoning behind scientific notation.  If we divide 643,297 by 100,000 we get 6.43297.  If we multiply 6.43297 by 100,000 we get 643,297.  If we rewrite 100,000 as 105, we can write it like this:
643,297=6.43297×105
	 
It’s easier to convert numbers to and from scientific notation and standard form than you might think.  Follow the steps below to convert a number to scientific notation:
	Move the decimal point left or right until you reach the last nonzero digit. This new decimal number is a in a×10b.
	Count how many places you moved the decimal point in Step 1. This number b in a×10b.
	Did you move the decimal point left? If so, b is positive. Did you move the decimal point right? If so, b is negative.

 
	Example 1: What is 450,000 written in scientific notation?
Step 1: Move the decimal point left or right until you reach the last nonzero digit. This new decimal number is a in a×10b.
In this example, there is an unwritten decimal after the last zero.  Move the decimal point from this position, and stop before the last digit.  This gives us the number 4.5 for a.
Step 2: Count how many places you moved the decimal point in Step 1. This number b in a×10b. 
The decimal moved five spaces, from the end of the number to between the 4 and 5.  This means that b is 5.  
Step 3:  Did you move the decimal point left? If so, b is positive. Did you move the decimal point right? If so, b is negative.
	We moved the decimal to the left, so the exponent will be positive.
450,000 written in scientific notation is is 4.5×105.
 
Example 2: What is 0.000063 written in scientific notation?
Step 1: Move the decimal point left or right until you reach the last nonzero digit. This new decimal number is a in a×10b.
In this example, there is already a decimal.  Move the decimal point to the right and stop before the last digit.  This gives us the number 6.3 for a.
Step 2: Count how many places you moved the decimal point in Step 1. This number b in a×10b. 
The decimal moved five spaces, from the end of the number to between the 6 and 3.  This means that the value of b is 5.  
Step 3:  Did you move the decimal point left? If so, b is positive. Did you move the decimal point right? If so, b is negative.
	We moved the decimal to the right, so the exponent will be negative.
0.000063 written in scientific notation is is 6.3×10-5.
 
The opposite of scientific notation is called standard notation.  Standard Notation.  Standard notation is a general term to describe how numbers are commonly written.  For example, the numbers 653 and 0.45 are written in standard notation.  
We can convert numbers from scientific notation to standard notation by following the same steps from above in reverse.  
	Example 3: What is 7.3×103 written in standard notation?
Step 1:  If b is positive, move the decimal point to the right.  If b is negative, move the decimal point to the left.  
	Since the exponent is positive, we will move the decimal to the right.
Step 2: Look at the exponent to determine how many spaces to move the decimal.  
The exponent is 3, so we need to move the decimal three spaces.
Step 3: Move the decimal point left or right the correct number of spaces.
Starting between the 7 and the 3, move the decimal three spaces to the right.
7.3×103=7300
7.3×103 written in standard notation is 7,300.  
 
	Example 4: What is 5.21×10-4 written in standard notation?
Step 1:  If b is positive, move the decimal point to the right.  If b is negative, move the decimal point to the left.  
	Since the exponent is negative, we will move the decimal to the left.
Step 2: Look at the exponent to determine how many spaces to move the decimal.  
The exponent is -4, so we need to move the decimal four spaces.
Step 3: Move the decimal point left or right the correct number of spaces.
Starting between the 5 and the 2, move the decimal four spaces to the left.
5.21×10-4=.000521
5.21×10-4 written in standard notation is 0.000521.  
 
Lesson Summary
	Scientific notation is a method of writing numbers as the product of two factors where the first factor is a number greater than or equal to 1 but less than 10, and the second factor is a power of 10.    
	Standard notation is a general term for how we normally write numbers.
	Scientific notation is a method of writing very large or very small numbers.   

 
Making Connections
Take another look at the problem at the beginning of this section.
	Brian is doing research on the Sun for science class. He finds an article that states that the average distance from Earth to the Sun is 1.496x108 kilometers. Brian is confused because 1.496 doesn't seem like a very big number, and he knows that Earth is far away from the Sun. How can Brian correctly interpret the distance from Earth to the Sun that he found in his research?
	Solution: First, Brian needs to realize that the distance is given in scientific notation. The distance isn't 1.496 kilometers, it's a lot more than that!
	To write the distance not in scientific notation Brian should look at the exponent on the 10. The exponent is 8.  Because the exponent is positive, he will be moving the decimal point to the right to get back to the original number.
	Next, he should move the decimal point on the 1.496. He needs to move the decimal point 8 spaces to the right. He should insert zeros into any blank spaces.
1.496 goes to 149,600,000
	Notice that the result is a large number. This makes sense because Brian knows that Earth and the Sun are far apart.
	The average distance from Earth to the Sun is 149,600,000 kilometers.
 
Review and Reteach
Movie 10.5 Scientific Notation
This device does not support the video at this location
Video can also be found at https://www.youtube.com/watch?v=Wf-HlVqZPHY
[image: ]Click here to practice scientific notation and standard form.
 
 
 
Section 5
Multiplying and Dividing with Scientific Notation
[image: ]
	An airplane traveled 5.7×102 miles per hour for 1.4×101 hours.  How far did the airplane travel?
[image: ]
	In the last section you learned how to write numbers in scientific notation.  In addition to converting numbers, it is useful to be able to perform operations with numbers already written in scientific notation.  In this lesson, you will learn how to multiply and divide numbers that are written in scientific notation, as well as how to interpret the answers for real-world scenarios. 
 
Learning Goals 
I can multiply and divide numbers written in scientific notation. 
 
Standards
PA.N.1.3 Multiply and divide numbers expressed in scientific notation; express the answer in scientific notation.
 
Vocabulary
	Scientific Notation

 
Lesson Content
	Earlier in this chapter, you learned how to apply the Product Rule and the Quotient Rule to problems with exponents.  These same rules apply when multiplying or dividing with scientific notation  
	Example 1:  Find the product of (3.2×103)(2.0×105)
First, multiply the decimal values.  You are multiplying the two a values from a×10b.
3.2×2.0=6.4
Next, use the product rule to simplify the b values from a×10b.
103×105=103+5=108
The last step is to combine the decimal value and the power of ten.
6.4×108
This number is written in correct scientific notation, so this is the final answer to the problem!
 
	Example 2: Find the product of (3.4×10-2)(6.2×106)
	First, multiply the decimal values.  You are multiplying the two a values from a×10b.
3.4×6.2=21.08
Next, use the product rule to simplify the b values from a×10b.
10-2×106=10-2+6=104
The last step is to combine the decimal value and the power of ten.
21.08×104
This number is not written in correct scientific notation.  As you can see, the decimal number is not between 1 and 10.  We need to rewrite 21.08 so that the decimal number is at least 1 but less than 10.  To do this, move the decimal one space to the left.  To keep the overall value the same, we also have to increase the exponent by 1, making the answer 2.108×105.
 
	Example 3: Find the quotient of 8.4×1052.1×102
	First, divide the decimal values.  
8.42.1=4.0	
	Next, use the quotient rule to simplify the b values from a×10b.
105102=105-2=103 
The last step is to combine the decimal value and the power of ten.
4.0×103
This number is written in correct scientific notation, so this is the final answer to the problem!
 
Example 4:  Find the quotient of 5.42×1074.0×10-2
	First, divide the decimal values.  
5.424.0=1.355	
	Next, use the quotient rule to simplify the b values from a×10b.  Remember to apply the rules of integers to subtract a negative number!
10710-2=107-(-2)=109 
The last step is to combine the decimal value and the power of ten.
1.355×109
This number is written in correct scientific notation, so this is the final answer to the problem!
 
Lesson Summary
	  The Laws of Exponents can be used to multiply and divide numbers written in scientific notation.  

 
Making Connections
	Take another look at the problem at the beginning of this section.
	An airplane traveled 5.7×102 miles per hour for 1.4×101 hours.  How far did the airplane travel?
	Solution: In order to determine the total distance, we need to multiply the rate and time for the flight.  We can set up the problem like this:
(5.7×102)(1.4×101)
	Start by multiplying the decimal values.  
5.7×1.4=7.98	
	Next, use the product rule to simplify the b values from a×10b.
102×101=103 
The last step is to combine the decimal value and the power of ten.
7.98×103
The airplane traveled 7.98×103 miles, or 7,980 miles.
 
Review and Reteach
Movie 10.6 Multiplying and Dividing with Scientific Notation
This device does not support the video at this location
Video can also be found at https://www.youtube.com/watch?v=UADVIDjdaVg
[image: ]Click here to practice multiplying and dividing with scientific notation.
Resources
[image: ]
Open Educational Resources
	https://pixabay.com
	https://www.ck12.org
	https://www.illustrativemathematics.org
	https://www.khanacademy.org

 
Putnam City Schools goes to great lengths to ensure all content is original, is obtained from Open Educational Resources, or the sources used are documented accordingly.
If you find any content that you believe infringes on copyright protections, please contact the district Curriculum Office at 405-495-5200 x1237 so we can remove if appropriate.
 
	Real Number
	any positive or negative number, including fractions, decimals, and zero

	Rational number
	any positive or negative number, fraction, and repeating or terminating decimals

	Irrational number
	any non-repeating and non-terminating decimal 
 

	Integers
	any positive whole numbers and their opposites

	Opposites
	numbers whose sum is zero  
For example, 4 and -4 are opposites.
 
 

	Whole Numbers
	all positive numbers, starting with zero  
{0,1,2,3,4,5,6….}
 

	Natural Numbers
	the numbers we use to count things
{1,2,3,4,5….}

	Radical
	the square root symbol; x

	Square root
	the number that, times itself, produces a given number
Examples:
	 36=6, because 6 x 6 = 36
52 is between 7 and 8 since 52 is between 49 and 64

	Perfect squares
	numbers whose square roots are whole numbers
	Example: 25=5

	Number line
	a line with numbers evenly spaced apart that can be used for simple math operations or to order real numbers

	Fraction
	a ratio of two numbers

	Absolute Value
	a number’s distance from zero on a number line

	Positive
	numbers that are greater than zero, usually without a sign or with a plus sign in front

	Negative
	numbers that are less than zero; they have a negative sign in front.
 

	Sum
	the solution to an addition problem

	Difference
	the solution to a subtraction problem

	Product
	the solution to a multiplication problem

	Quotient
	the solution to a division problem

	Expression
	a mathematical phrase that combines numbers and mathematical operations without an equal sign

	Simplify
	to follow the rules of arithmetic to rewrite a problem as simply as possible

	Order of Operations
	the specific order that is used to simplify all math problems
G - Grouping Symbols
E - Exponents and Square Roots
M - Multiplication and Division
S - Subtraction and Addition
Visit Chapter 1, Section 5 to view examples.
 

	Algebraic Expression
	expression that includes a letter, such as 3x - 4

	Variable
	a letter than represents an unknown number

	Evaluate
	to replace the variables in an algebraic expression with a given value and then simplify the expression

	Substitution
	The process of replacing variables with a number value

	Associative Property
	the Associative Property is a rule that applies to how numbers are grouped together in a problem
 	Associative Property of Addition
	Associative Property of Multiplication

	(a + b) + c = a + (b + c) 
The way the numbers are grouped 
will not affect the total
	(a x b) x c = a x (b x c)
The way the numbers are grouped 
will not affect the product

	(2 + 3) + 5 = 2 + (3 +5)
5 + 5   =  2 + 8
10     =    10
These expressions are equivalent 
because their sums are the same.
	(2 x 3) x 5 = 2 x (3 x 5)
   6 x 5 = 2 x 15     
 30 = 30                      
These expressions are equivalent 
because their products are the same.



	Commutative Property
	a rule that allows you move numbers around within a problem
 	Commutative Property of Addition
	Commutative Property of Multiplication

	a+b = b+a 
The order in which you add two or more 
numbers will not affect the total
	ab = ba
The order in which you multiply two or more 
numbers will not affect the product

	12 + 3 = 3 + 12
15   =   15                           
These expressions are equivalent 
because their sums are the same.
	  12 x 3 = 3 x 12
  36 = 36     
These expressions are equivalent 
because their products are the same.



	Distributive Property
	to multiply across addition or subtraction
Example: 4(3x+2) = 4(3x)+4(2)

	Like terms
	terms that have the exact same variable and exponent
Examples: 4x and 3x, 5x2 and -2x2 
Non-examples: 4x and 3y, 4 and 3x, 2x and x2

	Equivalent Expressions
	expressions whose values are the same. 
 

	Equation
	two equivalent, or equal, expressions connected with an equal sign.  
For example, 2 + 3 = 5 is an equation because both sides have the same value, 5.  
 

	Algebraic Equation
	two equivalent expressions with unknown values, connected with an equal sign
Example: 3x + 5 = 20

	Inverse Operation
	An operation used to “undo” its opposite
Opposites: Addition and Subtraction
			    Multiplication and Division

	Solve
	isolating a variable to determine the unknown value or values

	Constant
	the term in an expression or equation that does not include the variable
Examples: 
In the expression 3x2+4x+5, 5 is the constant.
In the equation 6x+7=37, 7 is the constant.

	Coefficient
	the number multiplied with a variable in an expression or equation
Examples:
In the expression 3x2+4x+5, 3 and 4 are coefficients.
In the equation 6x+7=37, 6 is the coefficient.

	One solution
	There is one solution for an equation when one value can be substituted for a variable to keep the equation equivalent.  
 

	No solution
	The is no solution to an equation when there aren’t any values that can be substituted for the variable that will keep the equation equivalent.
For example: 3x + 5 = 3x + 7 has no solution.
 

	Infinitely many solutions
	An equation has infinitely many solutions when the equation will stay equivalent for every possible value of x.
For example, 3x + 5 = 3x + 5 has infinitely many solutions

	Inequality
	a mathematical sentence that compares two expressions
Inequality Symbols: <, >, ≤, ≥

	Greater than
	Symbol: >
Used to compare two values
Example: 17 > 9
Algebraic Example:  x > 2, meaning the value
of x can be any real number that is bigger than 2

	Greater than or equal to
	Symbol: ≥
Used to compare two values
Example:  x ≥ 2, meaning the value
of x can be any real number that is bigger than 2
OR the value could be equal to 2

	Less than
	Symbol: <
Used to compare two values
Example: 9 < 17
Algebraic Example:  x < 2, meaning the value
of x can be any real number that is smaller than 2

	Less than or equal to
	Symbol: ≤
Used to compare two values
Example:  x ≤ 2, meaning the value
of x can be any real number that is smaller than 2
OR the value could be equal to 2

	Ratio
	a relationship, or comparison, of two values.  A ratio can be expressed in three different ways:
	words, such as 3 to 4
	with a colon, such as 3:4
	as a fraction, like 34

 

	Greatest Common Factor (GCF)
	the largest factor shared by both numbers; find the GCF by finding the largest number that can be divided into both numbers.

	Unit rate
	a special kind of ratio, where the second number, or the denominator, is equal to one. 
Here are some common unit rates:
	•	miles per gallon
	•	price per pound
	•	pay per hour 
 

	Equivalent ratios
	two equal ratios

	Proportion
	two equivalent ratios
	An example of a proportion is 12=24
 

	Proportional reasoning
	examining the relationships between two numbers

	Cross products
	the result of multiplying the numerator of one ratio with the denominator of another. If the cross products are equal, then the ratios are proportional.   
 

	Similar figures
	two figures with the same shape, but not necessarily the same size.  In similar figures, corresponding angles are congruent, or equal, and corresponding sides are proportional

	Corresponding angles
	angles that have the same relative position in geometric figures

	Corresponding sides
	sides that have the same relative position in geometric figures

	Markup
	the percent by which a company will increase the wholesale price to get the retail price
 

	Discount
	reduces the cost of an item by subtracting from the retail price.  

	Tax
	a percent increase determined by the government.  This money is paid to the government so that they can provide services to the people. 

	Tip
	an amount of money that is given to a worker such as a waiter or waitress or taxi-cab driver.  A tip is usually given voluntarily as a way of saying thank you for good service.  The most common amount for a tip is 15%.
 

	Dilation
	Reduction or enlargement of a figure according to a scale factor

	Enlargement
	A dilation that makes a figure proportionally larger

	Reduction
	A dilation that makes a figure proportionally smaller

	Reflection
	A transformation that flips a figure on the coordinate plane across a given line without changing the shape or size of the figure.

	Scale drawing
	A drawing with dimensions at a specific ratio relative to the actual size of the object drawn 
 

	Indirect measurement
	An application of similar triangles is to measure lengths indirectly. The length to be measured would be some feature that was not easily accessible to a person, such as the width of a river or canyon and the height of a tall object. To measure something indirectly, you need to set up a pair of similar triangles.

	Scale factor
	a ratio of the length of a scale drawing to the corresponding length of an actual object, written in simplest form 
 

	Translation
	A transformation that slides a figure on the coordinate plane without changing its shape, size, or orientation.

	Vertex
	A point of intersection of the lines or rays that form an angle. 
The “corners” of geometric shapes. 
	Plural: Vertices

	Transformation
	a change in the position or size of a figure on a coordinate plane
 

	Coordinate plane
	also called the Cartesian plane, can be thought of as two number lines that meet at right angles

	X-axis
	the horizontal axis on a coordinate plane

	Y-axis
	the vertical axis on a coordinate plane

	Origin
	the point at which the x- and y-axis intersect.
Located at (0,0) on a coordinate plane

	Coordinates
	the pairs of numbers which specify the position or location of a point or object on a coordinate plane

	Ordered pair
	a coordinate written in the form (x, y) where x is the x-coordinate and y is the y-coordinate.

	Percent
	a ratio that compares a part of something to the whole

	Relation
	any set of ordered pairs that relate, or have something in common with each other.  Whenever we talk about a set of points we use brackets to show that they go together.

	Function
	a relation where there is exactly one output for every input.

	Vertical line test
	a method of determining if a graph is a function.  The relation is a function if vertical lines do not intersect the graph more than one point.
 

	Area
	The amount of space inside a figure. Area is measured in square units.

	Rectangle
	A quadrilateral with four right angles.

	Length
	The distance from one end of an object to the other.

	Width
	The distance from side to side.

	Perimeter
	The distance around a shape.

	Trapezoid
	A quadrilateral with exactly one pair of parallel sides.

	Surface area
	the total area of all of the surfaces of a three-dimensional object.

	Net
	A net is a diagram that shows a “flattened” view of a solid. In a net, each face and base is shown with all of its dimensions. A net can also serve as a pattern to build a three-dimensional solid.

	Rectangular prism
	A rectangular prism is a prism made up of two rectangular bases and four rectangular faces.

	Volume
	The amount of space occupied by a 3-dimensional object. Measured in cubic units.

	Unit cube
	A cube whose sides are 1 unit long. The volume of a 3-dimensional unit cube is 1 cubic unit.

	Composite figure
	A figure is made from two or more geometric figures.

	Circle
	A plane shape bounded by a continuous line which is always the same distance from the center.

	Radius
	The distance from the center of the circle to the edge of the circle.

	Diameter
	A chord that passes through the center of the circle. The length of a diameter is two times the length of a radius.

	Pi
	(or π ) The ratio of the circumference of a circle to its diameter.

	Base
	The bottom line of a plane shape or the bottom face of a solid.

	Circumference
	The measure of the distance around the outside edge of a circle

	Height
	The perpendicular distance from a base to the top of a figure. In trapezoids, it is the perpendicular distance between bases.

	Square units
	The measurement used when dealing with area.

	Square
	A quadrilateral with four congruent sides and four right angles.

	Triangle
	A geometric figure with three sides.

	Congruent
	Having the same measure

	Output
	the y values in a function

	Input
	the x values in a function

	Independent variable
	the input variable in an equation or function, usually represented by x

	Dependent variable
	the output variable in an equation or function, usually represented by y or f(x)

	Function rule
	An expression or equation that shows the operations performed on the independent variable (input) to determine the dependent variable (output).
You can identify the function rule by asking yourself, “What can I do to the x value to end up with the y value?”

	Linear Function
	a function that forms a straight line when graphed on a coordinate plane.  It can be recognized in a function table because the x- and y-values follow a systematic pattern of increases and decreases.

	Nonlinear Function
	a function that does not form a straight line when graphed and where the data does not increase or decrease systematically.

	Rate of change
	the ratio of the change in the y-values to the change in the x-values; also called slope   
Rate of Change (slope)=the change in ythe change in x
 

	Linear equation
	an equation that, when graphed on a coordinate plane, makes a straight line
 

	Slope-Intercept Form
	the equation of a line in the form y=mx+b.  
[image: ]

	Slope
	the steepness of a line; the ratio of the vertical change of a line to its horizontal change.  
slope=change in ychange in x=riserun
   
 

	Y-intercept
	the point when the line intersects, or crosses, the y-axis

	Scatterplot
	A plot of the dependent variable versus the independent variable and is used to investigate whether or not there is a relationship or connection between 2 sets of data.

	Line of best fit
	A straight line drawn on a scatter plot such that the sums of the distances to the points on either side of the line are approximately equal and such that there are an equal number of points above and below the line.

	Slope Formula
	Given the points (x1,y1) and (x2,y2), the slope formula is m=y2-y1x2-x1

	Horizontal
	a flat line that is parallel to the horizon

	Vertical
	a line that is straight up and down on a coordinate plane

	Undefined
	the slope of a vertical line

	Zero slope
	The slope of a horizontal line

	Circle graph
	A visual display of data in a circle. A circle graph is created from percentages with the entire circle representing the whole. The sectors of the circle graph are divided according to the number of degrees they represent out of 360 degrees.

	Correlation
	Correlation is a statistical method used to determine if there is a connection or a relationship between two sets of data.

	Event
	Result of an experiment or an activity.

	Favorable outcome
	The outcome that you are looking for.

	Frequency table
	A table that summarizes a data set by stating the number of times each value occurs within the data set.

	Histogram
	A display that indicates the frequency of specified ranges of continuous data values on a graph in the form of immediately adjacent bars.

	Interval
	A range of data in a data set.

	Spread
	A measure of spread, sometimes also called a measure of dispersion, is used to describe the variability in a sample or population. It is usually used in conjunction with a measure of central tendency, such as the mean or median, to provide an overall description of a set of data. Range is one of the measures of spread.
 

	Total outcomes
	The total number of possible outcomes.

	Mean
	Average value of a set of measurements; calculated by summing the measurements and dividing the total by the number of measurements.

	Measures of central tendency
	In statistics, a central or typical value of the data set.

	Median
	The middle value of an organized data set

	Mode
	The value or values with greatest frequency in the data set.

	Range
	Total spread of values in a set of measurements; calculated by subtracting the smallest value from the largest value.

	Outcome
	A possible result of some event occurring

	Outlier
	In statistics, a data value that is far from other data values.

	Prediction
	A reasonable guess about a future event.

	Probability
	The likelihood that an event will happen.

	Sample space
	The set of all possible outcomes for a probability experiment or activity.

	Distance
	Length of the route between two points.

	Hypotenuse
	On a right triangle, the side opposite to the right angle. The hypotenuse is always the longest of the three sides. 

	Leg
	On a right triangle, either of the two shorter sides.

	Pythagorean Theorem
	The Pythagorean Theorem is a mathematical relationship between the sides of a right triangle, given by a2+b2=c2, where a and b are legs of the triangle and c is the hypotenuse of the triangle.

	Pythagorean triple
	A set of three whole numbers a, b, and c that satisfy the Pythagorean Theorem, a2+b2=c2 .

	Right triangle
	A triangle with one 90∘ angle.


	Real Number
	any positive or negative number, including fractions, decimals, and zero

	Related Glossary Terms
	Irrational number, Rational number

	Index
	Chapter 1 - Real Numbers and Expressions
Chapter 1 - Classifying Real Numbers
Chapter 1 - Classifying Real Numbers
 


	Rational number
	any positive or negative number, fraction, and repeating or terminating decimals

	Related Glossary Terms
	Real Number

	Index
	Chapter 1 - Real Numbers and Expressions
Chapter 1 - Classifying Real Numbers
Chapter 1 - Absolute Value
 


	Irrational number
	any non-repeating and non-terminating decimal 
 

	Related Glossary Terms
	Real Number

	Index
	Chapter 1 - Real Numbers and Expressions
Chapter 1 - Classifying Real Numbers
Chapter 1 - Square Roots
 


	Integers
	any positive whole numbers and their opposites

	Related Glossary Terms
	Opposites

	Index
	Chapter 1 - Real Numbers and Expressions
Chapter 1 - Classifying Real Numbers
 


	Opposites
	numbers whose sum is zero  
For example, 4 and -4 are opposites.
 
 

	Related Glossary Terms
	Integers

	Index
	Chapter 1 - Real Numbers and Expressions
Chapter 1 - Classifying Real Numbers
Chapter 1 - Operations with Integers
Chapter 1 - Operations with Integers
 


	Whole Numbers
	all positive numbers, starting with zero  
{0,1,2,3,4,5,6….}
 

	Index
	Chapter 1 - Real Numbers and Expressions
Chapter 1 - Classifying Real Numbers
 


	Natural Numbers
	the numbers we use to count things
{1,2,3,4,5….}

	Index
	Chapter 1 - Real Numbers and Expressions
Chapter 1 - Classifying Real Numbers
 


	Radical
	the square root symbol; x

	Index
	Chapter 1 - Real Numbers and Expressions
Chapter 1 - Square Roots
Chapter 1 - Square Roots
 


	Square root
	the number that, times itself, produces a given number
Examples:
	 36=6, because 6 x 6 = 36
52 is between 7 and 8 since 52 is between 49 and 64

	Index
	Chapter 1 - Real Numbers and Expressions
Chapter 1 - Square Roots
Chapter 1 - Square Roots
Chapter 1 - Square Roots
Chapter 1 - Square Roots
 


	Perfect squares
	numbers whose square roots are whole numbers
	Example: 25=5

	Index
	Chapter 1 - Real Numbers and Expressions
Chapter 1 - Square Roots
Chapter 1 - Square Roots
Chapter 1 - Square Roots
Chapter 1 - Square Roots
Chapter 1 - Square Roots
Chapter 1 - Square Roots
 


	Number line
	a line with numbers evenly spaced apart that can be used for simple math operations or to order real numbers

	Index
	Chapter 1 - Real Numbers and Expressions
Chapter 1 - Comparing Real Numbers
Chapter 2 - Equations and Inequalities
 


	Fraction
	a ratio of two numbers

	Index
	Chapter 1 - Real Numbers and Expressions
Chapter 1 - Comparing Real Numbers
 


	Absolute Value
	a number’s distance from zero on a number line

	Index
	Chapter 1 - Real Numbers and Expressions
Chapter 1 - Operations with Integers
Chapter 1 - Operations with Integers
Chapter 1 - Operations with Integers
Chapter 1 - Absolute Value
Chapter 1 - Absolute Value
Chapter 1 - Absolute Value
 


	Positive
	numbers that are greater than zero, usually without a sign or with a plus sign in front

	Index
	Chapter 1 - Real Numbers and Expressions
Chapter 1 - Operations with Integers
 


	Negative
	numbers that are less than zero; they have a negative sign in front.
 

	Index
	Chapter 1 - Real Numbers and Expressions
Chapter 1 - Operations with Integers
 


	Sum
	the solution to an addition problem

	Index
	Chapter 1 - Real Numbers and Expressions
Chapter 1 - Operations with Integers
 


	Difference
	the solution to a subtraction problem

	Index
	Chapter 1 - Real Numbers and Expressions
Chapter 1 - Operations with Integers
 


	Product
	the solution to a multiplication problem

	Index
	Chapter 1 - Real Numbers and Expressions
Chapter 1 - Operations with Integers
 


	Quotient
	the solution to a division problem

	Index
	Chapter 1 - Real Numbers and Expressions
Chapter 1 - Operations with Integers
 


	Expression
	a mathematical phrase that combines numbers and mathematical operations without an equal sign

	Related Glossary Terms
	Constant

	Index
	Chapter 1 - Real Numbers and Expressions
Chapter 1 - Order of Operations
Chapter 1 - Evaluating Algebraic Expressions
Chapter 1 - Evaluating Algebraic Expressions
 


	Simplify
	to follow the rules of arithmetic to rewrite a problem as simply as possible

	Index
	Chapter 1 - Real Numbers and Expressions
Chapter 1 - Order of Operations
 


	Order of Operations
	the specific order that is used to simplify all math problems
G - Grouping Symbols
E - Exponents and Square Roots
M - Multiplication and Division
S - Subtraction and Addition
Visit Chapter 1, Section 5 to view examples.
 

	Index
	Chapter 1 - Real Numbers and Expressions
Chapter 1 - Order of Operations
Chapter 1 - Absolute Value
 


	Algebraic Expression
	expression that includes a letter, such as 3x - 4

	Index
	Chapter 1 - Real Numbers and Expressions
Chapter 1 - Evaluating Algebraic Expressions
Chapter 1 - Properties of Operations
 


	Variable
	a letter than represents an unknown number

	Index
	Chapter 1 - Real Numbers and Expressions
Chapter 1 - Evaluating Algebraic Expressions
Chapter 1 - Properties of Operations
Chapter 2 - One-Step Equations
Chapter 2 - Equations with Variables on Both Sides
Chapter 2 - Equations with Variables on Both Sides
 


	Evaluate
	to replace the variables in an algebraic expression with a given value and then simplify the expression

	Related Glossary Terms
	Substitution

	Index
	Chapter 1 - Real Numbers and Expressions
Chapter 1 - Evaluating Algebraic Expressions
 


	Substitution
	The process of replacing variables with a number value

	Related Glossary Terms
	Evaluate

	Index
	Chapter 1 - Real Numbers and Expressions
Chapter 1 - Evaluating Algebraic Expressions
Chapter 2 - Equations and Inequalities
Chapter 2 - Equations with Combining Like Terms
Chapter 2 - Equations with Variables on Both Sides
Chapter 2 - Equations with Variables on Both Sides
Chapter 2 - Equations with Variables on Both Sides
Chapter 2 - Two-Step Inequalities
Chapter 2 - Two-Step Inequalities
Chapter 2 - Two-Step Inequalities
Chapter 2 - Two-Step Inequalities
Chapter 4 - Writing a Linear Equation from a Table


	Associative Property
	the Associative Property is a rule that applies to how numbers are grouped together in a problem
 	Associative Property of Addition
	Associative Property of Multiplication

	(a + b) + c = a + (b + c) 
The way the numbers are grouped 
will not affect the total
	(a x b) x c = a x (b x c)
The way the numbers are grouped 
will not affect the product

	(2 + 3) + 5 = 2 + (3 +5)
5 + 5   =  2 + 8
10     =    10
These expressions are equivalent 
because their sums are the same.
	(2 x 3) x 5 = 2 x (3 x 5)
   6 x 5 = 2 x 15     
 30 = 30                      
These expressions are equivalent 
because their products are the same.



	Index
	Chapter 1 - Real Numbers and Expressions
Chapter 1 - Properties of Operations
Chapter 1 - Properties of Operations
 


	Commutative Property
	a rule that allows you move numbers around within a problem
 	Commutative Property of Addition
	Commutative Property of Multiplication

	a+b = b+a 
The order in which you add two or more 
numbers will not affect the total
	ab = ba
The order in which you multiply two or more 
numbers will not affect the product

	12 + 3 = 3 + 12
15   =   15                           
These expressions are equivalent 
because their sums are the same.
	  12 x 3 = 3 x 12
  36 = 36     
These expressions are equivalent 
because their products are the same.



	Index
	Chapter 1 - Real Numbers and Expressions
Chapter 1 - Properties of Operations
Chapter 1 - Properties of Operations
 


	Distributive Property
	to multiply across addition or subtraction
Example: 4(3x+2) = 4(3x)+4(2)

	Index
	Chapter 1 - Real Numbers and Expressions
Chapter 1 - Properties of Operations
Chapter 1 - Properties of Operations
Chapter 1 - Properties of Operations
Chapter 2 - Equations and Inequalities
Chapter 2 - Equations with the Distributive Property
Chapter 2 - Equations with Combining Like Terms
Chapter 2 - Equations with Variables on Both Sides
Chapter 2 - Equations with Variables on Both Sides
 


	Like terms
	terms that have the exact same variable and exponent
Examples: 4x and 3x, 5x2 and -2x2 
Non-examples: 4x and 3y, 4 and 3x, 2x and x2

	Index
	Chapter 1 - Real Numbers and Expressions
Chapter 1 - Properties of Operations
Chapter 1 - Properties of Operations
Chapter 2 - Equations and Inequalities
Chapter 2 - Equations and Inequalities
Chapter 2 - Equations with Combining Like Terms
Chapter 2 - Equations with Variables on Both Sides
Chapter 2 - Equations with Variables on Both Sides
 


	Equivalent Expressions
	expressions whose values are the same. 
 

	Index
	Chapter 1 - Real Numbers and Expressions
Chapter 1 - Properties of Operations
 


	Equation
	two equivalent, or equal, expressions connected with an equal sign.  
For example, 2 + 3 = 5 is an equation because both sides have the same value, 5.  
 

	Related Glossary Terms
	Constant

	Index
	Chapter 2 - Equations and Inequalities
Chapter 2 - One-Step Equations
 


	Algebraic Equation
	two equivalent expressions with unknown values, connected with an equal sign
Example: 3x + 5 = 20

	Index
	Chapter 2 - Equations and Inequalities
Chapter 2 - One-Step Equations
Chapter 2 - One-Step Equations
 


	Inverse Operation
	An operation used to “undo” its opposite
Opposites: Addition and Subtraction
			    Multiplication and Division

	Index
	Chapter 2 - Equations and Inequalities
Chapter 2 - One-Step Equations
Chapter 2 - Two-Step Equations
Chapter 2 - Two-Step Equations
Chapter 2 - One-Step Inequalities
 


	Solve
	isolating a variable to determine the unknown value or values

	Index
	Chapter 2 - Equations and Inequalities
Chapter 2 - One-Step Equations
Chapter 2 - One-Step Inequalities
Chapter 2 - Two-Step Inequalities
 


	Constant
	the term in an expression or equation that does not include the variable
Examples: 
In the expression 3x2+4x+5, 5 is the constant.
In the equation 6x+7=37, 7 is the constant.

	Related Glossary Terms
	Equation, Expression

	Index
	Chapter 2 - Equations and Inequalities
Chapter 2 - Two-Step Equations
Chapter 2 - Equations with Combining Like Terms
Chapter 2 - Equations with Variables on Both Sides
Chapter 2 - Equations with Variables on Both Sides
Chapter 2 - Two-Step Inequalities
Chapter 2 - Two-Step Inequalities
Chapter 2 - Two-Step Inequalities
Chapter 2 - Two-Step Inequalities


	Coefficient
	the number multiplied with a variable in an expression or equation
Examples:
In the expression 3x2+4x+5, 3 and 4 are coefficients.
In the equation 6x+7=37, 6 is the coefficient.

	Index
	Chapter 2 - Equations and Inequalities
Chapter 2 - Two-Step Equations
Chapter 2 - Equations with Combining Like Terms
Chapter 2 - Equations with Variables on Both Sides
Chapter 2 - Equations with Variables on Both Sides
Chapter 2 - One-Step Inequalities
Chapter 2 - Two-Step Inequalities
Chapter 2 - Two-Step Inequalities
Chapter 2 - Two-Step Inequalities
Chapter 2 - Two-Step Inequalities
Chapter 4 - Writing a Linear Equation from a Graph


	One solution
	There is one solution for an equation when one value can be substituted for a variable to keep the equation equivalent.  
 

	Index
	Chapter 2 - Equations and Inequalities
Chapter 2 - Equations with Variables on Both Sides
Chapter 2 - Equations with Variables on Both Sides
Chapter 2 - Equations with Variables on Both Sides


	No solution
	The is no solution to an equation when there aren’t any values that can be substituted for the variable that will keep the equation equivalent.
For example: 3x + 5 = 3x + 7 has no solution.
 

	Index
	Chapter 2 - Equations and Inequalities
Chapter 2 - Equations with Variables on Both Sides
Chapter 2 - Equations with Variables on Both Sides


	Infinitely many solutions
	An equation has infinitely many solutions when the equation will stay equivalent for every possible value of x.
For example, 3x + 5 = 3x + 5 has infinitely many solutions

	Index
	Chapter 2 - Equations and Inequalities
Chapter 2 - Equations with Variables on Both Sides
Chapter 2 - Equations with Variables on Both Sides


	Inequality
	a mathematical sentence that compares two expressions
Inequality Symbols: <, >, ≤, ≥

	Index
	Chapter 2 - Equations and Inequalities
Chapter 2 - Intro to Inequalities
Chapter 2 - One-Step Inequalities


	Greater than
	Symbol: >
Used to compare two values
Example: 17 > 9
Algebraic Example:  x > 2, meaning the value
of x can be any real number that is bigger than 2

	Index
	Chapter 2 - Equations and Inequalities
Chapter 2 - Intro to Inequalities


	Greater than or equal to
	Symbol: ≥
Used to compare two values
Example:  x ≥ 2, meaning the value
of x can be any real number that is bigger than 2
OR the value could be equal to 2

	Index
	Chapter 2 - Equations and Inequalities
Chapter 2 - Intro to Inequalities


	Less than
	Symbol: <
Used to compare two values
Example: 9 < 17
Algebraic Example:  x < 2, meaning the value
of x can be any real number that is smaller than 2

	Index
	Chapter 2 - Equations and Inequalities
Chapter 2 - Intro to Inequalities


	Less than or equal to
	Symbol: ≤
Used to compare two values
Example:  x ≤ 2, meaning the value
of x can be any real number that is smaller than 2
OR the value could be equal to 2

	Index
	Chapter 2 - Equations and Inequalities
Chapter 2 - Intro to Inequalities


	Ratio
	a relationship, or comparison, of two values.  A ratio can be expressed in three different ways:
	words, such as 3 to 4
	with a colon, such as 3:4
	as a fraction, like 34

 

	Related Glossary Terms
	Equivalent ratios

	Index
	Chapter 4 - Finding the Slope and y-Intercept of a Line
Chapter 5 - Proportions and Percents
Chapter 5 - Ratios and Unit Rates
Chapter 5 - Proportional Reasoning
Chapter 5 - Proportional Reasoning


	Greatest Common Factor (GCF)
	the largest factor shared by both numbers; find the GCF by finding the largest number that can be divided into both numbers.

	Index
	Chapter 5 - Proportions and Percents
Chapter 5 - Ratios and Unit Rates
Chapter 5 - Ratios and Unit Rates
Chapter 5 - Ratios and Unit Rates
Chapter 5 - Ratios and Unit Rates
Chapter 5 - Proportional Reasoning


	Unit rate
	a special kind of ratio, where the second number, or the denominator, is equal to one. 
Here are some common unit rates:
	•	miles per gallon
	•	price per pound
	•	pay per hour 
 

	Index
	Chapter 5 - Proportions and Percents
Chapter 5 - Ratios and Unit Rates
 


	Equivalent ratios
	two equal ratios

	Related Glossary Terms
	Ratio

	Index
	Chapter 5 - Proportions and Percents
Chapter 5 - Proportional Reasoning
Chapter 5 - Proportional Reasoning
 


	Proportion
	two equivalent ratios
	An example of a proportion is 12=24
 

	Index
	Chapter 5 - Proportions and Percents
Chapter 5 - Proportional Reasoning
Chapter 5 - Proportional Reasoning


	Proportional reasoning
	examining the relationships between two numbers

	Index
	Chapter 5 - Proportions and Percents
Chapter 5 - Proportional Reasoning
Chapter 5 - Proportional Reasoning
Chapter 5 - Solving Proportions
 


	Cross products
	the result of multiplying the numerator of one ratio with the denominator of another. If the cross products are equal, then the ratios are proportional.   
 

	Index
	Chapter 5 - Proportions and Percents
Chapter 5 - Proportional Reasoning
Chapter 5 - Proportional Reasoning
Chapter 5 - Solving Proportions


	Similar figures
	two figures with the same shape, but not necessarily the same size.  In similar figures, corresponding angles are congruent, or equal, and corresponding sides are proportional

	Index
	Chapter 5 - Proportions and Percents
Chapter 5 - Proportions and Similar Figures
Chapter 6 - Geometry
 


	Corresponding angles
	angles that have the same relative position in geometric figures

	Index
	Chapter 5 - Proportions and Similar Figures


	Corresponding sides
	sides that have the same relative position in geometric figures

	Index
	Chapter 5 - Proportions and Similar Figures
Chapter 6 - Geometry


	Markup
	the percent by which a company will increase the wholesale price to get the retail price
 

	Index
	Chapter 5 - Proportions and Percents
Chapter 5 - Applying Percents


	Discount
	reduces the cost of an item by subtracting from the retail price.  

	Index
	Chapter 5 - Proportions and Percents
Chapter 5 - Applying Percents


	Tax
	a percent increase determined by the government.  This money is paid to the government so that they can provide services to the people. 

	Index
	Chapter 5 - Proportions and Percents
Chapter 5 - Applying Percents


	Tip
	an amount of money that is given to a worker such as a waiter or waitress or taxi-cab driver.  A tip is usually given voluntarily as a way of saying thank you for good service.  The most common amount for a tip is 15%.
 

	Index
	Chapter 5 - Proportions and Percents
Chapter 5 - Applying Percents


	Dilation
	Reduction or enlargement of a figure according to a scale factor

	Index
	Chapter 6 - Geometry
 


	Enlargement
	A dilation that makes a figure proportionally larger

	Index
	Chapter 6 - Geometry
 


	Reduction
	A dilation that makes a figure proportionally smaller

	Index
	Chapter 6 - Geometry
 


	Reflection
	A transformation that flips a figure on the coordinate plane across a given line without changing the shape or size of the figure.

	Index
	Chapter 6 - Geometry
 


	Scale drawing
	A drawing with dimensions at a specific ratio relative to the actual size of the object drawn 
 

	Index
	Chapter 6 - Geometry
 


	Indirect measurement
	An application of similar triangles is to measure lengths indirectly. The length to be measured would be some feature that was not easily accessible to a person, such as the width of a river or canyon and the height of a tall object. To measure something indirectly, you need to set up a pair of similar triangles.

	Index
	Chapter 6 - Geometry
 


	Scale factor
	a ratio of the length of a scale drawing to the corresponding length of an actual object, written in simplest form 
 

	Index
	Chapter 6 - Geometry
 


	Translation
	A transformation that slides a figure on the coordinate plane without changing its shape, size, or orientation.

	Index
	Chapter 6 - Geometry
 


	Vertex
	A point of intersection of the lines or rays that form an angle. 
The “corners” of geometric shapes. 
	Plural: Vertices

	Index
	Chapter 3 - Graphing on a Coordinate Plane
Chapter 6 - Geometry
 


	Transformation
	a change in the position or size of a figure on a coordinate plane
 


	Coordinate plane
	also called the Cartesian plane, can be thought of as two number lines that meet at right angles

	Index
	Chapter 3 - Intro to Functions
Chapter 3 - Graphing on a Coordinate Plane
Chapter 3 - What is a Function?
 


	X-axis
	the horizontal axis on a coordinate plane

	Index
	Chapter 3 - Intro to Functions
Chapter 3 - Graphing on a Coordinate Plane
 


	Y-axis
	the vertical axis on a coordinate plane

	Index
	Chapter 3 - Intro to Functions
Chapter 3 - Graphing on a Coordinate Plane
Chapter 4 - Finding the Slope and y-Intercept of a Line


	Origin
	the point at which the x- and y-axis intersect.
Located at (0,0) on a coordinate plane

	Index
	Chapter 3 - Graphing on a Coordinate Plane
 


	Coordinates
	the pairs of numbers which specify the position or location of a point or object on a coordinate plane

	Index
	Chapter 3 - Intro to Functions
Chapter 3 - Graphing on a Coordinate Plane
 


	Ordered pair
	a coordinate written in the form (x, y) where x is the x-coordinate and y is the y-coordinate.

	Index
	Chapter 3 - Intro to Functions
Chapter 3 - Graphing on a Coordinate Plane
 


	Percent
	a ratio that compares a part of something to the whole

	Index
	Chapter 5 - Proportions and Percents
Chapter 5 - Calculating Percents


	Relation
	any set of ordered pairs that relate, or have something in common with each other.  Whenever we talk about a set of points we use brackets to show that they go together.

	Index
	Chapter 3 - Intro to Functions
Chapter 3 - What is a Function?


	Function
	a relation where there is exactly one output for every input.

	Index
	Chapter 3 - Intro to Functions
Chapter 3 - What is a Function?


	Vertical line test
	a method of determining if a graph is a function.  The relation is a function if vertical lines do not intersect the graph more than one point.
 

	Index
	Chapter 3 - Intro to Functions
Chapter 3 - What is a Function?


	Area
	The amount of space inside a figure. Area is measured in square units.

	Index
	Chapter 7 - Measurement
Chapter 7 - Squares, Rectangles, and Triangles
Chapter 7 - Squares, Rectangles, and Triangles


	Rectangle
	A quadrilateral with four right angles.

	Index
	Chapter 7 - Measurement
Chapter 7 - Squares, Rectangles, and Triangles


	Length
	The distance from one end of an object to the other.

	Index
	Chapter 7 - Measurement
Chapter 7 - Squares, Rectangles, and Triangles


	Width
	The distance from side to side.

	Index
	Chapter 7 - Measurement
Chapter 7 - Squares, Rectangles, and Triangles


	Perimeter
	The distance around a shape.

	Index
	Chapter 7 - Measurement
Chapter 7 - Squares, Rectangles, and Triangles


	Trapezoid
	A quadrilateral with exactly one pair of parallel sides.

	Index
	Chapter 7 - Measurement
Chapter 7 - Trapezoids


	Surface area
	the total area of all of the surfaces of a three-dimensional object.

	Index
	Chapter 7 - Measurement
Chapter 7 - Surface Area of Rectangular Prism


	Net
	A net is a diagram that shows a “flattened” view of a solid. In a net, each face and base is shown with all of its dimensions. A net can also serve as a pattern to build a three-dimensional solid.

	Index
	Chapter 7 - Measurement
Chapter 7 - Surface Area of Rectangular Prism


	Rectangular prism
	A rectangular prism is a prism made up of two rectangular bases and four rectangular faces.

	Index
	Chapter 7 - Measurement
Chapter 7 - Surface Area of Rectangular Prism
Chapter 7 - Volume of Rectangular Prisms


	Volume
	The amount of space occupied by a 3-dimensional object. Measured in cubic units.

	Index
	Chapter 7 - Measurement
Chapter 7 - Volume of Rectangular Prisms


	Unit cube
	A cube whose sides are 1 unit long. The volume of a 3-dimensional unit cube is 1 cubic unit.

	Index
	Chapter 7 - Measurement
Chapter 7 - Volume of Rectangular Prisms


	Composite figure
	A figure is made from two or more geometric figures.

	Index
	Chapter 7 - Measurement
Chapter 7 - Composite Figures


	Circle
	A plane shape bounded by a continuous line which is always the same distance from the center.

	Index
	Chapter 7 - Measurement
Chapter 7 - Pi and Circumference
Chapter 7 - Area of a Circle


	Radius
	The distance from the center of the circle to the edge of the circle.

	Index
	Chapter 7 - Measurement
Chapter 7 - Pi and Circumference


	Diameter
	A chord that passes through the center of the circle. The length of a diameter is two times the length of a radius.

	Index
	Chapter 7 - Measurement
Chapter 7 - Pi and Circumference


	Pi
	(or π ) The ratio of the circumference of a circle to its diameter.

	Index
	Chapter 7 - Measurement
Chapter 7 - Pi and Circumference


	Base
	The bottom line of a plane shape or the bottom face of a solid.

	Index
	Chapter 7 - Measurement
Chapter 7 - Squares, Rectangles, and Triangles
Chapter 7 - Trapezoids


	Circumference
	The measure of the distance around the outside edge of a circle

	Index
	Chapter 7 - Measurement
Chapter 7 - Pi and Circumference


	Height
	The perpendicular distance from a base to the top of a figure. In trapezoids, it is the perpendicular distance between bases.

	Index
	Chapter 7 - Measurement
Chapter 7 - Squares, Rectangles, and Triangles
Chapter 7 - Trapezoids


	Square units
	The measurement used when dealing with area.

	Index
	Chapter 7 - Measurement
Chapter 7 - Surface Area of Rectangular Prism


	Square
	A quadrilateral with four congruent sides and four right angles.

	Index
	Chapter 7 - Measurement
Chapter 7 - Squares, Rectangles, and Triangles


	Triangle
	A geometric figure with three sides.

	Index
	Chapter 7 - Measurement
Chapter 7 - Squares, Rectangles, and Triangles


	Congruent
	Having the same measure

	Index
	Chapter 7 - Surface Area of Rectangular Prism


	Output
	the y values in a function

	Index
	Chapter 3 - Intro to Functions
Chapter 3 - What is a Function?
Chapter 3 - What is a Function?


	Input
	the x values in a function

	Index
	Chapter 3 - Intro to Functions
Chapter 3 - What is a Function?
Chapter 3 - What is a Function?


	Independent variable
	the input variable in an equation or function, usually represented by x

	Index
	Chapter 3 - Intro to Functions
Chapter 3 - What is a Function?


	Dependent variable
	the output variable in an equation or function, usually represented by y or f(x)

	Index
	Chapter 3 - Intro to Functions
Chapter 3 - What is a Function?


	Function rule
	An expression or equation that shows the operations performed on the independent variable (input) to determine the dependent variable (output).
You can identify the function rule by asking yourself, “What can I do to the x value to end up with the y value?”

	Index
	Chapter 3 - Intro to Functions
Chapter 3 - Function Rules


	Linear Function
	a function that forms a straight line when graphed on a coordinate plane.  It can be recognized in a function table because the x- and y-values follow a systematic pattern of increases and decreases.

	Index
	Chapter 3 - Intro to Functions
Chapter 3 - Linear vs. Nonlinear Functions
Chapter 3 - Linear vs. Nonlinear Functions
 


	Nonlinear Function
	a function that does not form a straight line when graphed and where the data does not increase or decrease systematically.

	Index
	Chapter 3 - Intro to Functions
Chapter 3 - Linear vs. Nonlinear Functions
Chapter 3 - Linear vs. Nonlinear Functions
 


	Rate of change
	the ratio of the change in the y-values to the change in the x-values; also called slope   
Rate of Change (slope)=the change in ythe change in x
 

	Index
	Chapter 3 - Function Rules
Chapter 4 - Linear Equations
Chapter 4 - Finding the Slope and y-Intercept of a Line


	Linear equation
	an equation that, when graphed on a coordinate plane, makes a straight line
 

	Index
	Chapter 4 - Linear Equations
Chapter 4 - Writing a Linear Equation from a Graph


	Slope-Intercept Form
	the equation of a line in the form y=mx+b.  
[image: ]

	Index
	Chapter 4 - Linear Equations
Chapter 4 - Writing a Linear Equation from a Graph
Chapter 4 - Writing a Linear Equation from a Table


	Slope
	the steepness of a line; the ratio of the vertical change of a line to its horizontal change.  
slope=change in ychange in x=riserun
   
 

	Index
	Chapter 4 - Linear Equations
Chapter 4 - Finding the Slope and y-Intercept of a Line
Chapter 4 - Writing a Linear Equation from a Table


	Y-intercept
	the point when the line intersects, or crosses, the y-axis

	Index
	Chapter 4 - Linear Equations
Chapter 4 - Finding the Slope and y-Intercept of a Line


	Scatterplot
	A plot of the dependent variable versus the independent variable and is used to investigate whether or not there is a relationship or connection between 2 sets of data.

	Index
	Chapter 4 - Linear Equations
Chapter 8 - Probability and Statistics
Chapter 8 - Scatterplots and the Line of Best Fit
 


	Line of best fit
	A straight line drawn on a scatter plot such that the sums of the distances to the points on either side of the line are approximately equal and such that there are an equal number of points above and below the line.

	Index
	Chapter 4 - Linear Equations
Chapter 8 - Probability and Statistics
Chapter 8 - Scatterplots and the Line of Best Fit
 


	Slope Formula
	Given the points (x1,y1) and (x2,y2), the slope formula is m=y2-y1x2-x1

	Index
	Chapter 4 - Linear Equations
Chapter 4 - Writing a Linear Equation from Two Points


	Horizontal
	a flat line that is parallel to the horizon

	Index
	Chapter 4 - Linear Equations
Chapter 4 - Horizontal and Vertical Lines


	Vertical
	a line that is straight up and down on a coordinate plane

	Index
	Chapter 4 - Linear Equations
Chapter 4 - Horizontal and Vertical Lines


	Undefined
	the slope of a vertical line

	Index
	Chapter 4 - Linear Equations
Chapter 4 - Horizontal and Vertical Lines


	Zero slope
	The slope of a horizontal line

	Index
	Chapter 4 - Linear Equations
Chapter 4 - Horizontal and Vertical Lines


	Circle graph
	A visual display of data in a circle. A circle graph is created from percentages with the entire circle representing the whole. The sectors of the circle graph are divided according to the number of degrees they represent out of 360 degrees.

	Index
	Chapter 8 - Probability and Statistics
 


	Correlation
	Correlation is a statistical method used to determine if there is a connection or a relationship between two sets of data.

	Index
	Chapter 8 - Probability and Statistics
 


	Event
	Result of an experiment or an activity.

	Index
	Chapter 8 - Probability and Statistics
 


	Favorable outcome
	The outcome that you are looking for.

	Index
	Chapter 8 - Probability and Statistics
 


	Frequency table
	A table that summarizes a data set by stating the number of times each value occurs within the data set.

	Index
	Chapter 8 - Probability and Statistics
 


	Histogram
	A display that indicates the frequency of specified ranges of continuous data values on a graph in the form of immediately adjacent bars.

	Index
	Chapter 8 - Probability and Statistics
 


	Interval
	A range of data in a data set.

	Index
	Chapter 8 - Probability and Statistics
 


	Spread
	A measure of spread, sometimes also called a measure of dispersion, is used to describe the variability in a sample or population. It is usually used in conjunction with a measure of central tendency, such as the mean or median, to provide an overall description of a set of data. Range is one of the measures of spread.
 

	Index
	Chapter 8 - Probability and Statistics
 


	Total outcomes
	The total number of possible outcomes.

	Index
	Chapter 8 - Probability and Statistics
 


	Mean
	Average value of a set of measurements; calculated by summing the measurements and dividing the total by the number of measurements.

	Index
	Chapter 8 - Probability and Statistics
 


	Measures of central tendency
	In statistics, a central or typical value of the data set.

	Index
	Chapter 8 - Probability and Statistics


	Median
	The middle value of an organized data set

	Index
	Chapter 8 - Probability and Statistics
 


	Mode
	The value or values with greatest frequency in the data set.

	Index
	Chapter 8 - Probability and Statistics
 


	Range
	Total spread of values in a set of measurements; calculated by subtracting the smallest value from the largest value.

	Index
	Chapter 8 - Probability and Statistics
 


	Outcome
	A possible result of some event occurring

	Index
	Chapter 8 - Probability and Statistics


	Outlier
	In statistics, a data value that is far from other data values.

	Index
	Chapter 8 - Probability and Statistics


	Prediction
	A reasonable guess about a future event.

	Index
	Chapter 8 - Probability and Statistics


	Probability
	The likelihood that an event will happen.

	Index
	Chapter 8 - Probability and Statistics
 


	Sample space
	The set of all possible outcomes for a probability experiment or activity.

	Index
	Chapter 8 - Probability and Statistics
 


	Distance
	Length of the route between two points.

	Index
	Chapter 9 - The Pythagorean Theorem
Chapter 9 - Pythagorean Theorem on Coordinate Plane


	Hypotenuse
	On a right triangle, the side opposite to the right angle. The hypotenuse is always the longest of the three sides. 

	Index
	Chapter 9 - The Pythagorean Theorem
Chapter 9 - The Pythagorean Theorem-Missing Leg


	Leg
	On a right triangle, either of the two shorter sides.

	Index
	Chapter 9 - The Pythagorean Theorem
Chapter 9 - The Pythagorean Theorem-Missing Leg


	Pythagorean Theorem
	The Pythagorean Theorem is a mathematical relationship between the sides of a right triangle, given by a2+b2=c2, where a and b are legs of the triangle and c is the hypotenuse of the triangle.

	Index
	Chapter 9 - The Pythagorean Theorem
Chapter 9 - The Pythagorean Theorem-Missing Leg


	Pythagorean triple
	A set of three whole numbers a, b, and c that satisfy the Pythagorean Theorem, a2+b2=c2 .

	Index
	Chapter 9 - The Pythagorean Theorem
Chapter 9 - Pythagorean Triples


	Right triangle
	A triangle with one 90∘ angle.

	Index
	Chapter 9 - The Pythagorean Theorem
Chapter 9 - The Pythagorean Theorem-Missing Leg
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